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R  E  F  A  C  E. 


THE  Opinions  of  the  Moderns  concerning  the  Author  of 
the  Elements  of  Geometry,  which  go  under  Euclid’s 
name,  are  very  different  and  contrary  to  one  another.  Peter 
Ramus  afcribes  the  Propofitions,  as  well  a«  their  Demonftra- 
tions,  to  Theon  ;  others  think  the  Propofitions  to  be  Euclid’s, 
but  that  the  Demonflrations  are  Theon’s;  and  others  main¬ 
tain  that  all  the  Propofitions  and  their  Demonft rations  are 
Euclid’s  own.  John  Enteo  and  Sir  Henry  Savile  are  the 
Authors  of  greateft  Note  who  affert  this  laid  ;  and  the  greater 
part  of  Geometers  have  ever  fince  been  of  this  Opinion,  as 
they  thought  it  the  moil  probable.  Sir  Henry  Savile  after 
the  feveral  Arguments  he  brings  to  prove  it,  makes  this  Con- 
clufion,  (Page  13.  PraeleH.)  “  That,  excepting  a  very  few 
“  Interpolations,  Explications,  and  Additions,  Theon  altered 
“  nothing  in  Euclid.”  But,  by  often  confidering  and  com¬ 
paring  together  the  Definitions  and  Dernonftrations  as  they 
are  in  the  Greek  Editions  we  now  have,  I  found  that  Theon, 
or  whoever  was  the  Editor  of  the  prefent  Greek  Text,  by 
adding  fome  things,  fupprefling  others,  and  mixing  his  own 
with  Euclid’s  Dernonftrations,  had  changed  more  things  to  the 
worfe  than  is  commonly  fuppofed,  and  thofe  not  of  fmall  mo¬ 
ment,  efpecially  in  the  Fifth  and  Eleventh  Books  of  the  Ele¬ 
ments,  which  this  Editor  has  greatly  vitiated  ;  for  inftance, 
by  fubftituting  a  fliorter,  but  infufficient  Demonftration  of 
the  1 8th  Prop,  of  the  5th  Book,  in  place  of  the  legitimate  one 
which  Euclid  had  given;  and  by  taking  out  of  this  Book, 
befides  other  things,  the  good  Definition  which  Eudoxus  or 
Euclid  had  given  of  Compound  Ratio,  and  given  an  abfurd 
one  in  place  of  it  in  the  5th  Definition  of  the  6th  Book, 
which  neither  Euclid,  Archimedes,  Appolonius,  nor  any 
Geometer  before  Theon’s  time,  ever  made  ufe  of,  and  of 
which  there  is  not  to  be  found  the  leafl  appearance  in  any  ot 
their  Writings  ;  and,  as  this  Definition  did  much  embarrafs 
Beginners,  and  is  quite  ufelefs,  it  is  now  thrown  out  of  the 
Elements,  and  another,  which,  without  doubt,  Euclid  had 
given,  is  put  in  its  proper  place  among  the  Definitions  of  the 
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5th  Book,  by  which  the  do&rine  of  compound  Ratios  is  ren¬ 
dered  plain  and  eafy.  Befides,  among  the  Definitions  of  the 
nth  Book,  there  is  this,  which  is  the  10th,  viz.  “  Equal  and 
**  fimilar  folid  Figures  are  thofe  which  are  contained  by  fimilar 

Planes  of  the  fame  Number  and  Magnitude.”  Now  this 
Propofition  is  a  Theorem,  not  a  Definition  ;  becaufe  the  equa¬ 
lity  of  Figures  of  any  kind  mull  be  demonflrated,  and  not  affu- 
med  ;  andk  therefore,  though  this  were  a  true  Propofition,  it 
ought  to  have  been  demonflrated.  But,  indeed,  this  Propo¬ 
fition,  which  makes  the  10th  Definition  of  the  nth  Book,  is 
not  true  univerfally,  except  in  the  cafe  in  which  each  of  the 
folid  angles  of  the  Figures  is  Contained  by  no  more  than  three 
plane  Angles  ;  for  in  other  cafes,  two  folid  Figures  may  be 
contained  by  fimilar  Planes  of  the  fame  Number  and  Magni¬ 
tude,  and  yet  be  unequal  to  one  another,  as  fhall  be  made  evi¬ 
dent  in  the  Notes  fubjoined  to  thefe  elements.  In  like  manner, 
in  the  Demonflration  of  the  26th  prop,  of  the  nth  Book,  it  is 
taken  for  granted,  that  thofe  folid  Angles  are  equal  to  one 
another  which  are  contained  by  plain  Angles  of  the  fame  Num¬ 
ber,  and  Magnitude,  placed  in  the  fame  order  ;  but  neither  is 
this  univerfally  true,  except  in  the  cafe  in  which  the  folid 
Angles  are  contained  by  no  more  than  three  plain  Angles  ; 
nor  of  this  Cafe  is  there  any  Demonflration  in  the  Elements  we 
now  have,  though  it  be  quite  neceffary  there  fhould  be  one, 
Now,  upon  the  10th  Definition  of  this  Book  depend  the  25th! 
and  28th  Propofitions  of  it ;  and,  upon  the  25th  and  26th; 
depend  other  eight,  viz.  the  27th,  31ft,  32d,  33d,  34th,  36th,; 
37th,  and  40th  of  the  fame  Book  ;  and  the  12th  of  the  12th! 
Book  depends  upon  the  eighth  of  the  fame;  and  this  eighth,  and: 
the  Corollary  of  Propofition  17.  and  Prop.  1 8th  of  the  12th 
Book,  depend  upon  the  9th  Definition  of  the  nth  Book, 
which  is  not  a  right  Definition ;  becaufe  there  may  be  Solids 
contained  by  the  fame  number  of  fimilar  plane  Figures,  which 
are  not  fimilar  to  one  another,  in  the  true  Senfe  of  Similarity 
received  by  Geometers  ;  and  all  thefe  Propofitions  have,  for 
thefe  Reafons,  been  infufficiently  demofiflrated  fince  Theon’s 
time  hitherto.  Befides,  there  are  feveral  other  things,  which 
have  nothing  of  Euclid’s  accuracy,  and  which  plainly  fhew,  that 
his  Elements  have  been  much  corrupted  by  unlkilful  Geome¬ 
ters  ;  and,  though  thefe  are  not  fo  grofs  as  the  others  now 
mentioned,  they  ought  by  no  means  to  remain  uncorredled. 

Upon  thefe  Accounts  it  appeared  neceffary,  and  I  hope  will  i 
prove  acceptable  to  all  Lovers  of  accurate  Reafoning,  and  of 
Mathematical  Learning,  to  remove  fuch  Blemifhes,  and  reflore 

the 
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XV. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is  called 
the  circumference,  and  is  fuch  that  all  ftraight  lines  drawn 
from  a  certain  point  within  the  figure  to  the  circumference, 
are  equal  to  one  another. 


XVIt 

And  this  point  is  called  the  centre  of  the  circle. 

XVII. 

A  diameter  of  a  circle  is  a  ftraight  line  drawn  through  the  cen*. 
tre,  and  terminated  both  ways  by  the  circumference. 

xvm. 

A  femicircle  is  the  figure  contained  by  a  diameter  and  the  part 
of  the  circumference  cut  off  by  the  diameter. 

XIX. 

u  A  fegment  of  a  circle  is  the  figure  contained  by  a  ftraight 
line,  and  the  circumference  it  cuts  ofF.” 

XX. 

Re&ilineal  figures  are  thofe  which  are  contained  by  ftraight 
lines. 

XXI. 

Trilateral  figures,  or  triangles,  by  three  ftraight  lines. 

•  XXII. 

Quadrilateral,  by  four  ftraight  lines. 

XXIII. 

Multilateral  figures,  or  polygons,  by  more  than  four  ftraight 
lines. 

XXIV. 

Of  three  lided  figures,  an  equilateral  triangle  is  that  which  has 
three  equal  fides. 

XXV. 

An  ifofceles  triangle  is  that  which  has  only  two  fides  equal. 

XXVI. 


Book  r. 
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A  fcalene  triangle,  is  that  which  has  three  unequal  fides, 

XXVII. 

A  right  angled  triangle,  is  that  which  has  a  right  angle. 

XXVIII. 

An  obtufe  angled  triangle,  is  that  which  has  an  obtufe  angle. 


XXIX. 

An  acute  angled  triangle,  is  that  which  has  three  acute  angles, 

XXX. 

Of  four  fided  figures,  a  fquare  is  that  which  has  all  its  fides 
equal,  and  all  its  angles  right  angles. 


XXXI. 

An  oblong,  is  that  which  has  all  its  angles  right  angles,  but  has 
not  all  its  fides  equal. 

XXXII.  ; 

A  rhombus,  is  that  which  has  all  its  fides  equal,  butlts  angles 
are  not  right  angles. 


A 


xxxiii.  r  • 

A  rhomboid,  is  that  which  has  its  oppofite  fides  equA»to  ^'<5na 
another,  but  all  its  fides  are  not  equal,  nor  its  ail^Jes. night 
angles.  ^  *  ‘ 

XXXTV. 


XXXIV. 


Book  I. 


All  other  four  fided  figures  befides  thefe,  are  called  Trapeziums, 

XXXV. 

Parallel  ftraight  lines,  are  fuch  as  are  in  the  fame  plane,  and 
which,  being  produced  ever  fo  far  both  ways,  do  not  meet. 


POSTULATES.' 

I. 

LET  it  be  granted  that  a  ftraight  line  may  be  drawn  from 
any  one  point  to  any  other  point. 

II. 

That  a  terminated  ftraight  line  may  be  produced  to  any  length 
in  a  ftraight  line. 

III. 

And  that  a  circle  may  be  defcribed  from  any  centre,  at  any 
diftance  from  that  centre. 

AXIOMS. 


1. 

THINGS  which  are  equal  to  thefame  are  equal  to  one  an 
other. 

II. 

If  equals  be  added  to  equals,  the  wholes  are  equal. 

'  III. 

If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV.  .  , 

If  equals  be  added  to  unequals,  the  Wholes  are  unequal. 

V.  • 

If  equals  be  tak^n  from  unequals,  the  remainders  are  unequal. 

VI,  •  . 

Things  which  are  double  of  the  fame,  are  equal  to  one  another. 

VII. 

Things  which  are  halves  of  the  lame,  are  equal  to  one  another. 

■  ,  vm. 

Magnitudes  which  coincide  with  one  another,  that  is,  which 
exactly  fill  the  lame  fpace,  are  equal  to  one  another. 


IX. 
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Book  I.  IX. 

The  whole  is  greater  than  its  part. 

X. 

Two  ftraight  lines  cannot  inclofe  a  fpace. 

XL 

All  right  angles  are  equal  to  one  another. 

XII. 

tl  If  a  ftraight  line  meets  two  ftraight  lines,  fo  as  to  make  the 
“  two  interior  angles  on  the  fame  fide  of  it  taken  together 
“  lefs  than  two  right  angles,  thefe  ftraight  lines  being  con- 
“  tinually  produced,  ftiall  at  length  meet  upon  that  fide  on 
u  which  are  the  angles  which  are  lefs  than  two  right  angles* 
(i  See  the  notes  on  Prop.  29.  of  Book  X«” 
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a.  3.  Poftu* 
late. 


b.  I.  Pott. 


PROPOSITION  I.  PROBLEM.  Book  1. 

O  defer ibe  an  equilateral  triangle  upon  a  given 
finite  ftraight  line. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  deferibe 
an  equilateral  triangle  upon  it. 

From  the  centre  A,  at  the  di¬ 
ftance  AB,  deferibe  a  the  circle 
BCD,  and  from  the  centre,  B,  at 
the  diftance  BA,  deferibe  the 
circle  ACE  ;  and  from  the  point 
C,  in  which  the  circles  cut  one 
another,  draw  the  ftraight  linesb 
CA,  CB  to  the  points  A,  B;  ABC 
ftiall  be  an  equilateral  triangle. 

Becaufe  the  point  A  is  the  centre  of  the  circle  BCD,  AC  is 
equal  c  to  AB  ;  and  becaufe  the  point  B  is  the  centre  of  thee.  15. Dcfh 
circle  ACE,  BC  is  equal  to  BA:  But  it  has  been  proved  that  C  A  mt,on« 
is  equal  to  AB  j  therefore  CA,  CB  are  each  of  them  equal  to 
AB ;  but  things  which  are  equal  to  the  fame  are  equal  to  one 
another  d;  therefore  CA  is  equal  to  CB  ;  wherefore  C A,  AB,  BC  d.  ift  Axi- 
are  equal  to  one  another  ;  and  the  triangle  ABC  is  therefore  om* 
equilateral,  and  it  is  defcribed  upon  the  given  ftraight  line  AB. 

Which  was  required  to  be  done. 

PROP.  II.  PROB. 

FROM  a  given  point  to  draw  a  ftraight  line  equal  to 
a  given  ftraight  line. 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line ;  it  is 
required  to  draw  from  the  point  A  a  ftraight  line  equal  to  BC. 

From  the  point  A  to  B  draw  a 
the  ftraight  line  AB  ;  and  upon  it 

deferibe  b  the  equilateral  triangle  '  \  b. 

DAB,  and  produce  c  the  ftraight 
lines  DA,  DB,  to  E  and  F ;  from 
the  centre  B,  at  the  diflance  BC, 

deferibe  d  the  circle  CGH,  and  r 

from  the  centre  D,  at  the  diftance 
DG,  deferibe  the  circle  GKL.  AL 
ftiall  be  equal  to  BC. 


a.  1.  Pott. 


c. 


1.  1. 
a.  Port, 

3.  Pott. 
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Book  !.  Becaufe  the  point  B  is  the  centre  of  the  circle  CGH,  BC  id 
equal  e  to  BG  ;  and  becaufe  D  is  the  centre  of  the  circle  GKL, 

e.  15.  Dtf.  2^  *s  eqUai  DQ,  and  DA,  DB,  parts  of  them,  are  equal ; 

f.  3.  Ax.  therefore  the  remainder  AL  is  equal  to  the  remainder  f  BG  : 

But  it  has  been  fhown,  that  BC  is  equal  to  BG;  wherefore  AL 
and  BC  are  each  of  them  equal  to  BG ;  and  things  that  are 
equal  to  the  fame  are  equal  to  one  another  ;  therefore  the 
llraight  line  AL  is  equal  to  BC.  Wherefore  from  the  given 
point  A  a  llraight  line  AL  has  been  drawn  equal  to  the  given 
llraight  line  BG.  Which  was  to  be  done. 


PROP.  III.  P  R  O  B. 

'ROM  the  greater  of  two  given  llraight  lines  to  cut 
off  a  part  equal  to  the  lefs. 

Let  AB  and  G  be  the  two  given 
llraight  lines,  whereof  AB  is  the 
greater.  It  is  required  to  cut  off 
from  AB,  the  greater,  a  part  equal 
to  C,  the  lefs. 

From  the  point  A  draw  a  the 
llraight  line  AD  equal  to  C  ;  and 
from  the  centre  A,  and  at  the  dif- 
fj.  3,  Poll,  tance  AD,  defcribe  b  the  circle 
DEF  ;  and  becaufe  A  is  the  centre 


8.  %.  I. 


c*  x* 


of  the  circle  DEF,  AE  lhall  be  equal  to  AD  ;  but  the  llraight 
line  C  is  likewife  equal  to  AD  ;  whence  AE  and  C  are  each 
of  them  equal  to  AD  ;  wherefore  the  llraight  line  AE  is  equal 
to  c  C,  and  from  AB,  the  greater  of  two  llraight  lines,  a  part 
AE  has  been  cut  off  equal  to  C  the  leis.  Which  \^ts  to  be 


done. 


PROP.  IV.  THEOREM. 


T  two  triangles  have  two  fides  of  the  one  equal  to  Uvo 
iides  of  the  other,  each  to  each ;  and  have  likewife 
the  angles  contained  by  thofe  fides  equal  to  one  another; 
they  lhall  likewife  have  their  bafes,  or  third  fides,  equal; 
and  the  two  triangles  fhaU'be  equal;  and  their  other 
angles  lhall  be  equal,  each  to  each,  viz,  thofe  to  which 
the  equal  fides  are  oppofite. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 
AB,  AC  equal  to  the  two  tides  DE,  DF,  each  to  each,  viz. 

AB? 
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AB  to  BE,  and  AC  to  DF; 
and  the  angle  B AC  equal  to 
the  angle  ED F,  the  bafe  BC 
fhall  be  equal  to  the  bafe 
EF  ;  and  the  triangle  ABC 
to  the  triangle  DEF  ;  and 
the  other  angles,  to  which 
the  equal  fides  are  oppofite, 
fhall  be  equal  each  to  each, 
viz.  the  angle  ABC  to  the 
angle  DEF,  arid  the  angle 
ACB  to  DFE. 


Book  li 


For,  if  the  triangle  ABC  be  applied  to  DEF,  fo  that  the  point 
A  may  be  on  D,  and  the  flraight  line  AB  upon  DE  ;  the  point 
B  fhall  coincide  with  the  point  E,  becaufe  AB  is  equal  to  DE  ; 
and  AB  coinciding  with  DE,  AC  fhall  coincide  with  DF,  be¬ 
caufe  the  angle  BAC  is  equal  to  the  angle  EDF ;  wherefore 
alfo  the  point  C  fhall  coincide  with  the  point  F,  becaufe  the 
flraight  line  AC  is  equal  to  DF  :  But  the  point  B  coincides  with 
the  point  E  ;  wherefore  the  bafe  BC  fhall  coincide  with  the  bafe 
EF  ;  becaufe  the  point  B  coinciding  with  E,  and  C  with  F,  if 
the  bafe  BC  does  not  coincide  with  the  bafe  EF,  two  flraight 
lines  would  inclofe  a  fpace,  which  is  impoflible  a.  Therefore3 
the  bafe  BC  fhall  coincide  with  the  bafe  EF,  and  be  equal  to 
it.  Wherefore  the  whole  triangle  ABC  fhall  coincide  with  the 
whole  triangle  DEF,  and  be  equal  to  it  ;  and  the  other  angles, 
of  the  one  fliall coincide  with  the  remaining  angles  of  the  other, 
and  be  equal  to  them,  viz.  the  angle  ABC  to  to  the  angle  DEF, 
and  the  angle  ACB  to  DFE.  Therefore,  if  two  triangles  have 
two  fides  of  the  one  equal  to  two  fides  of  the  other,  each  to 
each,  and  have  likewife  the  angles  contained  by  thofe  fides  e- 
qual  to  one  another,  their  bafes  fhall  likewife  be  equal,  and  the 
triangles  be  equal,  and  their  other  angles  to  which  the  equal 
fides  are  oppofite  fhall  be  equal,  each  to  each.  Which  was  to 
be  demonft  rated. 


PROP.  V.  THEOR. 

THE  angles  at  the  bafe  of  an  Ifofceles  triangle  are 
equal  to  one  another ;  and,  if  the  equal  fides  be 
produced,  the  angles  upon  the  other  fide  of  the  bafe 
fhall  be  equal. 

Let  AJ3G  be  an  Ifofceles  triangle,  ©f  which  the  fide  AB  is  e~ 

$  qua! 
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?ook  t.  qua!  to  AC,  and  let  the  flraight  lines  AB,  AC  be  produced  to 
j)  and  j? ^  the  angle  ABC  fhail  be  equal  to  the  angle  ACB,  and 
the  angle  CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  greater,  cut  off 
a  3.  1.  AG  equal  a  to  AK,  the  lefs>*  and  join  FC,  GB. 

Becaufe  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  tides 
FA,  AC  are  equal  to  the  two  GA,  AB,  each  to  each  ;  and 
they  contain  the  angle  FAG  com¬ 
mon  to  the  two  triangles  AFC, 

AGB  ;  therefore  the  bafe  FC  is  e- 
b  4.  1  qual  h  to  the  bafe  GB,  and  the  tri¬ 
angle  AFC  to  the  triangle  AGE  ; 
and  the  remaining  angles  of  the  one 
are  equal  b  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which 
the  equal  fides  are  oppofite  ;  viz. 
the  angle  ACF  to  the  angle  ABG, 
and  the  angle  AFC  to  the  angle 
AGB  :  And  becaufe  the  whole  AF 
is  equal  to  the  whole  AG,  of  which 
the  parts  AB,  AC,  are  equal  ;  the 
c  3.  Ax. remainder  BF  fhail  be  equal  c  to  the  remainder  CG  ;  and  FC 
was  proved  to  be  equal  to  GB  ;  therefore  the  two  fides  BF,  FC 
are  equal  to  the  two  CG,  GB,  each  to  each  ;  and  the  angle 
BFC  is  equal  to  the  angle  CGB,  and*  the  bafe  BC  is  common  to 
the  two  triangles  BFC,  CGB ;  wherefore  the  triangles  are  equal  b, 
and  their  remaining  angles,  each  to  each,  to  which  the  equal 
fides  are  oppofite  ;  therefore  the  angle  FBC  is  equal  to  the  angle 
GCB,  and  the  angle  BCF  to  the  angle  CBG  :  And,  fince  it  has 
been  demonftrated,  that  the  whole  angle  ABG  is  equal  to  the 
whole  ACF,  the  parts  of  which,  the  angles  CBG,  BCF  are  alfo 
equal;  the  remaining  angle  ABC  is  therefore  equal  to  the  re¬ 
maining  angle  ACB,  which  ate  the  angles  at  the  bafe  of  the 
triangle  ABC  :  And  it  has  alfo  been  proved  that  the  anlge  FBG 
is  equal  to  the  angle  GCB,  which  are  the  angles  upon  the  o- 
tner  fide  of  the  bafe.  Therefore  the  angles  at  the  bafe,  J 

Q.  E.  D.  .  ' 

Corollary.  Hence  every  equilateral  triangle  is  alfo  equi¬ 
angular. 

P  Pv  G  P.  VI.  THEOR. 

JF  two  angles  of  a  triangle  be  equal  to  one  another, 
the  fides  alfo  which  fubtend,  or  are  oppofite  to,  the 
equal  angles,  {hall  be  equal  to  one  another. 

Let 
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Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the 
angle  ACB  ;  the  fide  AB  is  alfo  equal  to  the  fide  AC. 

For,  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than 
the  other  :  Let  AB  be  the  greater,  and  from  it  cut  a  off  DB  e* 
qual  to  AC,  the  lefs,  and  join  DC ;  there¬ 
fore,  becaufe  in  the  triangles  DBC,  ACB, 

DB  is  equal  to  AC,  and  BC  common  to 
both,  the  two  lides  DB,  BC  are  equal  to 
the  two  AC,  CB,  each  to  each;  and  the 
angle  DBC  is  equal  to  the  angle  ACB  ; 
therefore  the  bafe  DC  is  equal  to  thebafe 
AB,  and  the  triangle  DBC  is  equal  to 
the  triangle  b  ACB,  the  lefs  to  the  great¬ 
er  ;  which  is  abfurd.  Therefore  AB  is 
not  unequal  to  AC,  that  is,  it  is  equal  to 
it.  Wherefore,  if  two  angles,  &c.  E.  D. 

Cor.  Hence  every  equiangular  triangle  is  alfo  equilateral. 


Book  I. 

a  3.  I. 


b  4.  I, 


PROP.  VII.  THE  OR. 

UPON  the  fame  bafe,  and  on  the  fame  fide  of  it,  See 
there  cannot  be  two  triangles  that  have  their  fides 
which  are  terminated  in  one  extremity  of  the  bafe  equal 
to  one  another,  and  likewife  thole  which  are  terminated 
in  the  other  extremity. 

If  it  be  poilible,  let  there  be  two  triangles  ACB,  ADB,  up¬ 
on  the  fame  bafe  AB,  and  upon  the  fame  hde  of  it,  which  have 
their  lides  CA,  DA,  terminated  in  the  extremity  A  of  the  bale 
equal  to  one  another,  and  likewife 
their  lides  CB,  DB,  that  are  termi¬ 
nated  in  B. 

Join  CD  ;  then,  in  the  cafe  in 
which  the  vertex  of  each  of  the  tri¬ 
angles  is  without  the  other  triangle, 
becaufe  AC  is  equal  to  AD,  the 
angle,  ACD  is  equal  a  to  the  angle 
ADC:  But  the  angle  ACD  is  greater 
than  the  angle  BCD  ;  therefore  the 
angle  ADC  is  greater  alfo  than  BCD; 

much  more  then  is  the  angle  BDC  greater  than  the  angle  BCD. 
Again, becaufe  GBis  equal  to  DB,  the  angle  BDC  is  equal  a  to 
the  angle  BCD  ;  but  it  has  been  demonftrated  to  be  greater 
than  it ;  which  is  iunpofllble. 

B  2 


But 
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But  if  one  of  the  vertices,  as  D,  be  within  the  other  triangle 
ACB;  produce  AC,  AD  to  E,  F;  there¬ 
fore  becaufe  AC  is  equal  to  AD  in  the 
triangle  ACD,  the  angles  ECD,  FDC 
upon  the  other  fide  of  the  bafe  CD  are 
.  equal  a  to  one  another,  but  the  angle 
ECD  is  greater,  than  the  angle  BCD ; 
wherefore  the  angle  FDC  is  likewife 
greater  than  BCD;  much  more  then  is 
the  angle  BDC  greater  than  the  angle 
BCD.  Again,  becaufe  CB  is  equal  to 
DB,  the  angle  BDC  is  equal  a  to  the 
angle  BCD  ;  but  BDC  has  been  proved  to  be  greater  than  the 
fame  BCD  ;  which  is  impoffible.  The  cafe  in  which  the  ver¬ 
tex  of  one  triangle  is  upon  a  fide  of  the  other,  needs  no  de- 
tnonfl  ration.  ,  . 

Therefore,  upon  the  fame  bafe,  and  on  the  lame  fide  of  it,1 
there  cannot  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bafe  equal  to  one  another, 
and  likewife  thofe  which  are  terminated  in  the  other  extremity  * 
E.  D. 

PROP.  VIII.  THEOR. 

F  two  triangles  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  each  to  each,  and  have  likewife 
their  bafes  equal ;  the  angle  which  is  contained  by  the 
two  fides  of  the  one  fliall  be  equal  to  the  angle  contain¬ 
ed  by  the  two  fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB, 
AC,  equal  to  the  two  fides  DE,  BF,  each  to  each,  viz,.  AB  to 
DE,  and  AC  to  a  ^  r 

T)F  5  and  alfo  the  -  n 

bafe  BC  equal  to 
the  bafe  EF.  The 
angle  BAG  is  e~ 
qual  to  the  angle 
EDF. 

For,  if  the  tri¬ 
angle,  ABC  be  ap¬ 
plied  to  DEF,  fo 
that  the  point  B  be  on  E,  and  the  ftraight  line  BC  upon  EF  ; 
the  point  C  lhaU  alfo  coincide  with  the  point  F.  Becaufe 

BC 


/ 
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BG  is  equal  to  EF  ;  therefore  BC  coinciding  with  EF,  BA  and  Book  1. 
AG  fhall  coincide  with  ED  and  DF  ;  for,  if  thebafe  BC  coin- 
cides  with  the  bafe  EF,  but  the  fides  8A,  CA  do  not  coincide 
with  the  fides  ED,  FD,  but  have  a  different  fituation  as  EG, 

FG  ;  then,  upon  the  fame  bafe  EF,  and  upon  the  fame  fide  of 
it,  there  can  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bafe  equal  to  one  another, 
and  likewife  their  fides  terminated  in  the  other  extremity  :  But 
this  is  impoffible  a  ;  therefore,  if  the  bafe  BC  coincides  with  the  a  j,  iP. 
bafe  EF,  the  fides  BA,  AC  cannot  but  coincide  with  the  fides 
ED,  DF  ;  wherefore  likewife  the  angle  BAC  coincides  with  the 
angle  EDF,  and  is  equal  b  to  it.  Therefore  if  two  triangles, 

See.  E.  D. 


b  1.  X. 


PROP.  IX.  P  R  G  B. 

TO  bife<d  a  given  re&ilineal  angle,  that  is,  to  divide 
it  into  two  equal  angles. 

Let  BAC  be  the  given  redilineal  angle,  it  is  required  to  bi- 
fed  it. 

Take  any  point  D  in  AB,  and  from  AC  cut  a  off  AE  equal  to  a  3.  2. 
AD;  join  DE,  and  upon  it  defcribe  b 
an  equilateral  triangle  DEF  ;  then 
join  AF  ;  the  ftraight  line  AF  bifeds 
the  angle  BAC. 

Becaufe  AD  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
DAF,  EAF  ;  the  two  fides  DA,  AF, 
are  equal  to  the  two  fides  EA,  AF, 
each  to  each  ;  and  the  bafe  DF  is  e- 
qual  to  the  bafe  EF  ;  therefore  the 
angle  DAF  is  equal  c  to  the  angle 

EAF  ;  wherefore  the  given  redilineal  angle  BAC  is  bifedod  by 
the  ftraight  line  AF,  Which  was  to  be  done. 


c  8.  i. 


PROP.  X.  P  R  O  B. 

*  •  t  .  ^  N  *  .  I 

TO  bife<d  a  given  finite  ftraight  line,  that  is,  to  di¬ 
vide  it  into  two  equal  parts. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  divide  it 
into  two  equal  parts. 

Defcribe  a  upon  it  an  equilateral  triangle  ABC,  and  bifed  a  1.  r. 
b  the  angle  ACB  by  the  ftraight  line  CD.  AB  is  cut  into  two  b  9.  g. 
fqual  parts  in  the  point  D. 

B  3  Becauf^ 
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Becaufe  AC  is  equal  to  CB,  and  CD 
common  to  the  two  triangles  ACD, 
EC  D  ;  the  two  fides  AC,  CD  are  equal 
to  BC,  CD,  each  to  each  ;  and  the 
angle  ACD  is  equal  to  the  angle  BCD  ; 
therefore  the  bafe  AD  is  equal  to  the 
I*bafe  c  DB,  and  the  flraight  line  AB  is 
divided  into  two  equal  parts  in  the  point 
D.  Which  was  to  be  done. 


G 


B 


PROP.  XI.  PRO  B. 

r  po  draw  a  flraight  line  at  right  angles  to  a  given 
1  flraight  line,  from  a  given  point  in  the  fame. 

See  N.  Let  AB  be  a  given  flraight  line,  and  C  a  point  given  in  it  ; 
^  it  is  required  to  draw  a  flraight  line  from  the  point  C  at  right 
angles  to  AB. 

a  3-  T*  Take  any  point  D  in  AC, "and  a  make  CE  equal  to  CD,  and 
k  *•  uponDE  defcribe  b  the  equi-  p’ 

lateral  triangle  DFE,  and  join 
FC;  the  flraight  line  FC  drawn 
from  the  given  point  C  is  at 
right  angles  to  the  given 
flraight  line  AB. 

Becaufe  DC  is  equal  to  CE 
and  FC  common  to  the  two 


c  8. 


triangles  DCF,  ECF;  the  two  AD  C  E  B 
fides  DC,  CF,  are  equal  to  the  two  EC,  CF,  each  to  each  ;  and 
the  bafeDF  is  equal  to  the  bafe  EF  ;  therefore  the  angle  DCF 
j  is  equal  c  to  the  angle  ECF  ;  and  they  are  adjacent  angles. 
But,  when  the  adjacent  angles  which  one  flraight  line  makes 
with  another  flraight  line  are  equal  to  one  another,  each  of  them 
d  10.  Def.  is  called  a  right  d  angle;  therefore  each  of  the  angles  DCF, 
ECF,  is  a  right  angle.  Wherefore,  from  the  given  point  C,  in 
the  given  flraight  line  AB,  FC  has  been  drawn  at  right  angles 
to  AB.  Which  was  to  he  done. 

Cor.  By  help  of  this  problem,  it  may  be  demonflrated,  that 
two  flraight  lines  cannot  have  a  common  fegment. 

If  it  be  poflible,  let  the  two  flraight  lines  ABC,  ABD  have 
the  fegment  AB  common  to  both  of  them.  From  the  point  B 
draw  BE  at  right  angles  to  AB  ;  and  becaufe  ABC  is  a  flraight 

line. 
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line,  the  angle  CBE  is  equal*  to 
the  angle  EBA ;  in  the  fame 
manner,  becaufe  ABD  is  a 
llraight  line,  the  angle  DBE  is 
equal  to  the  angle  EBA  ;  where¬ 
fore  the  angle  DBE  is  equal  to 
the  angle  CBE,  the  lefs  to  the 
greater  ;  which  is  impoffible  ; 
therefore  two  flraight  lines  can¬ 
not  have  a  common  fegment. 


E 
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p 
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PROP.  XII.  P  R  O  B. 


"^O  draw  a  ftrai^ht  line  perpendicular  to  a  given 
llraight  line  of  an  unlimited  length,  from  a  given 
point  without  it. 

Let  AB  be  the  given  flraight  line,  which  may  be  produced 
any  length  both  ways,  and  let  G  be  a  point  without  it.  It  is 
required  to  draw  a  flraight  line 
perpendicular  to  AB  from  the 
point  C. 

Take  any  point  D  upon 
the  other  fide  of  AB,  and 
from  the  centre  C,  at  the 
diflance  CD,  defcribe  b  the 


-  b  3.  Port. 


8. 1. 


circle  EGF  meeting  AB  in  F  A. 

G  ;  and  bifeft,  c  FG  in  H,  c  10.  1. 

and  join  CF,  GH,  CG ;  the  flraight  line  CH,  drawn  from  the 
given  point  C,  is  perpendicular  to  the  given  flraight  line  AB. 

Becaufe  FH  is  equal  to  HG,  and  F1C  common  to  the  two 
trianglesFHC,GHG,  the  two  fides  FH,  HC  are  equal  to  the  two 
GH,  HC,  each  to  each  ;  and  the  bafe  GF  is  equal  d  to  the  bafe  ^  T^‘ 
CG  ;  therefore  the  angle  CHF  is  equal  e  to  the  angle  CHG; 
and  they  are  adjacent  angles  ;  hut  when  a  flraight  line  {landing 
on  a  flraight  line  makes  the  adjacent  angles  equal  to  one  ano¬ 
ther,  each  of  them  is  a  right  angle  ;  and  the  flraight  line  which 
flands  upon  the  other  is  called  a  perpendicular  to  it ;  therefore 
from  the  given  point  C  a  perpendicular  CH  has  been  drawn  to 
the  given  llraight  line  AB.  Which  was  to  be  done. 

PROP.  XIII.  T  FIE  OR. 

""'HE  angles  which  one  llraight  line  makes  with  ano¬ 
ther  upon  the  one  fide  of  it,  are  either  two  right 
angles,  or  are  together  equal  to  two  right  angles. 

B  4  Let 


r 


/ 


the  elements 


Book  f.  Let  the  ftraight  line  AB  make  with  CD,  upon  one  fide  of 
it,  the  angles  CBA,  ABD  ;  thefe  are  either  two  right  angles, 
or  are  together  equal  to  two  right  angles. 

For  if  the  an?le  CBA  be  equal  to  ABD,  each  of  them  is  a 


a  Def.  10.  right  a  angle  ;  but,  if  not,  from  the  point  B  draw  BE  at  right 
t  ii.  i.  angles  h  to  CD  ;  therefore  the  angles  CBE,  EBD  are  two  right 
angles  a  ;  and  becaufe  CBE  is  equal  to  the  two  angles  CBA* 
ABE  together,  add  the  angle  EBD  to  each  of  thefe  equals ;  there- 
c  a.  Ax.  fore  the  angles  CBE,  EBD  are  equal  c  to  the  three  angles  CBA, 
ABE,  EBD.  Again,  becaufe  the  angle  DBA  is  equal  to  the 
two  angles  DBE,  EBA,  add  to  thefe  equals  the  angle  ABC, 
therefore  the  angles  DBA,  ABC  are  equal  to  the  three  angles 
DBE,  EBA,  ABC  ;  but  the  angles  CBE,  EBD  have  been  de- 
monftrated  to  be  equal  to  the  fame  three  angles ;  and  things 
d  i.  Ax.  t^lac  are  equal  to  the  fame  are  equal  d  to  one  another ;  therefore 
the  angles  CBE,  EBD  are  equal  to  the  angles  DBA,  ABC  ;  but 
CBE,  EBD  are  two  right  angles  ;  therefore  DBA,  ABC  are 
together  equal  to  two  right  angles.  Wherefore,  when  a  ftraight 
line,  &.c.,Q^E.  D.  S''* 

‘  :  PROP.  XIV.  THE  OR. 

F,  at  a  point  in  a  ftraight  line,  two  other  ftraight  lines, 
upon  the  oppofite  Tides  of  it,  make  the  adjacent  angles 
together  equal  to  two  right  angles,  thefe  two  ftraight 
lines  fhall  be  in  one  and  the  fame  ftraight  line. 

At  the  point  Bin  the  ftraight 
line  AB,let  the  two  ftraight  lines 
BC,  BD  upon  the  oppofite  Tides 
of  AB,  make  the  adjacent  ang¬ 
les  ABC,  ABD  equal  together 
to  two  right  angles.  BD  is  in  the 
Tame  ftraight  line  with  CB. 

For,  if  BD  he  not  in  the  fame 

ftraight  line  with  CB,  let  BE  be  Q  JB  '  © 

t i  tV  i  4  ;  *  if',  i.-o  fc.  *  1  '• 

in 
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in  the  fame  ftraight  line  with  it ;  therefore,  becaufe  the  ftraight  Book  i. 
line  AB  makes  angles  with  the  ftraight  line  GBE,  upon  one  fide 
of  it,  the  angles  ABC,  ABE  are  together  equal  a  to  two  right a  *• 
angles  ;  but  the  angles  ABC,  ABD  are  likewife  together  equal 
to  two  right  angles  ;  therefore  the  angles  CB  A,  ABE  are  equal 
to  the  angles  CBA,  ABD :  Take  away  the  common  angle  ABC, 
the  remaining  angle  ABE  is  equal  b  to  the  remaining  angle  b  3.  Ax, 
ABD,thelefs  to  the  greater,  which  is  impoflible;  therefore  BE 
is  not  in  the  fame  ftraight  line  with  BC.  And,  in  like  manner, 
it  may  be  demonftrated,  that  no  other  can  be  in  the  fame 
ftraight  line  with  it  but  BD,  which  therefore  is  in  the  fame 
ftraight  line  with  CB.  Wherefore,  if  at  a  point,  §tc.  Q.  E.  D, 

PROP.  XV.  THE  OR.  ~ 


IF  two  ftraight  lines  cut  one  another,  the  vertical,  or 
oppojite ,  angles  fhall  be  equal. 

i  , 

Let  the  two  ftraight  lines  AB,  CD  cut  one  another  in  the 
point  E  ;  the  angle  AEC  ftiall  be  equal  to  the  angle  DEB,  and 
CEB  to  AED. 


1  Becaufe  the  ftraight  line  AE 
makes  withCD  the  angles  CEA, 

AED,  thefe  angles  are  together  C 
equal  a  to  two  right  angles. 

Again,  becaufe  the  ftraight  line  r- 
DE  makes  with  AB  the  angles 
AED,  DEB,  thefe  alfo  are  to¬ 
gether  equal  a  to  two  right  an¬ 
gles  ;  and  CEA,  AED  have  been 
demonftrated  to  be  equal  to  twm  right  angles  ;  wherefore  the  an¬ 
gles  CEA,  AED  are  equal  to  the  angles  AED,  DEB.  Take 
away  the  common  angle  AED,  and  the  remaining  angle  CEA 
is  equal  b  to  the  remaining  angle  DEB.  In  the  fame  manner  b 
it  can  be  demonftrated  that  the  angles  CEB,  AED  are  equal. 
Therefore,  if  two  ftraight  lines,  &»c.  Q^E.  D. 

Cor.  1.  From  this  it  is  manifeft,  that,  if  two  ftraight  lines 
cut  one  another,  the  angles  they  make  at  the  point  where  they 
cut,  are  together  equal  to  four  right  angles.  * 

Cor.  2.  And  confequently  that  all  the  angles  made  by  any 
number  of  lines  meeting  in  one  point,  are  together  equal  to 
four  right  angles# 

’  -  PROP., 


a  13.  J. 
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PROP.  XVI.  T  H  E  O  R. 

fF  one  fide  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  either  of  the  interior  oppofite 
angles. 

Let  ABC  be  a  triangle,  and  let  its  fide  BC  be  produced  to  D, 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior 
oppofite  angles  C  BA,  BAG. 


A 


Bifect  a  AC  in  E,  joinBE 
and  produce  it  to  F,  and 
make  EF  equal  to  BE ;  join 
alfo  FC,and  produce  AC  to 

G. 

Becaufe  AE  is  equal  to 
EC,  and  BE  to  EF  ;  AE, 

EB  are  equal  to  CE,  EF, 
each  to  each  ;  and  the  angle 
h  15.  2.  AEB  is  equal b  to  the  angle 
CEF,  becaufe  they  are  op¬ 
pofite  vertical  angles ;  tliere- 
c  4,  1.  fore  the  bale  AB  is  equal  c 
to  the  bafe  CF,  and  the  tri¬ 
angle  AEB  to  the  triangle  CEF,  and  the  remaining  angles  tq 
the  remaining  angles,  each  to  each,  to  which  the  equal  fides 
are  oppofite ;  wherefore  the  angle  BAE  is  equal  to  the  angle 
ECF  ;  but  the  angle  ECD  is  greater  than  the  angle  ECF  3 
therefore  the  angle  ACD  is  greater  than  BAE:  In  the  fame 
manner,  if  the  fide  BC  be  bifeded,  it  may  be  demonflrated  that 
d  15.  1  the  angle  BCG,  that  is  d«the  angle  ACD,  is  greater  than  the 
angle  ABC.  Therefore,  if  one  fide,  &cc,  CL  E.  D. 

PROP.  XVII.  THE  OR. 


NY  two  angles  of  a  triangle  are  together  lefs  than 


two  right  angles. 


Let  ABC  be  any  triangle ;  any 
two  of  its  angles  together  are 
lefs  than  two  right  angles. 

Produce  BC  to  D  3  and  be¬ 
caufe  ACD  is  the  exterior  angle 
cf  the  triangle  ABC,  ACD  is 
a  16.  1.  greater  a  than  the  interior  and 
*  oppofite  angle  ABC  3  to  each  of 


A 
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tliefe  add  the  angle  ACB  ;  therefore  the  angles  ACD,ACB  are  Boot.  r. 
greater  than  the  angles  ABC,  ACB  ;  but  ACD,  ACB  are  to-  L*~y***J 
gether  equal  b  to  two  right  angles  ;  therefore  the  angles  ABC,  b  x3* 1* 
BCA  are  lefs  than  two  right  angles.  In  like  manner,  it  may  be 
demonilrated,  that  BAG,  ACB,  as  alfo  CAB, ABC,  are  lefs  than 
two  right  angles.  Therefore  any  two  angles,  &c.  (L  E.  D. 

,  PROP.  XVIII.  THE  OR. 

THE  greater  fide  of  every  triangle  is  oppofite  to  the 
greater  angle,  \  _ 

Let  ABC  be  a  triangle,  of 
which  the  fide  AC  is  greater 
than  the  fide  AB  ;  the  angle 
ABC  is  alfo  greater  than  the 
angle  BCA. 

Becaufe  AC  is  greater  than 
AB,  make  a  AD  equal  to  AB, 
and  join  BD ;  and  becaufe  ADB 
is  the  exterior  angle  of  the  tri¬ 
angle  BDC,  it  is  greater h  than 

the  interior  and  oppofite  angle  DCB  ;  but  ADB  is  equal  c  to  c  j.  i. 
ABD,  becaufe  the  fide  AB  is  equal  to  the  fide  AD  ;  therefore 
the  angle  A'BD  is  likewife  greater  than  the  angle  ACB  ;  where¬ 
fore  much  more  is  the  angle  ABC  greater  than  ACB.  There¬ 
fore  the  greater  fide,  See.  CL  E.  D. 

PROP.  XIX.  THF.O  R. 

THE  greater  angle  of  every  triangle  is  fubtended  by 

the  greater  fide,  or  has  the  greater  Jide  oppofite  to  it . 

\ 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is  greater 
than  the  angle  BCA  the  fide  AC  is  likewife  greater  than  the 
fide  AB. 

For,  if  it  be  not  greater,  AC 
Hiuft  either  be  equal  to  AB,  or 
lefs  than  it  ;  it  is  not  equal,  be¬ 
caufe  then  the  angle  ABC  would 
be  equal  a  to  the  angle  ACB  j 
but  it  is  not ;  therefore  AC  is 
not  equal  to  AB  ;  neither  is  it 
lefs‘5  becaufe  then  the  angle 


A 


A 


a  3* 


b  1 6.  I, 
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See  N. 


Boole  I.  ABC  would  be  lefs  b  than  the  angle  ACB;  but  it  is  not ;  there*, 
fore  the  fide  AC  is  not  lets  than  AB ;  and  it  has  been  fhewn 
b  l0‘  I*  that  it  is  not  equal  to  AB  ;  therefore  AC  is  greater  than  AB, 
Wherefore  the  greater  angle,  &ec.  E.  D. 

PROP.  XX.  THEOR, 

NY  two  fides  of  a  triangle  are  together  greater 
than  the  third  fide. 

Let  ABC  be  a  triangle  ;  any  two  fides  of  it  together  are 
greater  than  the  third  fide,  viz.  the  fides  BA,  AC  greater  than 
the  fide  BC  ;  and  AB,  BC  greater  than  AC  ;  and  BC,  CA 
greater  than  AB. 

Produce  BA  to  the  point  D, 
a  3.  1,  and  make  *  AD  equal  to  AC  ; 
and  join  DC. 

Becaufe  DA  is  equal  to  AC, 
the  angle  ADCis  likewife  equal 
fe  5. 1.  h  to  ACD ;  but  the  angle  BCD 
is  greater  than  the  angle  ACD  ; 
therefore  the  angleBCDisgreat- 
*  er  than  the  angle  ADC;  and  be¬ 
caufe  the  angle  BCD  of  the  triangle  DCB  is  greater  than  ita 
It  angle  BDC,  and  that  the  greater  c  fide  is  oppofite  to  the  greater 
angle  ;  therefore  the  fide  DB  is  greater  than  the  fide  BC  ;  bu2 
DB  is  equal  to  BA  and  AC  ;  therefore  the  fides  BA,  AC  are 
greater  than  BC.  In  the  fame  manner  it  may  be  demonftraied, 
that  the  fides  AB,  BC  arfe  greater  than  CA,and  BC,  CA  great¬ 
er  than  A 13,  Therefore  any  two  fides,  &c.  E,  D. 

PROP.  XXL  THEOR. 

See  N.  T from  the  ends  of  the  fide  of  a  triangle,  there  be. 
J.  drawn  two  ftraight  lines  to  a  point  within  the  tri¬ 
angle,  thefe  (hall  be  lefs  than  the  other  two  fides  of  the 
triangle,  but  fhall  contain,  a  greater  angle. 

Let  the  two  ftraight  lines,  BD,  CD  be  drawn  from  B,  C,  the 
\  ends  of  the  fide  BG  of  the  triangle  ABC,  to  the  point  D  within 
it;  BD  and  DC  are  lefs  than- the  other  two  fides  BA,  AC 
of  the  triangle,  but  contain  an  angle  BDC  greater  than  the 
•r-gle  BAG. 

Produce  BD  to  E  ;  and  becaufe  two  fides  of  a  triangle  are 
greater  than  the  third  fide,  the  two  fides  BA,  AE  of  thi  tri¬ 
angle 
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Single  ABE  are  greater  than  BE.  To  each  of  thefe  add  EC; 

j  therefore  the  fides  BA,  AC 
are  greater  than  BE,  EC  :  A- 
gain,becaufe  the  two  ftdes  CE, 
r  ED  of  the  triangle  CED  are 
greater  than  CD,  add  DB  to 
each  of  thefe  ;  therefore  the 
tides  CE,  EB  are  greater  than 
CD,  DB ;  but  it  has  been 
fhewn  that  BA,  AC  are  great- 
*  er  than  BE,  EC  ;  much  mere 
then  are  BA,  AC  greater  than  BD,  DC. 

Again,  becaufe  the  exterior  angle  of  a  triangle  is  greater  than 
the  interior  and  oppolite  angle,  the  exterior  angle  BDC  of  the 
triangle  CDE  is  greater  than  CED  ;  for  the  fame  reafon,  the 
exterior  angle  CEB  of  the  triangle  ABE  is  greater  than  BAC  ; 
and  it  has  been  demonftrated  that  the  angle  BDC  is  greater  than 
the  angle  CEB  ;  much  more  then  is  the  angle  BDC  greater  than 
the  angle  BAC.  Therefore,  if  from  the  ends  of,  &c.  Q^E*  D. 

PROP.  XXII.  PROB. 

TO  make  a  triangle  of  which  the  fides  fhall  be  equal 
to  three  given  ftraight  lines,  but  any  two  whatever 
of  thefe  muft  be  greater  than  the  third  a. 

Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  which  any 
two  whatever  are  greater  than  the  third,  viz.  A  and  B  greater 
than  C  ;  A  and  C  greater  than  B  ;  and  B  and  C  than  A.  It  is 
required  to  make  a  triangle  of  which  the  ftdes  fhall  be  equal 
to  A,  B,  C,  each  to  each. 

Take  a  ftraight  line  DE  terminated  at  the  point  D,  but  un- 
-  limited  towards  E,  and 
make  a  DF  equal  to  A, 

FG  to  B,  and  GH  equal 
to  C  ;  and  from  the  cen¬ 
tre  F,  at  the  diftance 
FD,defcribe  bthe  circleB 
DKL  ;  and  from  the  cen¬ 
tre  G,  at  the  diftance 
GH,  deferibe  t>  another 
circle HLK;  andjoinKF, 

KG  ;  the  triangle  KFG 
has  its  ftdes  equal  to  the  three  ftraight  lines,  A,  B,  C. 

Becaufe  the  point  F  is  the  centre  of  the  circle  DKL,  FD  is 
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See 

a  20.  S> 


a  3.  I. 

b.  3.  Foft. 


c. 
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c.  15.  Def. 


a  22 •  1. 


b  8.  1. 


See  N. 


equal  c  to  FK  ;  but  FD  is  equal  to  the  ftraight  line  A  ;  there^ 
fore  FK  is  equal  to  A  :  Again,  becaufe  G  is  the  centre  of  the 
circle  LKH,  GH  is  equal  c  to  GK  ;  but  GH  is  equal  to  C  ; 
therefore  alfo  GKis  equal  to  C  ;  and  FG  is  equal  to  B  ;  there¬ 
fore  the  three  ftraight  lines  KF,  FG,  GK,  are  equal  to  the  three 
A,  B,  G  :  And  therefore  the  triangle  KFG  has  its  three  tides 
KF,  FG,  GK  equal  to  the  three  given  ftraight  lines,  A,  B,  C» 
Which  was  to  be  done. 


PROP.  XXIII.  P  R  O  B. 

T  a  given  point  in  a  given  ftraight  line,  to  make  a 
rectilineal  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  ftraight  line,  and  A  the  given  point  in 
it,  and  DCE  the  given  rectilineal  angle  ;  it  is  required  to  make 
an  angle  at  the  given 
point  A  in  the  given 
ftraight  line  AB,  that 
lhall  be  equal  to  the 
given  rectilineal  angle 
DCE. 

Take  in  CD,  CE 
any  points  D,  E,  and 
join  DE  ;  and  make  a 
the  triangle  AFG  the 
tides  of  which  fliall  be 
equal  to  the  three 

ftraight  lines  CD,  DE,  CE,  fo  that  CD  be  equal  to  AF,  CE  to 
AG,  and  DE  to  FG  ;  and  becaufe  DC,  CE  are  equal  to  FA, 
AG,  each  to  each,  and  the  bafe  DE  to  the  bale  FG  ;  the  angle 
DCE  is  equal  b  to  the  angle  FAG.  Therefore,  at  the  given 
point  A  in  the  given  ftraight  line  AB,  the  angle  FAG  is  made 
equal  to  the  given  rectilineal  angle  DCE.  Which  was  to  be 
done. 

PROP.  XXIV.  THE  OR. 


IF  two  triangles  have  two  tides  of  the  one  equal  to 
two  tides  of  the  other,  each  to  each,  but  the  angle 
contained  by  the  two  tides  of  one  of  them  greater  than 
the  angle  contained  by  the  two  tides  equal  to  them,  of 
the  other ;  the  bafe  of  that  which  has  the  greater  angle 
lhall  be  greater  than  the  bafe  of  the  other. 


Let 
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Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides  Book  h 
:AB,  AC  equal  to  the  two  DE,DF,  each  to  each,  viz.  AB  equal 
to  DE,  and  AC  to  DF ;  but  the  angle  BAC  greater  than  the 
angle  EDF ;  the  bale  BC  is  alfo  greater  than  the  bale  EF. 

Of  the  two  fides  DE,  DF,  let  DE  be  the  fide  which  is  not 
greater  than  the  other,  and  at  the  point  D*  in  the  firaight  line 
DE,  make  a  the  angle  EDG  equal  to  the  angle  BAC  ;  and  £  ** 

make  DG  equal  b  to  AC  or  DF,  and  join  EG,  GF. 

Becaufe  AB  is  equal  to  DE,  and  AC  to  DG,  the  two  fides 
BA,  AC  are  equal  to  the  two  ED,  DG,  each  to  each,  and  the 
angle  BAC  is  equal 

to  the  angle  EDG  ;  A.  D 

therefore  chebafeBC 
isfequal  c  to  the  bafe 
EG;  and  becaufe  DG 
is  equal  to  DF,  the 

angle  DFG  isequal  d  dj.  1. 

to  the  angle  DGF  ; 
but  the  angle  DGFis  _ 
greater  than  theangle 
EGF  ;  therefore  the 

angle  DFG  is  greater  than  EGF ;  and  much  more  is  the  angle 
EFG  greater  than  the  angle  EGF  ;  and  becaufe  the  angle  EFG 
of  the  triangle  EFG  is  greater  than  its  angle  EGF,  and  that 
the  greater  e  fide  is  oppofite  to  the  greater  angle  ;  the  fide  EG  e  I9'  l* 
is  therefore  greater  than  the  fide  EF  ;  but  EG  is  equal  to  BC  ; 
and  therefore  alfo  BC  is  greater  than  EF.  Therefore,  if  two 
triangles*  Sec.  CL  E.  D. 

PROP.  XXV.  T  II  E  O  R. 


IF  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each,  but  the  bafe  of 
the  one  greater  than  the  bafe  of  the  other ;  the  angle 
alfo  contained  by  the  fides  of  that  which  has  the  great¬ 
er  bafe,  fhall  be  greater  than  the  angle  contained  by  the 
fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides 
AB,  AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB 
equal  to  DE,  and  AC  to  DF  ;  but  the  bale  CB  is  greater  than 
the  bafe  EF  ;  the  angle  BAC  is  like  wife  greater  than  the  angle 
EDF. 

For, 


Book  I. 

k rVPY-tJ 

a  4. 1. 


b  24.  j. 


For,  if  it  be  not  greater,  it  muft  either  be  equal  to  it,  or  lefs; 
but  the  angle  BAG  is  not  equal  to  the  angle  EDF,  becaufe  then 
the  bafe  BC  would 
be  equal3  toEF;but 
it  is  not ;  therefore 
the  angle  BAG  is  not 
eq^ial  to  the  angle 
EDF  ;  neither  is  it 
lefs ;  becaufe  then  the 
bafe  BC  would  be  lefs 
b  than  the  bafe  EF ; 
but  it  is  not ;  there¬ 
fore  the  a«<de  BAC 

O  w 

is  not  lefs  than  the  angle  EDF  ;  and  it  was  fhewn  that  it  is  not 
equal  to  it ;  therefore  the  angle  BAC  is  greater  than  the  angle 
EDF.  Wherefore,  if  two  triangles,  &c.  CD  E.  D. 


PROP.  XXVI.  T  H  E  O  R. 


F  two  triangles  have  two  angles  of  one  equal  to  two 
angles  of  the  other,  each  to  each  ;  and  one  fide  e- 
qual  to  one  fide,  viz.  either  the  Tides  adjacent  to  the  e- 
qual  angles,  or  the  Tides  oppofite  to  equal  angles  in 
each  ;  then  fhall  the  other  Tides  be  equal,  each  to  each ; 
and  alfo  the  third  angle  of  the  one  to  the  third  angle  of 
the  other. 


\ 


Let  ABC,DEF  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEb,  EFD,  viz.  ABC  to  DEF,  and 
EGA  to  EFD  ;  alfo  one  lide  equal  to  one  fide  ;  and  firll  let 
thefe  fides  be  equal  which  are  adjacent  to  the  angles  that  are  e~ 
qual  in  the  two  tri-  . 


angles 


viz.  BC  to 


D 


fhall  be  equal,  each 
to  each,  viz.  AB  to 
DE,  and  AC  to  DF ; 
and  the  third  angle 
BAC  to  the  third 
angle  EDF. 

For,  if  AB  be  not 


equal  to  DE,  one  of  them  mull  be  the  greater.  Let  AB  be  the 
greater  of  the  two,  and  make  BG  equal  to  DE,  and  join  GC  ; 
therefore,  becaufe  BG  is  equal  to  DE,  and  BC  to  EF,  the  two 

,  •  fides 
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fides  GB,  BC  are  equal  to  the  two  DE,  EF,  each  to  each  ;  and  Bo°k  T- 
the  angle  GBC  is  equal  to  the  angle  DEF ;  therefore  the  bale 
GC  is  equal  ato  the  bafe  I)F,  and  the  triangle  GBC  to  the  tri—  a  4'  l' 
angle  DEF,  and  the  other  angles  to  the  other  angles,  each  to 
each,  to  which  the  equal  fides  are  oppofite  ;  therefore  the  angle 
GCB  is  equal  to  the  angle  DFE  ;  but  DFE  is,  by  the  hypo- 
thefis,  equal  to  the  angle  BCA  ;  wherefore  alfo  the  angle  BCG 
is  equal  to  the  angle  BCA,  the  lefs  to  the  greater,  which  is  im- 
poflible  ;  therefore  AB  is  not  unequal  to  DE,  that  is,  it  is  equal 
to  it ;  and  BC  is  equal  to  EF  ;  therefore  the  two  AB,  BC  are 
equal  to  the  two  DE,  EF,  each  to  each  ;  and  the  angle  ABC 
is  equal  to  the  angle  DEF  ;  the  bafe  therefore  AC  is  equal  a  to 
the  bafe  DF,  and  the  third  angle  BAG  to  the  third  angle  EDFe 


Next,  let  the  fides 
which  are  oppofite  to 
equal  angles  in  each 
triangle  be  equal  to 
one  another,  viz.  AB 
to  DE  ;  likewife  in 
this  cafe,  the  other 
fides  fhall  be  equal, 

AG  to  DF,  and  BC 
to  EF  ;  and  alfo  the 
third  angle  BAG  to  the  third  EDF. 

For,  if  BG  be  not  equal  to  EF,  let  BC  be  tlie  greater  of 
them,  and  make  BH  equal  to  EF,  and  join  AH  ;  and  becaufe 
BH  is  equal  to  EF,  and  AB  to  DE  ;  the  two  AB,  BH  are  equal 
to  the  two  DE,  EF,  each  to  each  ;  and  they  contain  equal  an¬ 
gles  ;  therefore  the  bafe  AH  is  equal  to  the  bafe  DF,  and  the 
triangle  ABH  to  the  triangle  DEF,  and  the  other  angles  fhall 
be  equal,  each  to  each,  to  which  the  equal  fides  ate  oppofite; 
therefore  the  angle  BHA  is  equal  to  the  angle  EFD  ;  but  EFD 
is  equal  to  the  angle  BCA  ;  therefore  alfo  the  angle  BHA  is 
equal  to  the  angle  BCA,  that  if,  the  exterior  angle  BHA  of  the 
triangle  AHC  is  equal  to  its  interior  and  oppofite  angle  BCA ; 
which  is  impoflible  l) ;  wherefore  BC  is  not  unequal  to  EF,  ^ 
that  is,  it  is  equal  to  it  ;  and  AB  is  equal  to  DE  ;  therefore  the 
two  AB,  BC  are  equal  to  the  two  DE,  EF,  each  to  each  ;  and 
they  contain  equal  angles  ;  wherefore  the  bafe  AC  is  equal  to 
the  bafe  DF,  and  the  third  angle  BAG  to  the  third  angle  EDF. 

1  herefove,  if  two  triangles,  &cc.  (L  E.  D. 
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PROP.  XXVII.  THE  OR. 

IF  a  ilraight  line  falling  upon  two  other  ilraight  lines 
makes  the  alternate  angles  equal  to  one  another, 
theie  two  ftraightTines  fhalFbe  parallel. 

Let  the  ilraight  line  EF,  which  falls  upon  the  two  Ilraight 
lines  AB,  CD  make  the  alternate  angles  AEF,  EFD  equal  to 
one  another  ;  AB  is  parallel  ti  CD. 

For.  if  it  be  not  parallel,  AB  and  CD  being  produced  fkall 
meet  either  towards  B,  D,  or  towards  A,  C  ;  let  them  be  pio- 
duced  and  meet  towards  B,  D  in  the  point  G  ;  therefore  GEF 
is  a  triangle,  and  its  exterior  angle  AEF  is  greater  a  than  the 
interior  and  oppofite  angle 
EFG  j  but  it  is  alfo  equal  to 
it, which  is  impoffible ;  there¬ 
fore  AB  and  CD  being  pro¬ 
duced  do  not  meet  towards 
B,  D.  In  like  manner  it 
may  be  demonflrated  that 
thev  do  not  meet  towards  A, 

C  ;  but  thofe  ilraight  lines 
which  meet  neither  way,  though  produced  ever  fo  far,  are  pa¬ 
rallel  b  to  one  another.  AB  therefore  is  parallel  to  CD. 
Wherefore,  if  a  ilraight  line,  &c.  E.  D. 

PROP.  XXVIII.  T  H  £  O  R, 


1;  F  a  ilraight  line  falling  upon  two  other  ilraight  lines 
j|  makes  the  exterior  angle  equal  to  the  interior  and 
oppofite  upon  the  fame  lide  of  the  line ;  or  makes  the 
interior  angles  upon  the  fame  fide  together  equal,  to  two 
right  angles  ;  the  two  Ilraight  lines  lliall  be  parallel  to 
one  another. 

Let  theilraight lineEF, which 
falls  upon  the  two  ilraiyht  lines 
AB.  CD,  make  the  exterior  angle 
LGB  equal  to  tl le  interior  and 
oppofite  angle  GHD  upon  the 
fame  fide  ;  ’  or  make  the  interior 
angles  on  the  fame  fide  BGH, 

GHDtogeth  equal  to  two  right 
a:  gles  ;  AT-  s  parallel  to  CD. 

Becaufe  t  .e  angle  EGB  is  e- 
quai  to  the  angle  GHD,  and  ine 
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angle  EGB  equal  a  to  the  angle  AGH,  the  angle  AGH  is  equal  Bo°k  I. 
to  the  angle  GHD  ;  and  they  are  the  alternate  angles  ;  therefore 
AB  is  parallel b  to  CD.  Again,  becaufe  the  angles  BGH,  GHD  J  ** 
are  equal  c  to  two  right  angles  ;  and  that  AGH,  BGH,  are  alfo  c  By  Hyp. 
equal d  to  two  right  angles  ;  the  angles  AGH,  BGH  are  equal  d  J3*  *• 
to  the  angles  BGH,  GHD  :  Take  away  the  common  angle 
BGH ;  therefore  the  remaining  angle  AGH  is  equal  to  the  re¬ 
maining  angle  GHD ;  and  they  are  alternate  angles  ;  therefore 
AB  is  parallel  to  CD.  Wherefore,  if  a  flraight  line,  &c.  CL 
E.  D. 

PROP.  XXIX.  T  PIE  OP.. 

IF  a  flraiglit  line  fall  upon  two  parallel  flraight  lines,  it  See 

makes  the  alternate  angles  equal  to  one  another ;  and  [j°isespropoo 
the  exterior  angle  equal  to  the  interior  and  oppofite  upon  fidon. 
the  fame  fide ;  and  likewife  the  two  interior  angles  upon 
the  fame  fide  together  equal  to  two  right  angles. 

Let  the  flraight  line  EF  fall  upon  the  parallel  flraight  lines 
AB,  CD  ;  the  alternate  angles  AGH,  GHD  are  equal  to  one 
another  ;  and  the  exterior  angle  EGB  is  equal  to  the  interior 
and  oppofite,  upon  the  fame  fide, 

GHD ;  and  the  two  - interior  angles 
BGH,  GHD  upon  the  fame  fide 
are  together  equal  to  two  right 
angles. 

For,  if  AGH  be  not  equal  to 
GHD  ,  one  of  them  mufl  be  greater 
than  the  other ;  let  AGH  be  the 
greater;  and  becaufe  the  angle  AGH 
is  greater  than  the  angle  GHD,-  add 

to  each  of  them  the  angle  BGH  ;  therefore  the  angles  AGH, 

BGH  are  greater  than  the  angles  BGH,  GHD  ;  but  the  angles 
AGH,  BGH  are  equajato  two  fight  angles;  therefore  the  a  i3-  ** 
angles  BGH,  GHD  are  lefs  than  two  right  angles  ;  but  thofe 
flraight  lines  which,  with  another  flraiglit  line  falling  upon  them, 
make  the  interior  angles  on  the  fame  fide  lefs  than  two  right 
angles,  do  meet  *  together  if  continually  produced  ;  therefore  *  Ia* ax* 
the  flraight  lines  AB,  CD,  if  produced  far  enough,  fhali  meet ;  note^on 
but  they  never  meet,  fince  they  are  parallel  by  the  hypothefis  ;  this  propc- 
therefore  the  angle  AGH  is  not  unequal  to  the  angle  GHD,  that  fltion* 
is,  it  is  equal  to  it ;  but  the  angle  AGH  is  equal  b  to  the  angle  b  I5- 
EGB  ;  therefore  likewife  EGB  is  equal  to  GHD  ;  add  to  each 
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of  thefe  the  angle  EGH  ;  therefore  the  angles  EGB,  BGH  are 
equal  to  the  angles  BGH,  GHD  ;  but  EGB,  BGH  are  equal  c 
to  two  right  angles;  therefore  alfo  BGH,  GHD  are  equal  to 
two  right  angles.  Wherefore,  if  a  llraight,  6-t.c.  CL  E.  D. 

PROP.  XXX.  T  H  E  O  R. 


Traight  lines  which  are  parallel  to  the  fame  llraight 
line  are  parallel  to  one  another. 


Let  AB,  CD  be  each  of  them  parallel  to  EF  ;  AB  is  alfo  pa¬ 
rallel  to  CD. 

Let  the  llraight  line  GHK  cut  AB,  EF,  CD  ;  and  becaufe 
GHK  cuts  the  parallel  llraight 
lines  AB,  EF,  the  angle  AGH  is 

•  equal  a  to  the  angle  GHF.  A- 
gain,  becaufe  the  llraight  line 
GK  cuts  the  parallel  llraight  lines 
EF,  CD,  the  angle  GHF,  is  equal  jg 
a  to  the  angle  GKD  ;  and  it  was 
fhewn  that  the  angle  AGK  is  e- 
qual  to  the  angle  GHF  ;  there¬ 
fore  alfo  AGK  is  equal  to  GKD  ; 
and  they  are  alternate  angles  * 

•  therefore  AB  is  parallel  to  CD. 

&c.  Q^E.  D* 


Wherefore  llraight  lines,,. 


PROP.  XXXI.  PROB. 

TO  draw  a  llraight,  line  through  a  given  point  pa¬ 
rallel  to  a  given  llraight  line. 

Let  A  be  the  given  point,  and  BC  the  given  llraight  line  ; 
it  is  required  to  draw  a  llraight  line  p  A  F 

through  the  point  A,  parallel  to  the  T* 
llraight  line  BC. 

In  BC  take  any  point  D,  and  join 
AD  ;  and  at  the  point  A,  in  the 
llraight  line  AD  make  a  the  angle  JJ 
DAE  equal  to  the  angle  ADC  ;  and 
produce  the  llraight  line  EA  to  F. 

Becaufe  the  llraight  line  AD,  which  meets  the  two  llraight 
lines  BC,  EF,  makes  the  alternate  angles  EAD,  ADC  equal  to 
■  one  another,  EF  is  parallel b  to  BC.  Therefore  the  llraight  line 
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EAF  is  drawn  through  the  given  point  A  parallel  to  the  given 

Itraight  line  BC.  Which  was  to  be  done. 

* 

PROP.  XXXII.  THEO  R. 

IF  a  fide  of  any  triangle  be  produced,  the  exterior  angle 
is  equal  to  the  two  interior  and  oppofite  angles  ;  and 
the  three  interior  angles  of  every  triangle  are  equal  to 
two  right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  fides  BC  be  pro¬ 
duced  to  D  ;  the  exterior  angle  AGD  is  equal  to  the  two  inte¬ 
rior  and  oppofite  angles  C  VB,  ABC  and  the  three  interior  ang¬ 
les  of  the  triangle,  viz.  ABC,  BGA,  CAB  are  together  equal 
to  two  right  angles 

Through  the  point  C  draw 
CE  parallel  a  to  the  Itraight 
line  AB  ;  and  becaufe  AB  is 
parallel  to  CE  and  AC  meets 
them,  the  alternate  angles 
BAC,  ACE  are  equal  b  .  A- 
gain,  becaufe  AB  is  parallel 
to  CE,  and  BD  falls  upon 
them, the  exterior  angle  ECD 
is  equal  to  the  interior  and 
oppofite  angle  ABC ;  but  the  angle  ACE  was  (hewn  to  be  equal 
to  the  angle  BAC  ;  therefore  the  whole  exterior  angle  ACD  is 
equal  to  the  two  interior  and  oppofite  angles  CAB,  ABC  ;  to 
thefe  equals  add  the  angle  ACB,  and  the  angles  ACD,  ACB 
are  equal  to  the  three  angles  CBA,  BAG,  ACB  ;  but  the  angles 
ACD,  ACB  are  equal  cto  two  right  angles  ;  therefore  alfo  the 
angles  CBA, BAC,  ACB  are  equal  to  two  right  angles.  Where¬ 
fore  if  a  fide  of  a  triangle,  &c.  Q^E?  D„ 

Cor.  i.  All  the  interior  angles 
of  any  rectilineal  figure,  together 
with  four  right  angles,  are  equal 
to  twice  as  many  right  angles  as 
the  figure  has  fides. 

For  any  redilineal  figure 
ABODE  can  be  divided  into  as 
many  triangles  as  the  figure  has 
fides,  by  drawing  ftraight  lines 
from  a  point  F  within  the  figure 
to  each  of  its  angles.  And,  by 
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Book  I.  the  preceding  proportion,  all  the  angles  of  thefe  triangles  are  e- 
qual  to  twice  as  many  right  angles  as  there  are  triangles,  that 
is,  as  there  are  lides  of  the  figure ;  and  the  fame  angles  are  equal 
to  the  angles  of  the  figure,  together  with  the  angles  at  the  point 
a  z.  Cor.  F,  which  is  the  common  vertex  of  the  triangles  :  that  is  a  ,  to- 
15. 1.  gether  with  four  right  angles.  Therefore  all  the  angles  of  the 
figure,  together  with  four  right  angles,  are  equal  to  twice  as 
many  right  angles  as  the  figure  has  fides. 

Cor.  2.  All  the  exterior  angles  of  any  rectilineal  figure,  are 
together  equal  to  four  right  angles. 

Becaufe  every  interior  angle 
ABC,  with  its  adjacent  exterior 
bij.  1.  ABD,  is  equal  b  to  two  right 
angles  ;  therefore  all  the  interi¬ 
or,  together  with  all  the  exterior 
angles  of  the  figure,  are  equal  to 
twice  as  many  right  angles  as 
there  are  fides  of  the  figure  ; 
that  is,  by  the  foregoing  corol¬ 
lary,  they  are  equal  to  all  the 
interior  angles  of  the  figure,  to¬ 
gether  with  four  right  angles  ;  therefore  all  the  exterior  angles 
are  equal  to  four  right  angles. 

PROP.  XXXIII.  T  H  E  O  R. 

THE  firaight  lines  which  join  the  extremities  of  two 
equal  and  parallel  firaight  lines,  towards  the  fame 
parts,  are  alfo  themfelves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  pa¬ 
rallel  firaight  lines,  and  joined 
towards  the  fame  parts  by  the 
firaight  lines  AC,  BD  ;  AC,BD 
are  alfo  equal  and  parallel. 

Join  BC  ;  and  becaufe  AB  is 

parallel  to  CD,  and  BC  meets  C  D 

*  *9-  *•  them,  the  alternate  angles  ABC,  BCD  are  equal  a  ;  and  becaufe 
AB  is  equal  to  CD,  and  BC  common  to  the  two  triangles  ABC, 
DCB,  the  two  fides  AB,  BC  are  equal  to  the  two  DC,  CB ; 
and  the  angle  ABC  is  equal  to  the  angle  BCD  ;  therefore  the 
b  4.  i,  bafe  AC  is  equal b  to  the  bafe  BD,  and  the  triangle  ABC  to  the 
triangle  BCD,  and  the  other  angles  to  the  other  angles  b ,  each 
to  each,  to  which  the  equal  fides  are  oppofite  ;  therefore  the 
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atigle  ACB  is  equal  to  the  angle  CBD  ;  and  becaufe  the  ftraight  Book  i. 
line  BC  meets  the  two  ftraight  lines  AC,  BD,  and  makes  the 
alternate  angles  ACB,  CBD  equal  to  one  another,  AC  is  pa¬ 
rallel  c  to  BD  ;  and  it  was  ftiewn  to  be  equal  to  it.  Therefore,  c  -  -  r 
ftraight  lines,  &c.  CL  E.  D. 


PROP.  XXXIV.  T  H  E  O  R. 

THE  oppofite  Tides  and  angles  of  parallelograms  are 
equal  to  one  another,  and  the  diameter  biie&s 
them,  that  is,  divides  them  into  two  equal  parts, 

N.  B.  A  parallelogram  is  a  four -fide  d figure,  of  which 
the  oppofiie  fides  are  parallel ;  and  the  diameter  is  the 
Jlraight  line  joining  two  oj  its  oppofite  angles . 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter; 
the  oppofite  fides  and  angles  of  the  figure  are  equal  to  one  a- 
nother  ;  and  the  diameter  BC  bifedts  it. 

Becaufe  AB  is  parallel  to  CD,  \  g 

and  BC  meets  them,  the  alter¬ 
nate  angles  ABC, BCD  are  equal 
a  to  one  another  ;  and  becaufe 
AC  is  parallel  to  BD,  and  BC 
meets  them,  the  alternate  angles 
ACB,  CBD  are  equal  a  to  one 
another  ;  wherefore  the  two  triangles  ABC,  CBD  have  two 
angles  ABC,  BCA  in  one,  equal  to  two  angles  BCD,  CBD  in 
the  other,  each  to  each,  and  one  fide  BC  common  to  the  two 
triangles,  which  is  adjacent  to  their  equal  angles  ;  therefore 
their  other  fides  fliall  be  equal,  each  to  each,  and  the  third 
angle  of  the  one  to  the  third  angle  of  the  other  b ,  viz  the  fide  b  1 
AB  to  the  fide  CD.  and  AC  to  BD,  and  the  angle  BAC  equal 
to  the  angle  BDC  :  And  becaufe  the  angle  ABC  is  equal  to 
the  angle  BCD,  and  the  angle  CBD  to  the  angle  ACB,  the 
whole  angle  ABD  is  equal  to  the  whole  angle  ACD  :  And  the 
angle  BAC  has  been  ftiewn  to  be  equal  to  the  angle  BDC  ; 
therefore  the  oppofite  fides  and  angles  of  parallelograms  are  e- 
qual  to  one  another  ;  alfo,  thejr  diameter,bife£ls  them  ;  for  AB 
being  equal  to  CD,  and  BC  common,  the  two  AB,  BC  are  e- 
qual  to  the  two  DC,  CB,  each  to  each  ;  and  the  angle  ABC  is 
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equal  to  the  angle  BCD  ;  therefore  the  triangle  ABC  is  equal 
c  to  the  triangle  BCD,  and  the  diameter  BC  divides  the  paral¬ 
lelogram  ACDB  into  two  equal  parts.  CL  E.  D. 

PROP.  XXXV.  T  H  E  O  R. 

FAralellograms  upon  the  fame  bafe  and  between 
„  the  fame  parallels,  are  equal  to  one  another. 

Let  the  parallelograms  ABCD,  EBCF  be  upon  the  fame  bafe 
BC,  and  between  the  fame  parallels  AF,  BC  ;  the  parallelo¬ 
gram  ABCD  iliall  be  equal  to  the  parallelogram  EBCF. 

If  the  fides  AD,  DF  of  the  paral¬ 
lelograms  ABCD,  DBGF  oppoiite  to 
the  bafe  BC  be  terminated  in  the  fame 
point  D  ;  it  is  plain  that  each  of  the 
parallelograms  is  double  aof  the  tri¬ 
angle  BDC  ;  and  they  are  therefore 
equal  to  one  another.  -p* 

But,  if  the  Tides  x\D,  EF,  oppofite^ 
to  the  bafe  BC  of  the  parallelograms 

ABCD,  EBCF,  be  not  terminated  in  the  fame  point  ;  then,  be- 
caufe  ABCD  is  a  parallelogram,  AD  is  equal  ato  BC  ;  for  the 
fame  reafon  EF  is  equal  to  BC  ;  wherefore  AD  is  equal  b  to 
EF  ;  and  DE  is  common;  therefore  the  whole,  or  the  remain¬ 
der,  AE  is  equal c  to  the  whole,  or  the  remainder  DF  ;  AB  al- 
fo  is  equal  to  DC  ;  and  the  two  EA,  AB  are  therefore  equal  to 
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the  two  FD,  DC,  each  to  each  ;  and  the  exterior  angle  FDC  is 
equal d  to  the  interior  EAB,  therefore  the  bafe  EB  is  equal  to 
the  bafe  FC,  and  the  triangle  EAB  equal  e  to  the  triangle  FDC ; 
take  the  triangle  FDC  from  the  trapezium  ABCF,  and  from 
the  fame  trapezium  take  the  triangle  EAB  ;  the  remainders 
"therefore  are  equal  f  ,  that  is,  the  parallelogram  ABCD  is  equal 
to  the  parallelogram  EBCF.  Therefore  parallelograms  upon 
the  fame  bafe,  Q^E.  D*. 
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PROP.  XXXVI.  THE  OR. 

* 

iArallelograms  upon  equal  bales,  and  between 
the  fame  parallels,  are  equal  to  one  another. 


D  E 


Let  ABCD  ,EFGH  be  » 
parallelograms  upon  e-A 
qual  bales  BC,  FG,  and 
between  the  fame  paral¬ 
lels  AH,  BG ;  the  paral¬ 
lelogram  ABCD  is  equal 
to  EFGH. 

Join  BE,  CH ;  andjg 
becaufe  BG  is  equal  to^ 

FG,  and  FG  to  a  EH,  BC  is  equal  to  EH ;  and  the)'  are  paral-  a 
lels,  and  joined  towards  the  fame  parts  by  the  ftraight  lines  BE, 
CH  :  But  ftraight  lines  which  join  equal  and  parallel  ftraight 
lines  towards  the  fame  parts,  are  themfelves  equal  and  parallel1* ;  b 
therefore  EB,  CH  are  both  equal  and  parallel,  and  EBCHis  a 
parallelogram  ;  and  it  is  equal  c  to  ABCD,  becaufe  it  is  upon  c 
the  fame  bafe  BC,  and  between  the  fame  parallels  BC,  AD  : 
For  the  like  reafon,  the  parallelogram  EFGH  is  equal  to  the 
fame  EBCH  :  Therefore  alfo  the  parallelogram  ABCD  is  equal 
to  EFGH.  Wherefore  parallelograms,  &c.  CE  E.  D. 

PROP.  XXXVII.  THEOR. 


34-  I. 

35- 


rg  TRiangles  upon  the  fame  bafe,  and  between  the 
|  fame  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEC  be  upon  the  fame  bafe  BC  and 
between  the  fame  parallels  A  r\  tji 

AD,BC :  The  triangle  ABC  ^  A  ^  X 

is  equal  to  thetriangleDBC. 

Produce  ADboth  ways  to 
the  points  E,F,  and  through 
B  draw  a  BE  parallel  to  C  A  ; 
and  thro’  C  draw  CF  paral¬ 
lel  to  BD  :  Therefore  each 
ofthefiguresEBCA,  DBCF 
is  a  parallelogram  ;  and  EBCA  is  equal  bto  DBCF,  becaufe  b 
they  are  upon  the  fame  bafe  BC,  and  between  the  fame  parallels 
BC,  EF  ;  and  the  triangle  ABC  is  the  half  of  the  parallelo¬ 
gram 


a  31.  £* 


35-  1° 


42 


THE  ELEMENTS 


Book  I.  gram  EBCA,becaufe  the  diameter  AB  befedts  cit ;  and  the  tri- 
angle  DBG  is  the  half  of  the  parallelogram  DBCF,  becaufe  the 
diameter  DC  bife&s  it :  But  the  halves  of  equal  things  are  e- 
d  7.  Ax.  qual  d  ;  therefore  the  triangle  ABC  is  equal  to  the  .  triangle 
DBG.  Wherefore  triangles,  Sec.  E.  D. 

PROP.  XXXVIII.  THE  OR. 


TRiangles  upon  equal  bales,  and  between  the  fame 
parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bafes  BC,  EF> 
and  between  the  fame  parallels  BF,AD  :  The  triangle  ABC  is 
equal  to  the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,  and  through  B 
a  31.  r.  draw  BG  parallel  a  to  CA,  and  through  F  draw  FH  parallel  to 
ED  :  Then  each  of 
the  figures  GBOA, 

DEFH  is  a  paralle¬ 
logram  ;  and  they 
b  36.  1.  are  equal  to  l>  one  a« 
nother,  becaufe  they 
are  upon  equal  bafes 
BC,  EF,  and  be¬ 
tween  the  fame  pa- 
c  34.  1.  rallels  BF,  G  H  ;  and  the  triangle  ABC  is  the  half c  of  the  paral¬ 

lelogram  GBCA,  becaufe  the  diameter  AB  bife&s  it  ;  and  the 
triangle  DEF  is  the  half c  of  the  parallelogram  DEFH,  becaufe 
the  diameter  DF  bifedls  it :  But  the  halves  of  equal  things  are 
d  7.  Ax.  equal  d  ;  therefore  the  triangle  ABC,  is  equal  to  the  triangle 
DEF.  Wherefore  triangles,  &c.  E.  D. 

PROP.  XXXIX.  T  H  E  O  R. 


G*  A  D  H 


EQUAL  triangles  upon  the  fame  bafe,  and  upon  the 
fame  fide  of  it,  are  between  the  fame  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  fame  bafe 
BC,  and  upon  the  fame  fide  of  it ;  they  are  between  the  fame 
parallels. 

Join  AD  ;  AD  is  parallel  to  BC  ;  for,  if  it  is  not,  through  the 
a  31. 1*  point  A  draw  a  AE  parallel  to  BC,  and  join  EC  :  The  triangle 
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ABC  is  equal  h  to  the  triangle  EBC,  becaufe  it  is  upon  the  fame  Book  I. 
bafe  BC,  and  between  the  fame  paral-  *  JJ 

lels  BC,  A E:  But  the  triangle  ABC  is  — = -  " 

equal  to  the  triangle  BDC  ;  therefore 
alfo  the  triangle  BDC  is  equal  to  the 
triangle  EBC,  the  greater  to  the  lefs, 
which  is  impoffible  :  Therefore  AE  is 
not  parallel  to  BC.  In  the  fame  man-  „  __ 

ner,  it  can  be  demonftrated  that  no  o-  B  C 

ther  line  but  AD  is  parallel  to  BC  ;  AD  is  therefore  parallel 
to  it.  Wherefore  equal  triangles  upon,  &cc.  Q.  E,  D. 

PROP.  XL.  T  H  E  O  R. 

rp  QUAL  triangles  upon  equal  bafes,  in  the  fame 
L-J  straight  line,  and  towards  the  fame  parts,  are 
between  the  fame  parallels. 

Let  the  equal  triangles  ABC,  DEF  be  upon  equal  bafes  BC, 

EF,  in  the  fame  ftraight  a  TA  ' 

line  BF,  and  towards  the 
fame  parts  ;  they  are  be¬ 
tween  the  fame  parallels. 

join  AD  ;  AD  is  paral¬ 
lel  to  BC  :  For,  if  it  is  not, 

through  A  draw  a  AG  pa-  ^  \  ^  a  31.  1. 

rallel  to  BF,  and  join  GF  : 

The  triangle  ABC  isequal  b  ~  *  b  38.  1; 

to  the  triangle  GEF,  becaufe  they  are  upon  equal  bafesBC,  EF, 
and  between  the  fame  parallels  BF,  AG  :  But  the  triangle  ABC 
is  equal  to  the  triangle  DEF  ;  therefore  alfo  the  triangle  DEF 
is  equal  to  the  triangle  GEF,  the  greater  to  the  lefs,  which  is 
impoffible :  Therefore  AG  is  not  parallel  to  BF :  And  in  the 
fame  manner  it  can  be  demonftrated  that  there  is  no  other  pa¬ 
rallel  to  it  but  AD  ;  AD  is  therefore  parallel  to  BF.  Where¬ 
fore  equal  triangles,  &c.  Q.  E.  D. . 

PROP.  XLI.  THEOR. 


IF  a  parallelogram  and  triangle  be  upon  the  lame 
bafe,  and  between  the  fame  parallels ;  the  paral¬ 
lelogram  fhall  be  double  of  the  triangle. 


Let 
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Let  the  parallelogram  ABCD  and  the  triangle  EBC  be  upon 
the  fame  bafe  BC,  and  between  the  fame  parallels  BC,  AE  ;  the 
parallelogram  ABCD  is  double  of  the 
triangle  EBC. 

Join  AC  ;  then  the  triangle  ABC 
is  equal  a  to  the  triangle  EBC,  becaufe 
they  are  upon  the  fame  bafe  BC,  and 
between  the  fame  parallels  BC,  AE. 

But  the  parallelogram  ABCD  is 
double  b  of  the  triangle  ABC, becaufe 
the  diameter  AC  divides  it  into  two 
equal  parts  3  wherefore  ABCD  is 
alfo  double  of  the  triangle  EBC. 

Therefore,  if  a  parallelogram,  &:c.  E.  D. 

PROP.  XLII.  PROS. 

TO  defer ibe  a  parallelogram  that  JTi all  be  equal  to  a 
given  triangle,  and  have  one  of  its  angles  equal 
to  a  given  redilineal  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  rectilineal 
angle.  It  is  required  to  defer  ibe  a  parallelogram  that  lhall  be 
equal  to  the  given  triangle  ABC,  and  have  one  of  its  angles  e- 
qual  to  D. 

BifeCl  a  BC  in  E,  join  AE,  and  at  the  point  E  in  the  ftraight 
line  EC  makeb  the  angle  CEF  equal  to  D;  and  through  A  draw 
c  AG  parallel  to  EC,  and  thro’ 

C  draw  CG  c  parallel  to  EF : 

Therefore  FECG  is  a  parallelo¬ 
gram  :  And  becaufe  BE  is  equal 
to  EC,  the  triangle  ABE  is  like- 
wife  equal d  to  the  triangle  AEC, 
fince  they  are  upon  equal  bafes 
BE,  EC,  and  between  the  fame 
parallels  BC,  AG;  therefore  the 
triangle  ABC  is  double  of  the 
triangle  AEC.  And  the  paral¬ 
lelogram  FECG  is  likewife  double  e  of  the  triangle  AEC,  be¬ 
caufe  it  is  upon  the  fame  bafe,  and  between  the  fame  parallels: 
Therefore  the  parallelogram  FECG  is  equal  to  the  triangle 
ABC,  and  it  has  one  of  its  angles'  CEF  equal  to  the  given 
angle  D  ;  wherefore  there  has  been  deferibed  a  parallelogram 
*  P  FECG 
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FECG  equal  to  a  given  triangle  ABC,  having  one  of  its  Bo°k  T- 
angles  CEF  equal  to  the  given  angle  D.  Which  was  to  be 
done. 

PROP.  XLIII.  THE  OR. 

THE  complements  of  the  parallelograms  which  are 
about  the  diameter  of  any  parallelogram,  are  equal 
to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC, 
and  EH,  FG  the  parallelo¬ 
grams  about  AC,  that  IS)  thro 9 
which  AC  pajjes ,  and  BK, 

KDthe  other  parallelograms 
which  make  up  the  whole  fi- 
gureABCD, which  are  there¬ 
fore  called  the  complements: 

The  complement  BK  is  equal 
to  the  complement  KD. 

Becaufe  ABCD  is  a  paral¬ 
lelogram,  and  AC  its  diame¬ 
ter,  the  triangle  ABC  is  equal  a  to  the  triangle  ADC  :  And,  a  34* Io 
becaufe  EKHA  is  a  parallelogram,  the  diameter  of  which  is 
AK,  the  triangle  AEK  is  equal  to  the  triangle  AHK  :  By  the 
fame  reafon,  the  triangle  KGC  is  equal  to  the  triangle  KFC  : 

Tnen, becaufe  the  triangle  AEK  is  equal  to  the  triangle  AHK, 
and  the  triangle  KGC  to  KFC  ;  the  triangle  AEK,  together 
with  the  triangle  KGC  is  equal  to  the  triangle  AHK  together 
with  the  triangle  KFC  :  But  the  whole  triangle  ABC  is  equal 
to  the  whole  ADC  ;  therefore  the  remaining  complement  BK 
is  equal  to  the  remaining  complement  KD.  Wherefore  the 
complements,  Sec-.  E.  D. 

PROP.  XLIV.  PROB, 

r  |  a  given  flraight  line  to  apply  a  parallelogram, 

1  which  lhall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  triangles 
and  D  the  given  rectilineal  angle.  It  is  required  to  apply  to 
the  ftraight  line  AB  a  parallelogram  equal  to  the  triangle  C, 
and  having  an  angle  equal  to  D. 


AH  D 


Make 
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See  N. 


S  X* 


Make  a  the 
parallelogram 
BEFG  equal 
to  the  triangle 
C,  and  hav¬ 
ing  the  angle 
EBG  equal  to 
the  angle  D, 
fo  that  BE  be 
in  the  fame 
flraight  line 

with  AB,  and  produce  FG  to  H;  and  thro’  A  drawb  AH  paral¬ 
lel  to  BG  or  EF,  and  join  HB.  Then  becaufe  the  flraight  line 
HF  falls  upon  the  parallels  AH,EF,  the  angles  AHF,HFE.  are 
together  equal  c  to  two  right  angles;  wherefore  the  anglesBHF, 
HFE  are  lefs  than  two  right  angles  :  But  flraight  lines  which 
with  another  flraight  line  make  the  interior  angles  upon  the 
lame  fide  lefs  than  t  wo  right  angles,  do  meet*1  if  produced  far 
enough  :  Therefore  HB,  FE  (hall  meet,  if  produced  ;  let  them 
meet  in  K,  and  through  K  draw  KL  parallel  to  E  A  or  FH,  and 
produce  HA,  GB  to  the  points  L,  M :  Then  H  LKF  is  a  paral¬ 
lelogram,  of  which  the  diameter  is  HE,  and  AG,  ME  are  the 
parallelograms  about  HK;  and  LB,  BF  are  the  complements  ; 
therefore  LB  is  equal  e  to  BF :  But  'F  is  equal  to  the  triangle 
C  ;  wherefore  LB  is  equal  to  the  triangle  C  ;  and  becaufe  the 
angle  GBE  is  equal  fto  the  angle  ABM,  and  likewife  to  the 
angle  D  ;  the  angle  ABM  is  equal  to  the  angle  D  :  Therefore 
the  parallelogram  LB  is  applied  to  the  flraight  line  AB,  is  equal 
to  the  triangle  C,  and  has  the  angle  ABM  equal  to  the  angle 
D  :  Which  was  to  be  done. 


PROP.  XLV.  P  R  O  B. 

npO  deferibe  a  parallelogram  equal  to  a  given  reCtili- 
neal  figure,  and  Having  an  angle  equal  to  a  given 
rectilineal  angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the  given 
rectilineal  angle.  It  is  requ  red  io  defenbe  a  parallelogram  e- 
qu2l  to  ABCD,  and  having  ail  angle  equal  to  E. 

Join  DB,  and  deferibe  11  the  parallelogram  FH  equal  to  the 
triangle  ADB,  and  having  the  angle  HKF  equal  to  the  angle  E  ; 
and  to  the  flraight  line  GH  apply  b  the  parallelogram  GM  equal 

tQ 
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to  the  triangle  DBG,  having  the  angle  GHM  equal  to  the  angle  hook  i. 
E  :  and  becaufe  the  angle  E  is  equal  to  each  of  the  angles  FKH, 

GHM,  the  angle  FKH  is  equal  to  GHM  ;  add  to  each  of  thefe 
the  angle  KHG  ;  therefore  the  angles  FKH,  KHG  are  equal  to 
the  angles  KHG, 

GHMjbutFKH,  A- 
KHG  are  equal 
c  to  two  right 


GHM  are  equal 
to  two  right 
angles  ;  and  be¬ 
caufe  at  the  point 
H  in  the  ftraight 
line  GH,  the  two  ftraight  lines  KH,  HM,  upon  the  oppofite 
fides  of  it  make  the  adjacent  angles  equal  to  two  right  angles, 

KH  is  in  the  fame  ftraight  line  d  with  HM ;  and  becaufe  the  d  14. 1, 
ftraight  line  HG  meets  the  parallels  KM,  FG,  the  alternate 
angles  MHG,  HGF  are  equal  c  ;  Add  to  each  of  thefe  the 
angle  HGL :  Therefore  the  angles  MHG,  HGL,  are  equal  to 
the  angles  HGF,  HGL :  But  the  angles  MHG,  HGL  are  e- 
qual  c  to  two  right  angles  ;  wherefore  alfo  the  angles  HGF, 

HGL  are  equal  to  two  right  angles,  and  FG  is  therefore  in  the 
fame  ftraight  line  with  GL  :  and  becaufe  KF  is  parallel  to 
HG,  and  HG  to  ML  ;  KF  is  parallel e  to  ML  :  and  KM,  FL  e  30.  r» 
are  parallels;  wherefore  KFLM  is  a  parallelogram  ;  and  becaufe 
the  triangle  ABD  is  equal  to  the  parallelogram  HF,  and  the  tri¬ 
angle  DBC  to  the  parallelogram  GM ;  the  whole  reCtilineal 
figure  ABCD  is  equal  to  the  whole  parallelogram  KFLM  ; 
therefore  the  parallelogram  KFLM  has  been  defcribed  equal  to 
the  given  rectilineal  figure  ABCD,  having  the  angle  FKM  .  qual 
to  the  given  angle  E.  Which  was  to  be  done. 

Cor.  From  this  it  is  manifeft  how  to  a  given  ftraight  line  to 
apply  a  parallelogram,  which  {hall  have  an  angle  equal  to  a  given 
reCtilineal  angle,  and  ftiall  be  equal  to  a  given  reCtilineal  figure, 
viz.  by  applying  b  to  the  givven  ftraight  line  a  parallelogram  e-  5 
qual  to  the  firft  triangle  ABD,  and  having  an  angle  equal  to 
the  given  angle. 


angles  :  There¬ 
fore  alfo  KHG, 
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THE  ELEMENTS 


PROP.  XL  VI.  PROS. 

*  ’ 

JL  O  defcribe  a  fquare  upon  a  given  ftraight  line. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  defcribe 
a  fquare  upon  AB.  ^ 

From  the  point  A  draw  a  AC  at  right  angles  to  AB  ;  and 
make  b  AD  equal  to  AB,  and  through  the  point  D  draw  DE 
para  lei c  to  AB,and  through  B  draw  BE  parallel  to  AD;  there¬ 
for  ADEB  is  a  parallelogiam  :  whence  AB  is  equal  d  to  DE. 
and  AD  to  BE  :  But  BA  is  equal  to 
AD  ;  therefore  the  four  ftraight  lines 
BA,  AD,  DE,  EB  are  equal  to  one 
another,  and  the  parallelogram  ADEB  £) 
is  equilateral,  likewife  all  its  angles 
are  right  angles  ;  bees ufe  the  ftra’ght 
line  AD  meeting  the  parallels  AB, 

DE,  the  angles  BAD,  ADE  are  equal 
c  to  two  right  angles ;  but  BAD  is  a 
right  angle  ;  therefore  alfo  ADE  is  a 
right  angle ;  but  the  oppoftte  angles  A 
of  parallelograms  are  equal  0  ;  therefore  each  of  the  oppoftte 
angles  ABE,  BED  is  a  right  angle;  wherefore  the  figure  ADEB 
is  rectangular,  and  it  has  been  demonftrated  that  it  is  equilate¬ 
ral  ;  it  is  therefore  a  fquare,  and  it  is  deferibed  upon  the  given 
ftraight  line  AB  :  Which  was  to  be  done. 

Cor.  Hence  every  parallelogram  that  has  one  right  angle 
has  all  its  angles  right  angles. 

PROP.  XLVII.  T  H  E  O  R. 

IN  any  right  angled  triangle,  the  fquare  which  is  de° 
feribed  upon  the  fide  fubtending  the  right  angle,  is 
equal  to  the  fquares  deferibed  upon  the  fides  which 
contain  the  right  angle. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle 
BAG  ;  the  fquare  deferibed  upon  the  fide  BC  is  equal  to  the 
fquares  deferibed  upon  BA,  AC. 

On  BC  defcribe  a  the  fquare  EDEC,  and  on  BA,  AC  the 

fquares 
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Squares  GB,  HC  ;  and  througk  A  draw  b  AL  parallel  to  BD,  or 
CE,  and  join  AD  ,FC;  then,  becaufe  each  of  the  angles  BAG, 

BAG  is  aright  angle  c  ,  the 
two  ftraight  lines  AC,  AG 
upon  the  oppofite  fides  of  AB, 
make  with  it  at  the  point  A  t-* 
the  adjacent  angles  equal  to  ^ 
two  right  angles  ;  therefore 
CA  is  in  the  fame  ftraight 
line  d  with  AG  5  for  the  fame 
reafon,  AB  and  AH  are  in 
the  fame  ftraight  line  ;  and 
becaufe  the  angle  DBC  is  e- 
qual  to  the  angle  FBA,  each 
of  them  being  a  right  angle, 
add  to  each  the  angle  ABC, 
and  the  whole  angle  DBA  is 
equal  e  to  the  whole  FBC  ;  and  becaufe  the  two  fides  AB,  BD  e  z.  Ax„ 
are  equal  to  the  two  FB,  BC,  each  to  each,  and  the  angle  DBA 
equal  to  the  angle  FBC  5  therefore  the  bafe  AD  is  equal f  to  1  4*  x. 
the  bafe  FC,  and  the  triangle  ABD  to  the  triangle  FBC  :  Now 
the  parallelogram  BL  is  double  g  of  the  triangle  ABD,  becaufe  g  4*-  x. 
they  are  upon  the  fame  bafe  BD,  and  between  the  fame  paral¬ 
lels,  BD,  AL ;  and  the  fquare  GB  is  double  of  the  triangle 
FBC,  becaufe  thefe  alfo  are  upon  the  fame  bafe  FB,  and  be¬ 
tween  the  fame  parallels  FB,  GC.  But  the  doubles  of  equals 
are  equal  h  to  one  another  :  Therefore  the  parallelogram  BL  h  6. 
is  equal  to  the  fquare  GB  :  And,  in  the  fame  manner,  by  join¬ 
ing  AE,  BK,  it  is  demonftrated  that  the  parallelogram  CL  is 
equal  to  the  fquare  HC  :  Therefore  the  whole  fquare  BDEC  is 
equal  to  the  two  fquares  GB,  HC  ;  and  the  fquare  BDE.C  is 
defcribed  upon  the  ftraight  line  BC,  and  the  fquares  GB,  HG 
upon  BA,  AC  :  Wherefore  the  fquare  upon  the  fide  BC  is  e- 
qual  to  the  fquares  upon  the  fides  BA,  AC.  Therefore,  in 
any  right  angled  triangle,  &c,  E.  D. 

PROP.  XLVIIL  THEOR, 

IF  the  fquare  defcribed  upon  one  of  the  fides  of  a  tri¬ 
angle,  be  equal  to  the  fquares  defcribed  upon  the 
other  two  fides  of  it ;  the  angle  contained  by  thefe 
two  fides  is  a  right  angle. 

B  If 
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If  the  fquare  defcribed  upon  BC,  one  of  the  fides  of  the  tri¬ 
angle  ABC,  be  equal  to  the  fquares  upon  the  other  fides  BA, 
AC,  the  angle  BAG  is  a  right  angle. 

From  the  point  A  draw  3  AD  at  right  angles  to  AC,  and' 
make  AD  equal  to  BA,  and  join  DC  :  Then,  becaufe  DA  is 
equal  to  AB,  the  fquare  of  DA  is  equal  to 
the  fquare  of  AB  :  To  each  of  thefe  add 
the  fquare  of  AC  ;  therefore  the  fquares 
of  DA,  AC,  are  equal  to  the  fquares  of 
BA,  AC:  But  the  fquare  of  DC  is  equal  b 
to  the  fquares  of  DA,  AC,  becaufe  DAC 
is  a  right  angle;  and  the  fquare  bf  BC,  by 
hypothefis,  is  equal  to  the  fquares  of  BA, 

AC  ;  therefore  the  fquare  of  DC  is  equal 
to  the  fquare  of  BC  ;  and  therefore  alfoiS 
the  fide  DC  is  equal  to  the  fide  BC.  And 
becaufe  the  fide  DA  is  equal  to  AB,  and  AC  common  to  the 
two  triangles  DAC,  BAG,  the  two  DA,  AC  are  equal  to  the 
two  BA,  AC  ;  and  the  bafe  DC  is  equal  to  the  bafe  BC  ;  there¬ 
fore  the  angle  DAC  is  equal  c  to  the  angle  BAC  :  But  DAC  is 
a  right  angle  ;  therefore  alfo  BAC  is  a  right  angle.  There.- 
fore,  if  the  fquare,  Sec.  Q.  E.  D, 
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DEFINITIONS. 


I. 


EVERY  right  angled  parallelogram  is  faid  to  be  contained 
by  any  two  of  the  flraight  lines  which  contain  one  of 
the  right  angles. 

n.  •  * 

In  every  parallelogram,  any  of  the  parallelograms  about  a  dia« 
meter,  together  with  the 

two  complements, is  called  J\_ - :  ^ 

a  Gnomon.  4  Thus  the 
4  parallelogram  RG,toge- 
4  there  with  the  comple- 
4  ments  AF,  FC,  is  the 
4  gnomon,  which  is  more 
4  briefly  expreflfed  by  the 
1  letters  AGK,  or  EHC, 

4  which  are  at  the  oppofite 

4  angles  of  the  parallelograms  which  make  the  gnomon.*1 
PROP.  I. .  THEOR. 

/  • 

IF  there  be  two  flraight  lines,  one  of  which  is  divid¬ 
ed  into  any  number  of  parts ;  the  redangle  con¬ 
tained  by  the  two  flraight  lines,  is  equal  to  the  red¬ 
angles  contained  by  the  undivided  line,  and  the  feve- 
ral  parts  of  the  divided  line. 

D  2  .  Let 
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b  31.  1. 


Let  A  and  BC  be  two  ftraight  lines  ;  and  let  BC  be  divided 
into  any  parts  in  the  points  D,  E  ;  the  redangle  contained  by 
the  ft raight  lines  A,  BC  is  equal  p  -p.  ^ 

to  the  redangle  contan  ed  by  15  IL 

A,  BD*  together  with  that  con¬ 
tained  by  A,  DE,  and  that  con¬ 
tained  by  A,  EC. 

From  the  point  B  drawaBF/^r 
at  right  angles  to  BC,  and  make'^ 

BG  equal  bto  A;  and  through 
G  draw  CGH  parallel  to  BC  ;-rp 
and  through  D, E,C, draw  c  DK,  * 

EL,  CH  parallel  to  BG;  then 

the  redangle  BH  is  equal  to  the  redangles  BK,  DL,  EH  ;  and 
BH  is  contained  by  A,  BC,  for  it  is  contained  by  GB,  BC,and 
GB  is  equal  to  A  ;  and  BK  is  contained  by  A,  BD,  for  it  is 
contained  by  GB,  BD,  of  which  GB  is  equal  to  A;  and  DL  is 
contained  by  A,  DE,  becaufe  DK,  that  is  d  BG,  is  equal  to  A  ; 
and  in  like  manner  the  redangle  EH  is  contained  by  A,  EC  : 
Therefore  the  redangle  contained  by  A,  BG  is  equal  to  the  fe- 
veral  redangles  contained  by  A,  BD,  and  by  A,  DE  ;  and  alfo 
by  A,  EC.  Wherefore,  if  there  be  two  ftraight  lines,  Sec. 
Q.  E.  D. 

PROP.  II.  THE  OR. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  the 
rectangles  contained  by  the  whole  and  each  of  the 
parts,  are  together  equal  to  the  fquare  of  the  whole 
line. 


Let  the  ftraight  line  AB  be  divided  into  * 
any  two  parts  in  the  point  C  ;  the  red- 
angle  containedby  AB,  BC,  together  with 
the  redangle  *  AB,  AC,  ftiall  be  equal  to 
the  fquare  of  AB. 

Upon  AB  defcribe  athe  fquare  ADEB, 
and  through  C  draw  b  CF,  parallel  to  AD 
or  BE ;  then  AE  is  equal  to  the  redangles 
AF,  CE  ;  and  AE  is  the  fquare  of  AB  ; 


and  AF  is  the  redangle  contained  by  BA,  D 


F  E 

'  AC'; 

*  N.  B.  To  avoid  repeating  the  word  contained  too  frequently,  the  red  ngle 
contained  by  two  ftraight  lines  AB,  AC  is  fometimes  limply  called  the  re&angte 
AB,AC. 
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AC  ;  for  it  is  contained  by  DA,  AC,  of  which  AD  is  equal  to 
AB  ;  and  CE  is  contained  by  AB,  BC,  for  BE  is  equal  to  AB  ; 
therefore  the  reft  angle  contained  by  AB,  AC  together  with 
the  redangle  AB,  BC,  is  equal  to  the  fquare  of  AB.  If  there¬ 
fore  a  ftraight  line,  &c.  Q^E.  D. 


PROP.  III.  THEOR. 


TF  a  ftraight  line  be  divided  into  any  two  parts,  the 
rectangle  contained  by  the  whole  and  one  of  the. 
parts,  is  equal  to  the  rectangle  contained  by  the  two 
parts,,  together  with  the  lcjuare  of  the  forel'aid  part. 

Let  the  ftraight  line  AB  be  divided  into  two  parts  in  the 
point  C  ;  the  rectangle  AB,  BC  is  equal  to  the  rectangle  AC, 
CB,  together  with  the  fquare  of  BG„ 

Upon  BQ  defcribe  a  the  fquare  A 
CDEB,  and  produce  ED  to  F,  and 
through  A  draw  b  AF  parallel  to  CD 
or  BE  ;  then  the  redangle  AE  is  e- 
qual  to  the  redangles  AD,  CE  ;  and 
AE  is  the  redangle  contained  by  AB, 

BC,  for  it  is  contained  by  AB,  BE, 
of  which  BE  is  equal  to  BC  j  and 
AD  is  contained  by  AC,  CB,  for  CDt 
is  equal  to  BC  ;  and  DB  is  the  fquare  T 
of  BC  ;  therefore  the  rectangle  AB, 

BC  is  equal  to  the  redangle  AC,  CB  together  with  the  fquare 
of  BC.  If  therefore  a  ftraight,  &:c.  QL  E.  D. 


PROP.  IV.  THEO  R. 

IF  a  ftraight  line  be  divided  into,  any  two  parts,  the 
fquare  of  the  whole  line  is  equal  to  the  fquares  of  the 
two  parts,  together  with  twice  the  redangle  contained 
by  the  parts. 


Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  G  ; 
the  fquare  of  AB  is  equal  to  the.  fquares  of  AC,  CB  and  to 
twice  the  redan  gle  contained  by  AC,  CB. 

D  3  Upon 
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Upon  AB  defcribe  3  the  fquare  ADEB,  and  join  BD,  and 
through  C  draw  b  CGF  parallel  to  AD  or  BE,  and  through  G 
draw  HK  parallel  to  A B  or  DE  :  And  becaufe  CF  is  parallel  to 
AD,  and  BD  falls  upon  them,  the  exterior  angle  BGC  is  equal 
c  to  the  interior  and  oppofite  angle  ADB  ;  but  ADB  is  equal 
d  to  the  angle  ABD,  becaufe  BA  is  equal  to  AD,  being  fides  of 
a  fquare  ;  wherefore  the  angle  CGB  a  ^ 

is  equal  to  the  angle  GBC ;  and  there- 
fore  the  fide  BC  is  equal  e  to  the  lide 
CG  :  But  CB  is  equal  *  alfo  to  GK, 
and  CG  to  BK  ;  wherefore  the  fi¬ 
gure  CGKB  is  equilateral  :  It  is  like- 
wife  re&angular  ;  for  CG  is  parallel 
to  BK,  and  CB  meets  them  ;  the 
angles  KBC,  GCB  are  therefore  e- 
qual  to  trwo  right  angles  ;  and  KBC  X1  ilx 

is  a  right  angle  ;  wherefore  GCB  is  a  right  angle  ;  and  therefore 
alfo  the  angles  f  CGK,  GKB  oppofite  to  thefe,  are  right  angles, 
and  CGKB  is  rectangular :  But  it  is  alfo  equilateral,  as  was 
demonflrated  ;  wherefore  it  is  a  fquare,  and  it  is  upon  the  fide 
CB  :  For  the  fame  reafon  HF  alfo  is  a  fquare,  and  it  is  upon  the 
lide  HG,  which  is  equal  to  AC  :  Therefore  HF,  CK  are  the 
fquares  of  AC,  CB  ;  and  becaufe  the  complement  AG  is  equal 
g  to  the  complement  GE,  and  that  AG  is  the  redlangle  contain¬ 
ed  by  AC,  CB,  forGC  is  equal  to  CB;  therefore  GE  is  alfo  equal 
to  the  reCtangle  AC,  CB  ;  wherefore  AG,  GE  are  equal  to 
twice  the  reCtangle  AC,  CB  :  And  HF,  CK  are  the  fquares  of 
AC,  CB  ;  wherefore  the  four  figures  HF,  CK,  AG,  GE  are 
equal  to  the  fquares  of  AC,  CB,  and  to  twice  the  reftangle 
AC,  CB  :  But  HF,  CK,  AG,  GE  make  up  the  whole  figure 
ADEB,  which  is  the  fquare  of  AB  :  Therefore  the  fquare  of  AB 
is  equal  to  the  fquares  of  AC,  CB  and  twice  the  rectangle  AC, 
CB.  Wherefore  if  a  flraight  line,  &c.  CK  E.  D. 

Cor.  From  the  demonllration,  it  is  manifeft  that  the  pa¬ 
rallelograms  about  the  diameter  of  a  fquare  are  likewife  fquares, 
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PROP.  V.  THE  OR, 


Book  II. 


IF  a  ftraight  line  be  divided  into  two  equal  parts,  and 
alfo  into  two  unequal  parts  ;  the  redtangle  con  ta  m¬ 
ed  by  the  unequal  parts,  together  with  the  fquare  of  the 
line  between  the  points  of  lection,  is  equal  to  the  fquare 
of  half  the  line. 

Let  the  ftraight  line  AB  be  divided  into  two  equal  parts  in 
the  point  C,  and  into  two  unequal  parts  at  the  point  D  ;  the 
redtangle  AD,  DB,  together  with  the  fquare  of  CD,  is  equal 
to  the  fquare  of  CB. 

Upon  CB  defcribe  a  the  fquare  CEFB,  join  BE,  and  through  a  46.  r. 
D  draw  b  DHG  parallel  to  CE  or  BF ;  and  through  H  draw  b  31.  1. 
KLM  parallel  to  CB  or  EF  ;  and  alfo  through  A  draw  AK  pa¬ 
rallel  to  CL  or  BM  :  And  becaufe  the  complement  CH  is  e- 
qual  c  to  the  complement  HF,  to  each  of  thefe  add  DM  5043.1. 
therefore  the  whole  CM  jq  •  g 


L 

H 

x 

M 
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is  equal  to  the  whole  DF  5 
but  CM  is  equal  d  to  AL, 
becaufe  AC  is  equal  to 
CB  ;  therefore  alfo  AL  is 
equal  to  DF.  To  each  of 
thefe  add  CH,  and  the 
whole  AH  is  equal  to  DF 
and  CH  :  But  AFT  is  the 
redtangle  contained  by 
AD,  DB,  for  DH,  is  equal 

e  to  DB  ;  and  DF  together  with  CH  is  the  gnomon  CMG  ;  e  4-  3, 
therefore  the  gnomon  CMG  is  equal  to  the  rectangle  AD,  DB : 

To  each  of  thefe  add  LG,  which  is  equal  e  to  the  fquare  of  CD; 
therefore  the  gnomon  CMG,  together  with  LG,  is  equal  to  the 
reflangle  AD,  DB,  together  with  the  fquare  of  CD  :  But  the 
gnomon  CMG  and  LG  make  up  the  whole  figure  CEFB,  which 
is  the  fquare  of  CB  :  Therefore  the  rectangle  AD,  DB,  together 
with  the  fquare  of  CD,  is  equal  to  theiquare  of  CB.  Wherefore, 
if  a  ftraight  line,  &c.  CL  E.  D. 

From  this  proportion  it  is  manifeft,  that  the  difference  of  the 
fauarps  of  two  unequal  lines  AC,  CD,  is  equal  to  the  rectangle 
contained  by  their  fum  and  difference. 
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PROP.  VI.  T  H  E  O  R, 

■  »  ♦ 

IF  a  flraight  line  be  bifeded,  and  produced  to  any 
point ;  the  rectangle  contained  by  the  whole  line 
thus  produced,  and  the  part  of  it  produced,  together 
with  the  fquare  of  half  the  line  infected,  is  equal  to  the 
fquare  of  the  flraight  line  which  is  made  up  of  the 
hair  and  the  part  produced. 

Let  the  flraight  line  AB  be  bifeded  in  C,  and  produced  to 
the  point  D  ;  the  redangle  AD,  DB,  together  with  the  fquare 
of  CB,  is  equal  to  the  fquare  of  CD. 

Upon  CD  defcribe  a  the  fquare  CEFD,  join  DE,  and  through 
B  draw  b  BrlC-  parallel  to  CE  or  DF,  and  through  H  draw 
KLM  parallel  to  AD  or  EF,  andalfo  through  A  draw  AKparal- 

el  to  CL  or  DM  :  and  be-  A 
caufe  AC  is  equal  to  CB,  - 
the  rectangle  AL  is  equal  c 
to  GH;  but  CH  is  equal  d  j_ 
to  HF  5  therefore  alfo  AL 
is  equal  to  HF  :  To  each  of 
thefe  add  CM  ;  therefore 
the  whole  AM  is  equal  to 
the  gnomon  CMC  :  And 
AM  is  the  rectangle  con-  , 

tained  by  AD,  DB,  for  DM  is  equal  e  to  DB  :  Therefore  the 
gnomon  CMG  is  equal  to  the  the  red angle  AD,  DB  :  Add  to 
each  of  thefe  LG,  which  is  equal  to  the  fquare  of  CB,  there¬ 
fore  the  re£tangle  AD,  DB,  together  with  the  fquare  of  CB 
is  equal  to  £he  gnomon  CMG  and  the  figure  LG  :  But  the  gno¬ 
mon  CMG  and  LG  make  up  the  whole  figure  CEFD,  which 
is  the  fquare  of  CD  ;  therefore  the  redangle  AD,  DB  together 
with  the  fquare  of  CB,  is  equal  to  the  fquare  of  CD.  Where¬ 
fore,  if  a  flraight  line,  &c.  CL  E.  D. 

PROP.  VII.  PROB. 

IF  a  flraight  line  be  divided  into  any  two  parts,  the 
fquares  of  the  whole  line,  and  of  one  of  the  parts,  are 
equal  to  twice  the  redangle  contained  by  the  whole  and 
that  part,  together  with  the  fquare  of  the  other  part. 

Let  the  flraight  line  AB  he  divided  into  any  two  parts  in 

the 
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the  point  C  ;  the  fquares  of  AB,  BC  are  equal  to  twice  the  Book  II. 
rectangle  AB,  BC  together  with  the  fquare  of  AC. 

Upon  AB  deferibe  a  the  fquare  ADEB,  and  conftrud  the  a  46.  1. 
figure  as  in  the  preceding  propofitions  :  and  becaufe  AG  is 
equal  b  to  GE,  add  to  each  of  them  GK  ;  the  whole  AK  is  b  43.  r. 
therefore  equal  to  the  whole  CE  ; 
therefore  AK,  CE,  are  double  of 
AK  :  But  AK,  CE  are  the  gnomon 
AKF  together  with  the  fquare  CK; 
therefore  the  gnomon  AKF,  toge-  -rj- 
ther  with  the  fquare  CK,  is  double 
pf  AK  :  But  twice  the  rectangle  AB 
BC  is  double  of  AK,  for  BK  is  e- 

qual  c  to  BC  :  Therefore  the  gno-  c  Cor.  4.$, 

mon  AKF,  together  with  the  fquare 
CK,  is  equal  to  twice  the  redangle  X) 

AB,  BC  :  To  each  of  tbefe  equals 

add  HF,  which  is  equal  to  the  fquare  of  AC  ;  therefore  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  is  equal  to 
twice  the  rectangle  AB,  BC  and  the  fquare  of  AC  :  But  the 
gnomon  AKF,  together  with  the  fquares  CK,  HF,  make  up 
the  whole  figure  ADEB  and  CK,  \yhich  are  the  fquares  of  AB 
qnd  BC  :  therefore  the  fquares  of  AB  and  BC  are  equal  to 
twice  the  redangle  AB,  BC,  together  with  the  fquare  of  AC. 
Wherefore  if  a  llraight  line  &c.  <^L  E.  D, 

PROP.  VIII.  THEOR, 


IF  a  llraight  line  be  divided  into  any  two  parts,  four 
times  the  rectangle  contained  by  the  whole  line,  and 
one  of  the  parts,  together  with  the  fquare  of  the  other 

(  part,  is  equal  to  the  lquare  of  the  llraight  line  which 
is  made  up  of  the  whole  and  that  part. 

Let  the  llraight  line  AB  be  divided  into  any  two  parts  in  the 
point  C  ;  four  times  the  redangle  AB,  BC,  together  with  the 
fquare  of  AC,  is  equal  to  the  fquare  of  the  llraight  line  made 
up  of  AB  and  BC  together. 

Produce  AB  to  D,  fo  that  BD  be  equal  to  CB,  and  upon 
AD  deferibe  the  fquare  AEFD  ;  and  conllrud  two  figures 
fuch  as  in  the  preceding.  Becaufe  CB  is  equal  to  BD,  and 
that  CB  is  equal  a  to  GK,  and  BD  to  KN  ;  therefore  GK  is  a  34- 

equal 
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equal  to  KN :  For  the  fame  reafon,  PR  is  equal  to  RO  ;  and 
becaufe  CB  is  equal  to  BD,  and  GK  to  KN,  the  rectangle 
CK  is  equal  b  to  BN,  and  GR  to  RN  :  But  CK  is  equal  c  to 
RN,  becaufe  they  are  the  complements  of  the  parallelogram 
CO  ;  therefore  alfo  BN  is  equal  to  GR  ;  and  the  four  rect¬ 
angles  BN,  CK,  GR,  RN  are  therefore  equal  to  one  another, 
and  fo  are  quadruple  of  one  of  them  CK  :  Again,  becaufe  CB 
is  equal  to  BD,  and  that  BD  is 
equal  d  to  BK,  that  is,  to  CG ; 
and  CB  equal  to  GK,  that d  is,  to 
GP  ;  therefore  CG  is  equal  to 
GP  :  And  becaufe  CG  is  equal  to 
GP,  and  PR  to  RO,the  rectangle 
AG' is  equal  to  MP,  and  PL  to 
RF :  But  MP  is  equal  e  to  PL, 
becaufe  they  are  the  complements 
of  the  parallelogram  ML;  where¬ 
fore  AG  is  equal  alfo  to  RF  : 

Therefore  the  four  re&angles 
AG,  MP,  PL,  RF  are  equal 
to  one  another  and  fo  are  qua¬ 
druple  of  one  of  them  AG.  And  it  was  demonftrated,  that 
the  four  CK,  BN,  GR,  and  RN  are  quadruple  of  CK :  Therefore 
the  eight  reCtangles  which  contain  the  gnomon  AOH,  are  qua¬ 
druple  of  AK  :  and  becaufe  AK  is  the  reCtangle  contained 
by  AB,  BC,  for  BK  is  equal  to  BC,  four  times  the  reCtangle 
AB,  BC  is  quadruple  of  AK  :  But  the  gnomon  AOH  was  de- 
monftrated  to  be  quadruple  of  AK  ;  therefore  four  times 
the  reCtangle  AB,  BC,  is  equal  to  the  gnomon  AOH.  To 
each  of  thefe  add  XH,  which  is  equal  f  to  the  fquare  of  AC  : 
Therefore  four  times  the  reCtangle  AB,  BC  together  with 
the  fquare  of  AC,  is  equal  to  the  gnomon  AOH  and  the 
fquare  XH  :  But  the  gnomon  AOH  and  XH  make  up  the  fi¬ 
gure  AEFD  which  is  the  fquare  of  AD  :  Therefore  four  times 
the  reCtangle  AB,  BC,  together  with  the  fquare  of  AC,  is  e- 
qual  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added  toge¬ 
ther  in  one  Itraight  line.  Wherefore,  if  a  ftraight  line,  &.c, 
(X  E.  Pc 
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PROP.  IX.  T  H  E  O  R. 


Book  II. 


IF  a  flraight  line  be  divided  into  two  equal,  and  alfa 
into  two  unequal  parts  ;  the  fquares  of  the  two  un¬ 
equal  parts  are  together  double  of  the  fquare  of  half 
the  line,  and  of  the  fquare  of  the  line  between  the 
points  of  feCtion, 

Let  the  flraight  line  AB  be  divided  at  the  point  C  into  two 
equal,  and  at  D  into  two  unequal  parts  :  The  fquares  of  AD, 

DB  are  together  double  of  the  fquares  of  AC,  CD. 

From  the  point  C  draw  a  CE  at  right  angles  to  AB,  and  a  n.  r, 
make  it  equal  to  AC  or  CB,  and  join  EA,  EB  ;  through  D  draw 
b  DF  parallel  to  CE,  and  through  F  draw  FG  parallel  to  AB  ;  b  31. 1. 
and  join  AF :  Then,  becaufe  AC  is  equal  to  CE,  the  angle 
EAC  is  equal  c  to  the  angle  AEC  ;  anc\,  becaufe  the  angle  c  5.  I# 
ACE  is  a  right  angle,  the  two  others  AEC,  EAC  together 
make  one  right  angle  d  ;  and  they  are  equal  to  one  another ,  d  32. 1, 
each  of  them  therefore  is  half 
of  a  right  angle.  For  the  fame 
reafon  each  of  the  angles  CEB, 

EBC  is  half  a  right  angle  ;  and 
therefore  the  whole  AEB  is  a 
right  angle  :  And  becaufe  the  an¬ 
gle  GEF  is  half  a  right  angle,  ^ 

and  EGF  a  right  angle,  for  it  is  A.  O  JD  J3 

equal  e  to  the  interior  and  oppolite  angle  ECB,  the  re-  e  29.  1, 
maning  angle  EFG  is  half  a  right  angle  ;  therefore  the 
angle  GEF  is  equal  to  the  angle  EFG,  and  the  fide  EG 
equal  f  to  the  fide  GF  :  Again,  becaufe  the  angle  at  B  is  f  6.  1, 
half  a  right  angle  and  FDB  a  right  angle,  for  it  is  equal 
e  to  the  interior  and  oppolite  angle  ECB,  the  remaining  angle 
BFD  is  half  a  right  angle  ;  therefore  the  angle  at  B  is  equal 
to  the  angle  BFD,  and  thelide  DF  to  f  the  fide  DB  :  And  be¬ 
caufe  AC  is  equal  to  CE,  the  fquare  of  AC  is  equal  to  the 
fquare  of  CE  ;  therefore  the  fquares  of  AC,  CE  are  double  of 
the  fquare  of  AC  :  But  the  fquare  of  EA  is  equal  £  to  the  g  47. 1, 
fquares  of  AC,  CE,  becaufe  AflE  is  a  right  angle  ;  therefore 
the  fquare  of  EA  is  double  of  the  fquare  of  AC  :  Again,  be¬ 
caufe  EG  is  equal  to  GF,  the  fquare  of  EG  is  equal  to  the 
fquare  of  GF ;  therefore  the  fquares  of  FG,  GF  are  double  of 
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the  fquare  ofGF  ;  but  the  fquare  of  EF  is  equal  to  the  tqnares 
of  EG,  GF  ;  therefore  the  fquare  of  EF  is  double  of  the  fquare 
GF  ;  and  GF  is  equal  h  to  CD  ;  therefore  the  fquare  of  EF  is 
double  of  the  fquare  of  CD  :  But  the  fquare  of  AE  is  likewife 
double  of  the  fquare  of  AC  ;  therefore  the  fquares  of  AE,  EF 
are  double  of  the  fquares  of  AC,  CD  :  And  the  fquare  of  AF  is 
equal 1  to  the  fquares  of  AE,  EF,  becaufe  AEF  is  a  right  angle  ; 
therefore  the  fquare  of  AF  is  double  of  the  fquares  of  AC, 
CD  :  But  the  fquares  of  AD,  DF  are  equal  to  the  fquare  of 
AF,  becaufe  the  angle  ADF  is  a  right  angle  ;  therefore  the 
fquares  of  AD,  DF  are  double  of  the  fquares  of  AC,  CD  :  And 
DF  is  equal  to  DB  ;  therefore  the  fquares  of  AD,  DB  are 
double  of  the  fquares  of  AG,  CD.  If  therefore  a  ftraight  line, 
Sec.  fL  E.  D. 


PROP.  X.  THE  OR. 

IF  a  ftraight  line  be  bifefted,  and  produced  to  any 
point,  the  fquare  of  the  whole  line  thus  porduced, 
and  the  fquare  of  the  part  of  it  produced,  are  together 
double  of  the  fquare  of  half  the  line  bifedted,  and  of  the 
fquare  of  the  line  made  up  of  the  half  and  the  part  pro-* 
duced. 


Let  the  ftraight  line  AB  be  bifedfed  in  C,  and  produced  to 
the  point  D  ;  the  fquares  of  AD,  DB  are  double  of  the  fquares 
of  AC,  CD. 

From  the  point  C  draw  a  CE  at  right  angles  to  AB  :  And 
make  it  equal  to  AC  or  CB,  and  join  AE,  EB  ;  through  E  draw 
b  EF  parallel  to  AB,  and  through  D  draw  DF  parallel  to  CE  ; 
And  becaufe  the  ftraight  line  EF  meets  the  parallels  EC,  FD,  the 
angles  CEF,  EFD  are  equal  c  to  two  right  angles  ;  and  therefore 
the  angles  BEF,  EFD  are  lefs  than  two  right  angles :  but  ftraight 
lines  which  with  another  ftraight  line  make  the  interior  angles 
upon  the  fame  ftde  lefs  than  two  right  angles,  do  meet  d  if  pro¬ 
duced  far  enough  :  Therefore  EB,  FD  ftiall  meet,  if  produced 
towards  B,  D :  Let  them  meet  inG,  and  join  AG:  Then,  becaufe 
AC  is  equal  to  CE,  the  angle  CEA  is  equal  e  to  the  angle 
EAC  ;  and  the  angle  ACE  is  a  right  angle  ;  therefore  each  of  the 
angles  CEA,  EAC  is  half  a  right  angle  f  ;  For  the  fame  reafon, 

each 


/ 
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each  of  the  angles  CEB,  EBC  is  half  a  right  angle  ;  therefore 
AEB  is  a  rignt  angle  :  And  becaufe  EBC  is  half  a  right  angle, 
DBG  is  alfo  f  half  a  right  angle,  for  they  are  vertically  oppo- 
fite  ;  but  BDG  is  a  right  angle,  becaufe  it  is  equal  c  to  the  al¬ 
ternate  angle  DCE  ;  therefore  the  remaining  angle  DGB  is 
half  a  right  angle,  and  is  therefore  equal  to  the  angle  DBG  ; 
wherefore  alfo  the  fide  BD  is  equal  S  to  the  fide  DG  :  Again, 
becaufe  EGF  is  half  a 
right  angle,  and  that 
the  angle  at  F  is  a  right 
-  angle,  becaufe  it  is  e- 
qual  l1  to  the  oppofite 
angle  ECD,  the  remain¬ 
ing  angle  FEG  is  half  a 
right  angle,  and  equal 
to  the  angle  EGF  ; 
wherefore  alfo  the  fide 

GF  is  equals  to  the  fide  FE,  And  becaufe  EC  is  equal  to 
CA,  the  fquare  of  EC  is  equal  to  the  fquare  of  CA  ;  therefore 
the  fquares  of  EC,  CA  are  double  of  the  fquare  of  C  A  :  But 
the  fquare  of  EA  is  equal  »  to  the  fquares  EC,  CA  ;  there¬ 
fore  the  fquare  of  EA  is  double  of  the  fquare  of  AC  :  Again, 
becaufe  GF  is  equal  to  FE,  the  fquare  of  GF  is  equal  to  the 
fquare  of  FE  ;  and  therefore  the  fquares  of  GF,  FE  are  dou¬ 
ble  of  the  fquare  of  EF  :  But  the  fquare  of  EG  is  equal  i  to 
the  fquares  of  GF,  FE  ;  therefore  the.  fquare  of  EG  is  double 
of  the  fquare  of  EF  ;  And  EF  is  equal  to  CD  ;  wherefore  the 
fquare  of  EGis  double  of  the  fquare  of  CD  :  But  it  was  demon- 
flrated,  that  the  fquare  of  EA  is  double  of  the  fquare  of  AC  ; 
therefore  the  fquares  of  AE,  EG  are  double  of  the  fquares  of 
AC,  CD:  And  the  fquare  of  AG  is  equal  to  the  fquares  of 
AE,  EG  ;  therefore  the  fquare  of  AG  is  double  of  the  fquares 
of  AC,  CD  :  But  the  fquares  of  AD,  GD  are  equal  *  to  the 
fquare  of  AG :  therefore  the  fquares  of  AD,  DG  are  do  ble 
of  the  fquares  of  AC,  CD  :  But  DG  is  equal  to  DB  ;  therefore 
the  fquares  of  AD,  DB  are  double  of  the  fquares  of  AC,  CD: 
Wherefore,  if  a  flraight  line,  &c.  CE  E.  D. 
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PROP.  XI.  P  R  O  B. 


•THO  divide  a  given  ftraight  line  into  two  parts,  fo  that 
.1  the  rectangle  contained'  by  the  whole,  and  one  of 
the  parts,  fhall  be  equal  to  the  fquare  of  the  other  part. 

Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  divide 
it  into  two  parts,  fo  that  the  reCtangle  contained  by  the  whole, 
and  one  of  the  parts,  ftiall  be  equal  to  the  fquare  of  the  other 
part. 

Upon  AB  deferibe  3  the  fquare  ABDC  ;  bife£U>  AC  in  E, 
and  join  BE  ;  produce  CA  to  F,  and  make  c  EF  equal  to  EB, 
and  upon  AF  deferibe  3  the  fquare  FGHA ;  AB  is  divided  in 
H,  fo  that  the  reCtangle  AB,  BH  is  equal  to  the  fquare  of  AH. 

Produce  GH  to  K  :  becaufe  the  ftraight  line  AC  is  bifeCted 
in  E,  and  produced  to  the  point  F,  the  re&angle  CF,  FA,  to¬ 
gether  with  the  fquare  of  AE,  is  equal  d  to  the  fquare  of  EF  : 
But  EF  is  equal  to  EB  ;  therefore  the  rectangle  CF,  FA,  toge¬ 
ther  with  the  fquare  of  AE,  is  equal  to  the  fquare  of  EB:  And  the 


F 


fquares  of  BA,  AE  are  equal e  to  the 
fquare  of  EB,  becaufe  the  angle  EAB 
is  a  right  angle  ;  therefore  the  rect¬ 
angle  CF,  FA  together  with  the  fquare 
of  AE,  is  equal  to  the  fquares  of  BA, 
AE  :  Take  away  the  fquare  of  AE,  A. 
which  is  common  to  both,  therefore 
the  remaining  reCtangle  CF,  FA  is  e- 
qual  to  the  fquare  of  AB  :  and  the  ft- 
gure  FK  is  the  reCtangle  contained  by 
CF,  FA,  for  AF  is  equal  to  FG  ;  and 
AD  is  the  fquare  of  AB  ;  therefore 
FK  is  equal  to  AD  :  Take  away  the 
common  part  AK,  and  the  remainder 
FH  is  equal  to  the  remainder  HD  : 


G 


» 

H  : 

A'' 

B 


K  D 


And  FID  is  the  re&angle  contained  by  AB,  BH,  for  AB  is  e- 
qual  to  BD  ;  and  FH  is  the  fquare  of  AH.  Therefore  the 
reClangle  AB,  BH  is  equal  to  the  fquare  of  AFI :  Wherefore 
the  ftraight  line  AB  is  divided  in  FI  fo,  that  the  reClangle  AB, 
BFI  is  equal  to  the  fquare  of  AH.  Which  was  to  be  done. 
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Book  II. 


PROP.  XII.  T  H  E  O  R. 

■T 

IN  obtufe  angled  triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  oppofite 
fide  produced,  the  fquare  of  the  fide  fubtending  the  ob¬ 
tufe  angle  is  greater  than  the  fquares  of  the  fides  con¬ 
taining  the  obtufe  angle,  by  twice  the  re&angle  con¬ 
tained  by  the  fide  upon  which,  when  produced,  the  per¬ 
pendicular  falls,  and  the  ftraight  line  intercepted  without 
the  triangle  between  the  perpendicular  and  the  obtufe 
angle. 


Let  ABC  be  an  obtufe  angled  triangle,  having  the  obtufe 
angle  ACB,  and  from  the  point  A  let  AD  be  drawn  a  perpen-  a  iz.  r. 
dicular  to  BC  produced  :  The  fquare  of  AB  is  greater  than  the 
fquares  of  AC,  CB  by  twicethe  redangle  BC,  CD. 

Becaufe  the  ftraight  line  RD  is  divided  into  two  parts  in  the 
point  C,  the  fquare  of  BD  is  equal  a 

h  to  the  fquares  of  BC,  CD,  and  , 

twice  the  redangle  BC,  CD  :  To  7 

each  of  thefe  equals  add  the  fquare 
ofDA;  and  the  fquares  ofDB,  DA 
are  equal  to  the  fquares  ofBC,  CD, 

DA,  and  twice  the  redangle  BC, 

CD  :  But  the  fquare  of  BA  is  equal 

c  to  the  fquares  of  BD,  DA,  be-  _  _ L  c  47- 

caufe  the  angle  at  D  is  a  right  B  C 

angle;  and  the  fquare  of  CA  is  e- 

qual  c  to  the  fquares  of  CD,  DA  :  Therefore  the  fquare  of  BA 
is  equal  to  the  fquares  of  BC,  CA,  and  twice  the  the  redangle 
PC,  CD;  that  is,  the  fquare  of  BA  is  greater  than  the  fquares  of 
BC,  CA,  by  twice  the  redangle  BC,  CD.  Therefore,  in  obtufe 
angled  triangles,  Sec.  (L  E.  D. 
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PROP.  XIII.  THEOR, 

TN  every  triangle,  the  fquare  of  the  fide  fubtendhig 
.1.  any  of  the  acute  angles,  is  lefs  than  the  fquares  of 
the  Tides  containing  that  angle,  by  twice  the  redlangle 
contained  by  either  of  thefe  Tides,  and  the  flraight  line 
intercepted  between  the  perpendicular  let  fall  upon  it 
from  the  oppofite  angle,  and  the  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  a- 
cute  angles,  ar.d  upon  BC,  one  of  the  tides  containing  it,  let 
fall  the  perpendicular  a  AD  from  the  oppolite  angle:  The 
fquare  of  AC,  oppolite  to  the  angle  B,  is  lefs  than  the  fquares 
of  CB,  BA  by  twice  the  rectangle  CB,  ED. 

Firft,  Let  AD  fall  within  the  triangle  ABC  ;  and  becaufe 
the  flraight  line  CB  is  divided 
into  two  parts  in  the  point  D* 
the  fquares  of  CB,  BD  are  a- 
qual  b  to  twice  the  rectangle  con¬ 
tained  by  CB,BD,  and  the  fquare 
of  DC  :  To  each  of  thefe  equals 
add  the  fquare  of  AD ;  therefore 
the  fquares  of  CB,BD,  DA,  are 
equal  to  twice  the  rectangle  CB, 

BD,  and  the  fquares  of  AD,  DC : 

But  the  fquare  of  AR  is  equal 

c  to  the  fquares  BD,  DA,  becaufe  the  angle  BDA  is  a  right 
angle  ;  and  the  fquare  of  AC  is  equal  to  the  fquares  of  AD, 
DC  :  Therefore  the  Wares  of  CB,  BA  are  equal  to  the  fquare 
of  AC,  and  twice  the  re£langle  CB,  BD,  that  is,  the  fquare 
of  AC  alone  is  lefs  than  the  fquares  of  CB,  BA  by  twice  the 
re£langle  CB,  BD. 

Secondly,  Let  AD  fall  with¬ 
out  the  triangle  ABC :  Then,  be¬ 
caufe  the  angle  at  D  is  a  right 
angle,  the  angle  ACB  is  greater 
d  than  a  right  angle  ;  and  there¬ 
fore  the  fquare  of  A B  is  equal e  to 
the  fquares  of  AC,  CB,  and  twice 
the  reCtangie  BC,  CD:  To  thefe  e- 
equals  addthefquarcofBC,andthe 
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fquares  of  AB,  BC  are  equal  to  the  fquare  of  AC,  and  twice  Book  lI° 
the  fquare  of  BC,  and  twice  the  redangle  BC,  CD  :  But  be- 
caufe  BD  is  divided  into  two  parts  in  C,  the  redangle  DB,  BC 
is  equal  f  to  the  redangle  BC,  CD  and  the  fquare  of  BC  :  And  f  3-  a* 
the  doubles  of  thefe  are  equal :  Therefore  the  fquares  of  AB, 

BC  are  equal  to  the  fquare  of  AC,  and  twice  the  redangle 
DB,  BC  :  Therefore  the  fquare  of  AC  alone  is  lefs  than  the 
fquares  of  AB,  BC  by  twice  the  redangle  DB,  BC . 

Ladly,  let  the  fide  AC  be  perpendicular  to 
BC  ;  then  is  BC  the  ftraight  line  between  the 
perpendicular  and  the  acute  angle  at  B  ;  and  it 
is  manifefl  that  the  fquares  of  AB,  BC  are  e- 
qual  g  to  the  fquare  of  AC  and  twice  the  fquare 
of  BC  :  Therefore,  in  every  triangle,  &c. 

E,  Do  . 
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PROP.  XIV.  PROB. 

O  defcribe  a  fquare  that  fhall  be  equal  to  a  given  See  N* 
rectilineal  figure. 


Let  A  be  the  given  redilineal  figure  ;  it  is^  required  to  de¬ 
fcribe  a  fquar^  that  (hall  be  equal  to  A. 

Defcribe  athe  redangular  parallelogram  BCDE  equal  to  the  a  45.  1, 
redilineal  figure  A.  If  then  the  (ides  of  it  BE,  ED  are  equal  to 
one  another,  it  is  a  yt 

a  fquare,  and  what  /  \ 
was  required  is  /  \ 

now  done  :  But  /  \ 

if  they  are  not  e-  /  \ 

qual,  produce  one  V  /  D 

of  them  BE  to  F,  N,  / 
and  make  EF  e-  ,  \/ 

qual  to  ED  and  bi- 
fed  BF  in  G :  and- 

from  the  centre  G,  at  the  diftance  GB,or  GF,  defcribe  the  femi- 
circle  BHF,  and  produce  DE  to  H,  and  join  GH  ;  1'herefore 
becaufe  the  ftraight  line  BF  is  divided  into  two  equal  parts  in 
the  point  G,  and  into  two  unequal  at  E,  the  redangle  BE, 

EF,  together  with  the  fquare  of  EG,  is  equal  h  to  the  fquare  of b  $•  s* 
Gf :  But  GF  is  equal  to  GH  ;  therefore  the  redangle  BE,  EF, 

E  to« 
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together  with  the  fquare  of  EG,  is  equal  to  the  fquare  of  GH: 
But  the  fquares«of  HE,  EG  are  equal  c  to  the  fquare  of  GH : 
Therefore  the  rectangle  BE,  EF.  together  with  the  fquare  of 
EG,  is  equal  to  the  fquares  of  HE,  EG  :  Take  away  the  fquare 
of  EG,  which  is  common  to  both  ;  and  the  remaining  rectan¬ 
gle  BE,  EF  is  equal  to  the  fquare  of  EH  :  But  the  rectangle 
contained  by  BE,  EF  is  the  parallelogram  BD,  becaufe  EF  is 
equal  to  El)  ;  therefore  BD  is  equal  to  the  fquare  of  EH  ;  but 
BD  is  equal  to  the  reCtilineal  figme  A  ;  therefore  the  rectili¬ 
neal  figure  A  is  equal  to  the  fquare  of  EH  :  Wherefore  a  fquare 
has  been  made  equal  to  the  given  rectilineal  figure  A,  viz.  ting 
fquare  defcribed  upon  EH.  Which  was  to  be  done. 
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BOOK  III. 


DEFINITIONS, 


I. 

EQUAL  circles  are  thofe  of  which  the  diameters  are  equal,  Book  III. 

or  from  the  centres  of  which  the  ftraight  lines  to  the  cir- 
cu inferences  are  equal. 

‘  This  is  not  a  definition  but  a  theorem,  the  truth  of  which 
‘  is  evident ;  for,  if  the  circles  be  applied  to  one  another,  fo  that 
6  their  centres  coincide,  the  circles  muftlikewife  coincide,  fine© 

‘  the  ftraight  lines  from  the  centres  are  equal,’ 

II. 

A  ftraight  line  is  faid  to  touch 
/  a  circle,  when  it  meets  the 
circle,  and  being  produced 
does  not  cut  it. 

III. 

Circles  are  faid  to  touch  one 
another,  which  meet  but 
do  not  cut  one  another. 

IV, 

Straight  lines  are  faid  to  be  equally  di- 
ftant  from  the  centre  of  a  circle,  when 
the  perpendiculars  drawn  to  them 
from  the  centre  are  equal. 

V. 

And  the  ftraight  line  on  which  the 
greater  perpendicular  falls,  is  faid  to 
be  farther  from  the  centre. 

E  a  *  VL 
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VI. 

A  fegment  of  a  circle  is  the  figure  con¬ 
tained  by  a  llraight  line  and  the  cir¬ 
cumference  it  cuts  off. 

VII. 

The  angle  of  a  fegment  is  that  which  is  contained  by  the 
“  llraight  line  and  the  circumference.” 

VIII. 

'  \ 

An  angle  in  a  fegment  is  the  angle  con¬ 
tained  by  two  llraight  lines  drawn 
from  any  point  in  the  circumference 
of  the  fegment,  to  the  extremities 
of  the  llraight  line  which  is  the  bafe 
of  the  fegment. 

IX. 

And  an  angle  is  faid  to  infill  or  Hand 
upon  the  circumference  intercepted 
between  the  llraight  lines  that  contain  the  angle. 

X. 

The  fe£lor  of  a  circle  is  the  figure  contain¬ 
ed  by  two  llraight  lines  drawn  from  the 
centre,  and  the  circumference  between 
them. 


XI. 

Similar  fegments  of  a  circle, 
are  thofe  in  which  the  an¬ 
gles  are  equal,  or  which 
contain  equal  angles. 


PROP.  L  PROB. 


See  N. 


a  io.  i. 

b  11.  i. 


T  O  find  the  centre  of  a  given  circle. 

Let  ABC  be  the  given  circle  ;  it  is  required  to  find  its  centre. 

Draw  within  it  any  llraight  line  AB,  and  bife£l  ait  in  D  5 
from  the  point  D  draw  h  DC  at  right  angles  to  AB,  and  pro¬ 
duce  it  to  E,  and  bift&  CE  in  F  :  The  point  F  is  the  centre  of 
the  circle  ABC. 

For. 


\ 


1 


.  - 


/ 


OF  EUCLID. 

T"*  \ 

For,  if  it  be  not,  let,  if  poflible,  G  be  the  centre,  and  join 
GA,  GD,  GB  :  Then,  becaufe  DA  is  equal  to  DB,  and  DG 
common  to  the  two  triangles  ADG, 

BDG,  the  two  fides  AD,  DG  are  e- 
qual  to  the  two  BD,  DG,  each  to 
each  ;  and  the  bafe  GA  is  equal  to 
the  bafe  GB,  becaufe  they  are  drawn 
from  the  centre  G  * :  Therefore  the 
angle  ADG  is  equal  c  to  the  angle 
GDB:  But  when  a  ftraight  line  Han¬ 
ding  upon  another  ftraight  line  makes 
the  adjacent  angles  equal  to  one  ano¬ 
ther,  each  of  the  angles  is  a  right  an¬ 
gle  d  :  Therefore  the  angle  GDB  is  a 
right  angle  :  But  FDB  is  likewife  a  right  angle  ;  wherefore  the 
angle  FDB  is  equal  to  the  angle  GDB,  the  greater  to  the  lefs, 
which  is  impofiible  :  Therefore  G  is  not  the  centre  of  the  cir¬ 
cle  ABC  :  In  the  fame  manner  it  can  be  ftiown,  that  no  other 
point  but  F  is  the  centre ;  that  is,  F  is  the  centre  of  the  circle 
ABC  :  Which  was  to  be  found. 

Co&.  From  this  it  is  manifeft,  that  if  in  a  circle  a  ftraight 
line  bifedt  another  at  right  angles,  the  centre  of  the  circle  is  in 
the  line  which  bifedts  another. 

PROP.  II.  THEOR. 


c 


IF  any  two  points  be  taken  in  the  circumference  of  a. 

circle,  the  ftraight  line  which  joins  them  ftiali  tall 
within  the  circle. 


Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  cir¬ 
cumference  ;  the  ftraight  line  drawn 
from  A  to  B  fhall  fall  within  the  circle. 

For,  if  it  do  not,  let  it  fail,  if  pofti- 
ble,  without,  as  AEB ;  find  a  D  the  cen¬ 
tre  of  the  circle  ABC,  and  join  AD, 

DB,  and  produce  DFS  any  ftraight  line 
meeting  the  circumference  AB  to  E  : 

Then  becaufe  DA  is  equal  to  DB,  the 
angle  DAB  is  equal b  to  the  angle  DBA; 
and  becaufe  AE,  a  fide  of  the  triangle 

e3 


DAE, 


*  N.  E.  Whenever  the  exprrflion  “ftraight  linec  from  the  centre,”  or  “  drawn 
“  from  the  centre,”  occurs,  it  is  to  be  underftood  that  they  are  drawn  to  the  cir- 
fcttmfference. 
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Book.  III.  DAE,  is  produced  to  B,  the  angle  DEB  is  greater c  than  the 
angle  DAE;  but  DAE  is  equal  to  the  angle  DBE  ;  therefore 
'  i*  the  angle  DEB  is  greater  than  the  angle  DBE.  But  to  thegreat- 

i  19.  1.  cr  angle  the  greater  fide  is  oppoftte  d ;  DB  is  therefore  greater 

than  DE  :  But  DB  is  ^qual  to  DF  ;  wherefore  DF  is  greater 
than  DE,  thelefs  than  the  greater,  which  is  impoflible  :  There¬ 
fore  the  ftiaight  line  drawn  from  A  to  B  does  not  fall  without 
the  circle.  In  the  fame  manner,  it  may  be  demonftrated  that 
it  does  not  fall  upon  the  circumference  ;  it  falls  therefore  with¬ 
in  it.  "Wherefore,  if  any  two  points,  See.  CE  E.  D. 

PROP.  III.  T  H  E  O  R. 


IF  a  ftraight  line  drawn  through  the  centre  of  a 
circle  bifedt  a  ftraight  line  in  it  which  does  not  pafs 
through  the  centre,  it  lliall  cut  it  at  right  angles  •  and, 
if  it  cuts  it  at  right  angles,  it  fhall  bifedt  it. 

Let  ABC  be  a  circle  ;  and  let  CD,  a  ftraight  line  drawn 
through  the  centre,  bifedt  any  ftraight  line  AB,  which  does  not 
pafs  through  the  centre,  in  the  point  F  :  It  cuts  it  alfo  at  right 
angles. 

o  _ 

1.  3.  Take  a  E  the  centre  of  the  circle,  and  join  EA,  EB.  Then, 

becaufe  AF  is  equal  to  FB,  and  FE  common  to  the  two  tri¬ 
angles  AFE,  BbE,  there  are  two  Tides  in  the  one  equal  to  two 
ftdes  in  the  other,  and  the  bafe  EA  is 
equal  to  the  bafe  EB  ;  therefore  the 
'  •  angle  AFE  is  equal b  to  the  angle  BFE : 

But  when  a  ftraight  line  Handing  upon 
another  makes  the  adjacent  angles  equal 
to  one  another,  each  of  them  is  a  right 
x  I0!  c  angle:  Therefore  each  of  the  angles 

BFE  is  a  right  angle  ;  wherefore 
the  ftvfeijrht  line  CD,  drawn  through 
the  centre  bifedling  another  AB  that 
docs  not  pafs  through  the  centre,  cuts 
the  fame  at  right  angles. 

But  let  CE  cut  AB  at  right  angles ;  CD  alio  bifects  it,  that 
is,  AF  is  equal  to  FB. 

The  fame  conftruclion  being  made,  bccaufe  EA,  EB  from 
the  centre  are  equal  to  one  another,  the  angle  EAF  is  equal  d 
to  the  angle  EB11  ;  and  the  right  angle  AFE  is  equal  to  the 
right  angle  BFE  :  Therefore,  in  the  two  triangles  EAF,  EBF, 

there 


c 
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there  are  two  angles  in  one  equal  to  two  angles  in  the  other,  Bo.-.fc.m 
and  the  fide  EF,  which  is  oppofite  to  one  of  the  equal  angles  ^ " 
in  each,  is  common  to  both;  therefore  the  other  fides  are  e- 
quale  ;  AF  therefore  is  equal  to  FB.  Wherefore,  if  a  llraight  e  *6.  i. 
line,  &c.  Q^E.  D. 

PROP.  IV.  THE  OR. 

TF  in  a  circle  two  ftraight  lines  cut  one  another  which 
-*•  do  not  both  pafs  through  the  centre,  they  do  not 
bifedl  each  other. 


Let  ABCD  be  a  circle,  and  AC,  BD  two  firaight  lines  in 
it  which  cut  one  another  in  the  point  E,  and  do  not  both  pafs 
through  the  centre  :  AC,  BD  do  not  bifect  one  another. 

For,  if  it  is  pofiible,  let  AE  be  equal  to  EC,  and  BE  to  ED  : 
If  one  of  the  lines  pafs  through  the  centre,  it  is  plain  that  it 
cannot  be  bife&ed  by  the  other  which 
does  not  pafs  through  the  centre  :  But 
if  neither  of  them  pafs  through  the 
centre,  takea  F  the  centre  of  the  cir¬ 
cle,  and  join  EF  :  and  becaufe  FE,  a 
ftraight  line  through  the  centre,  bi- 
fedls  another  AC  which  does  not  pafs 
through  the  centre,  it  (hall  cut  it  at  jg 
right b  angles  ;  wherefore  FEA  is  a 
right  angle  :  Again,  becaufe  the 
ftraight  line  FE  bife£ts  the  ftraight  line  BD  which  does  not  pafs 
through  the  centre,  it  ihall  cut  it  at  right  b  angles  ;  wherefore 
FEB  is  a  right  angle  :  And  FEA  was  fhown  to  be  a  right  angle  ; 
therefore  FEA  is  equal  to  the  angle  FEB,  the  lefs  to  the  great¬ 
er,  which  is  impofiible  :  Therefore  AC,  BD  do  not  bifedl  one 
Another.  Wherefore,  if  in  a  circle,  &c.  q,  e.  d» 


a  1. 


b  3-  3* 


PROP.  V.  THEOR; 


IF  two  circles  cut  one  another,  they  fliall  not  have 
the  fame  centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the 
points  B,  C  ;  they  iiave  not  the  fame  centre, 
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For,  if  it  be  poftible,  let  E  be  their  centre :  Join  EC,  and 
draw  any  ftraight  line  EFG  meet¬ 
ing  them  in  F  and  G  :  and  becaufe 
E  is  the  centre  of  the  circle  ABC, 

CE  is  equal  to  EF  :  Again,  be¬ 
caufe  E  is  the  centre  of  the  circle  A 
CDG,  CE  is  equal  to  EG  :  But 
CE  was  fhownto  be  equal  to  EF; 
therefore  EF  is  equal  to  EG,  the 
lefs  to  the  greater,  which  is  im- 
poffible  ;  Therefore  E  is  not  the 
centre  of  the  circles  ABC,  CDG. 

Wherefore,  if  two  circles,  See.  QiE.fi- 

PROP.  VI.  THE  OR. 

IF  two  circles  touch  one  another  internally,  they 
fhall  not  have  the  fame  centre. 

Let  the  two  circles  ABC,  CDE,  touch  one  another  internal¬ 
ly  in  the  point  C  :  They  have  not  the  lame  centre. 

For,  if  they  can,  let  it  be  F  ;  join  FC  and  draw  any  ftraight 
line  FEB  meeting  them  in  EandB  ; 

And  becaufe  F  is  the  centre  of  the 
circle  ABC,  CF  is  equal  to  FB  : 

Alfo,  becaufe  F  is  the  centre  of  the 
circle  CDE,  CF  is  equal  to  FE  : 

And  CF  was  ftiewn  equal  to  FB  ; 
therefore  FE  is  equal  to  FB,  the  lefs 
to  the  greater,  which  is  impoftible  ; 

Wherefore  F  is  not  the  centre  of 
the  circles  ABC,  CDE.  Therefore, 
if  two  circles,  &c.  q.  E.  D. 


PROP. 
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PROP.  VII.  THEOR, 

IF  any  point  be  taken  in  the  diameter  of  a  circle 
which  is  not  the  centre,  of  all  the  flraight  lines  which 
can  be  drawn  from  it  to  the  circumference,  the  great- 
eft  is  that  in  which  the  centre  is,  and  the  other  part  of 
that  diameter  is  the  leaft ;  and,  of  any  others,  that 
which  is  nearer  to  the  line  which  paffes  through  the  cen¬ 
tre  is  always  greater  than  one  more  remote  :  And  from 
the  fame  point  there  can  be  drawn  only  two  ftraight 
lines  that  are  equal  to  one  another,  one  upon  each  fide 
of  the  fhorteft  line. 

Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let 
any  point  F  be  taken  which  is  not  the  centre  :  Let  the  centre 
be  E  ;  of  all  the  ftraight  lines  FB,  FC,  FG,  &:c.  that  can  be 
drawn  from  F  to  the  circumference,  FA  is  the  greateft,  and 
FD,  the  other  part  of  the  diameter  BD,  is  the  leaft :  And  of 
the  others,  FB  is  greater  than  FC,  and  FC  than  FG. 

Join  BE,  CE,  GE  ;  and  becaufe  two  tides  of  a  triangle  are 
!  greater  a  than  the  third,  BE,  EF  are  greater  than  BF  ;  but  AE 
is  equal  to  EB;  therefore  AE,EF, 
that  is  AF,  is  greater  than  BF :  A- 
gain,  becaufe  BE  is  equal  to  CE, 
and  FE  common  to  the  triangles 
BEF,  CEF,  the  two  fides  BE,  EF 
are  equal  to  the  two  CE,  EF  ;  but 
the  angle  BEF  is  greater  than  the 
angle  CEF  ;  therefore  the  bafe  BF 
is  greater  b  than  the  bafe  FC  :  For 
the  fame  reafon,  CF  is  greater  than 
GF  :  Again,  becaufe  GF,  FE  are 
greater  a  than  EG,  and  EG  is  equal 
to  ED ;  GF,  FE  are  greater  than  ED :  Take  away  the  common 
part  FE,  and  the  remainder  GF  is  greater  than  the  remainder 
FD  :  Therefore  FA  is  the  greateft,  and  FD  the  leaft  of  all  the 
ftraight  lines  from  F  to  the  circumference  ;  and  BF  is  greater 
than  CF,  and  CF  than  GF. 

Alfo  there  can  be  drawn  only  two  equal  ftraight  lines  from 
the  point  F  to  the  circumference,  one  upon  each  fide  of  the 

fhorteft 


Boole  III. 


20.  I. 


24-  2 


74 


THE  ELEMENTS 


Bock  ill:  Hiortefh  line  PD  :  At  the  point  E  in  the  ftraight  line  EF,  make 
c  the  angle  FEH  equal  to  the  angle  GEF,  and  join  FF1 :  Then 
c  I#  becaufe  GE  is  equal  to  EH,  and  EF  common  to  the  two  tri¬ 
angles  GEF,  HEF  ;  the  two  fides  GE,  EF  are  equal  to  the  two 
HE,  EF  ;  and  the  angle  GEF  is  equal  to  the  angle  HEF ;  there- 
d  4- 1.  fore  the  bale  FG  is  equal  d  to  the  bafe  FH  :  But,  beiides  FH, 
no  other  ftraight  line  can  be  drawn  from  F  to  the  circumfe¬ 
rence  equal  to  FG  :  For,  if  there  can,  let  it  be  FK  ;  and  be¬ 
caufe  FK  is  equal  to  FG,  and  FG  to  FH,  FK  is  equal  to  FH  ; 
that  is,  a  line  nearer  to  that  which  paftes  through  the  centre,  is 
equal  to  one  which  is  more  remote ;  which  is  impoflible. 
Therefore,  if  anj  point  be  taken,  &c.  CL  E.  D. 


PROP.  VIII.  THE  OR. 


TP"  any  point  be  taken  without  a  circle,  and  ftraight 
lines  be  drawn  from  it  to  the  circumference,  where¬ 
of  one  paftes  through  the  centre  ;  of  thofe  which  fall 
upon  the  concave  circumference,  the  greateft  is  that 
which  paffes  through  the  centre  ;  and  of  the  reft,  that 
which  is  nearer  to  that  through  the  centre  is  always 
greater  than  the  more  remote  :  But  of  thofe  which  fall 
upon  the  convex  circumference,  the  leaft  is  that  between 
the  point  without  the  circle,  and  the  diameter ;  and  of 
the  reft,  that  which  is  nearer  to  the  leaft  is  always  lefs 
than  the  more  remote  i  And  only  two  equal  ftraight 
lines  can  be  drawn  from  the  point  unto  the  circumfe¬ 
rence,  one  upon  each  fide  of  the  leaft. 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
let  the  ftraight  lines  DA,  DE,  DF,  DC  be  drawn  to  the  cir¬ 
cumference,  whereof  DA  paftes  through  the  centre.  Of  thofe 
Which  fall  upon  the  concave  part  of  the  circumference  AEFC, 
the  greateft  is  AD  which  paftes  through  the  centre  ;  and  the 
nearer  to  it  is  always  greater  than  the  more  remote,  viz.  DE 
than  DP",  and  DF  than  DC  :  But  of  thofe  which  fall  upon  the 
convex  circumference  iiLKG,  the  leaft  is  DG  between  the 

point 
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point  Dand  the  diameter*  AG  ;  and  the  nearer  to  it  is  always  Book  III. 
lefs  than  the  more  remote,  viz.  DK  than  DL,  and  DL  than 
DH. 

Take  a  M  the  centre  of  the  circle  ABC,  and  join  ME,  MF,  a  1. 3. 
MC,  MK,  ML,  MH :  And  becaufe  AM  is  equal  to  ME,  add 
MD  to  each,  therefore  AD  is  equal  to  EM,  MD  ;  but  EM,MD 
are  greater  b  than  ED ;  therefore  alfo  AD  is  greater  than  ED :  b  20.  r. 
Again,  becaufe  ME  is  equal  to  MF,  and  MD  common  to  the 
triangles  EMD,FMD ;  EM,MD 
are  equal  to  FM,  MD  ;  but  the 
angle  EMD  is  greater  than  the 
angle  FMD  ;  therefore  the  bafe 
ED  is  greater  <■  than  the  bafeFD : 

In  like  manner  it  may  be  lhewn 
that  FD  is  greater  than  CD  : 

Therefore  DAisthegreateft;  and 
DE  greater  than  DF,and  DFthan 
DC  :  And  becaufe  MK,  KD  are 
greater  b  than  MD,  and  MK  is  e- 
qual  to  MG,  the  remainder  KD  q 
is  greater  d  than  the  remainder 
GD,  that  is  GD  is  lefs  than  KD  : 

And  becaufe  MK,  DK  are  drawn 
to  the  point  K  within  the  triangle 
MLD  from  M.  D,  the  extremi¬ 
ties  of  its  fide  MD,  MK,  KD  are 
lefs  e  than  ML,LD,  whereof  MK 

is  equal  to  ML  ;  therefore  the  remainder  DK  is  lefs  than  the 
remainder  DL :  In  like  manner  it  may  be  lhewn,  that  DL  is  lefs 
than  DH:  Therefore  DG  is  the  leaft,  and  DK  lefs  than  DL,and 
DL  than  DH  :  Alfo  there  can  be  drawn  only  two  equal  ftraight 
lines  from  the  point  D  to  the  circumference,  one  upon  each 
fide  of  the  leaft  :  At  the  point  M,  in  the  ftraight  line  MD  make 
the  angle  DMB  equal  to  the  angle  DMK,  and  join  DB  :  And 
becaufe  MK  is  equal  to  MB,  and  MD  common  to  the  triangles 
KMD,  BMD,  the  two  ftdes  KM,MD  are  equal  to  the  two  BM, 

MD  ;  and  the  angle  KMD  is  equal  to  the  angle  BMD  ;  there¬ 
fore  the  bafe  DK  is  equal  f  to  the  bafe  DB  :  But,  belides  DB,  *  ® 
there  can  be  no  ftraight  line  drawn  from  D  to  the  circumfe¬ 
rence  equal  to  DK :  For,  if  there  can,  let  it  be  DN ;  and  becaufe 
DK  is  equal  to  DN,  and  alfo  taDB ;  therefore  DB  is  equal  to 
DN,  that  is,  the  nearer  to  the  leaft  equal  to  the  more  remote, 
which  is  impoftible.  If  therefore,  any  point.  &c.  CL  E.  D. 

PROP. 


C  31.  J. 


76 


a  7.  3- 


u  9-  3* 


THE  ELEMENTS 


Book  III. 


PROP.  IX.  PROB. 


IF  a  point  be  taken  within  a  circle,  from  which  there' 
fall  more  than  two  equal  ftraight  lines  to  the  circum¬ 
ference,  that  point  is  the  centre  of  the  circle. 


Let  the  point  D  be  taken  within  the  circle  ABC,  from 
which  to  the  circumference  there  fall  more  than  two  equal 
lfraight  lines,  viz.  DA,  DB,  DC,  the  point  D  is  the  centre  of 
the  circle. 

For,  if  not,  let  E  be  the  centre, 
join  DE  and  produce  it  to  the  cir¬ 
cumference  in  F,  G ;  then  FG  is 
a  diameter  of  the  circle  ABC :  And 
becaufe  in  FG,the  diameter  of  the 
circle  ABC,  there  is  taken  the 
point  D  which  is  not  the  centre, 

DGihall  bethegreateftline  from  it 
to  the  circumference,  and  DC 
greater  a  than  EB  andDBthar  D A: 

But  the  rare  like  wile  equal,  which  is 
jmpoflible:  Therefore  E  is  not  the 


centre  Qf  the  circle  ABC  :  In  like  manner,  it  may  he  demon- 
ftrated,  that  no  other  point  but  D  is  the  centre  ;  D  therefore  is 
the  centre.  Wherefore,  if  a  point  be  taken,  See.  CL  E.  D. 


PROP.  X.  THE  OR. 


NE  circumference  of  a  circle  cannot  cut  another 
in  more  than  two  points.  ^ 


If  it  be  poftible,  let  the  circumfe¬ 
rence  FAB  cut  the  circumference 
DEF  in  more  than  two  points,  viz. 
in  B,  G,  F ;  take  the  centre  K  of  the 
circle  ABC,  and  join  KB,  KG.KF  : 
And  becaufe  within  the  circle  DEF 
there  is  taken  the  point  K.  from 
which  to  the  circumference  DEF 
fall  more  than  two  equal  ftraight 
lines  KB,  KG,  KF,  the  point  K  is  a 


the 
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the  centre  of  the  circle  DEF :  But  K  is  a’fo  the  centre  of  the  Book  Ilf. 
circle  ABC  ;  therefore  the  fame  point  is  the  centre  of  two  cir¬ 
cles  that  cut  one  another,  which  is  impoflible  b.  Therefore  b  5. 
one  circumference  of  a  circle  cannot  cut  another  in  more  than 
two  points.  Q.  E.  D. 

PROP.  XI.  T  H  E  O  R. 

IF  two  circles  touch  each  other  internally,  the  ftraight 
line  whicn  joins  their  centres  being  produced  fhall 
pafs  through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  internally 
in  the  point  A,  and  let  F  be  the  centre  of  the  circle  ABC,  and 
G  the  centre  of  the  circle  ADE :  The 
ilraight  line  which  joins  the  centres 
F.G,  being  produced,  paftes  through 
the  point  A. 

For,  if  not,  let  it  fall  otherwife,  if 
poffible,  as  FGDH,  and  join  AF, 

AG :  And  becaufe  AG,  GF  are  great¬ 
er  a  than  FA,  that  is,  than  FH,  for 
FA  is  equal  to  FH,  both  being  fro  pa 
the  fame  centre ;  take  away  the  corh- 
mon  part  FG  ;  therefore  the  remain¬ 
der  AG  is  greater  than  the  remainder  GH  :  But  AG  is  equal 
to  GD  ;  therefore  GD  is  greater  than  GH,  the  lefs  than  the 
greater,  which  is  impofiible.  Therefore  the  ftraight  line  which 
joins  the  points  F,  G  cannot  fall  otherwife  than  upon  the  point 
A,  that  is,  it  muft  pafs  through  it.  Therfore,  if  two  circles 
Stc.  CLE.  D. 
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PROP.  XII.  THE  OR. 

IF  two  circles  touch  each  other  externally,  the  ftraight 
line  which  joins  their  centres  fhall  pafs  through  the 
point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  externally 
in  the  point  A  ;  and  let  F  be  the  centre  of  the  circle  ABC,  and 
G  the  centre  of  ADE  :  The  ftraight  line  which  joins  the  points 
F,  G  ftiall  pafs  through  the  point  of  contact  A. 

For,  if  not,  let  it  pafs  otherwife,  ifpoflible,  as  FCDG,  and 

join 
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join  FA,  AG  :  And  becaufe  F  is  the  centre  of  the  circle  ABC, 
AF  is  equal  to  FC  :  Alfo 
becaufe  G  is  the  centre  of 
the  circle  ADE,  AG  is  e- 
qual  to  GD  :  Therefore 
FA,  AG  are  equal  to  FC, 

DG  ;  wherefore  the 
whole  FG  is  greater  than 
FA,  AG ;  But  it  is  alfo 
lefsa ;  which  is  impoffible: 

Therefore  the  ftraight  line  which  joins  the  points  F,  G  fhall  not 
pafs  otherwife  than  through  the  point  of  contact  A,  that  is,  it 
mull  pafs  through  it.  Therefore,  if  two  circles,  See.  CLE.D. 

PROP.  XII.  T  H  E  O  R. 

ONE  circle  cannot  touch  another  in  more  points 
than  one,  whether  it  touches  it  on  the  infide  or 
outfide. 


For,  if  it  be  poflible,  let  the  circle  EBF  touch  the  circle  ABC 
in  more  points  than  one,  and  firft  on  the  infide,  in  the  points 
B,  D  ;  join  BD,  and  draw  a  GH  hifedling  BD  at  right  angles  : 
Therefore,  becaufe  the  points  B,  D  are  in  the  circumference  of 


each  of  the  circles,  the  ftraight  line  BD  falls  within  each  b  of 
.  them :  And  their  centres  are  c  in  the  ftraight  line  GH  which 
bife£ts  BD  at  right  angles  :  Therefore  GH  paftes  through  the 
point  of  contact d;  but  it  does  not  pafs  through  it,  becaufe  the 
points  B,  D  are  without  the  ftraight  line  GH,  which  is  abfurd: 
Therefore  one  circle  cannot  touch  another  on  the  infide  in 
more  points  than  one. 

Nor  can  two  circles  touch  one  another  on  the  outfide  in 

more 
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more  than  one  point :  For,  if  it  be  poflible,  let  the  circle  ACK  Book  n. 
touch  the  circle  ABC  in  the  points  A,  G,  and  join  AC  :  There- 
fore,  becaufe  the  two  points  A,  C  are  in 
the  circumference  of  the  circle  ACK, 
the  ftraight  line  AC  which  joins  them 

Ihall  fall  within  b  the  circle  ACK  :  And  b  2. 

the  circle  ACK  is  without  the  circle 
ABC;  and  therefore  the  ftraight  line 
AC  is  without  this  laft  circle;  but,  be¬ 
caufe  the  points  A,  C  are  in  the  circum¬ 
ference  of  the  circle  ABC,  the  ftraight 
line  AC  muft  be  within  l)  the  fame  cir¬ 
cle,  which  is  abfnrd  :  Therefore  one 
circle  cannot  touch  another  on  the  out- 
fide  in  more  than  one  point  :  And  it 

lias  been  fhewn,  that  they  cannot  touch  on  the  infide  in  more 
points  than  one  :  Therefore,  one  circle,  See.  CL  E.  D. 

PROP.  XIV.  T  H  E  O  R. 


E'  QUAL  ftraight  lines  in  a  circle  are  equally  diftant 
j  from  the  centre  ;  and  thole  which  are  equally  di¬ 
ftant  from  the  centre,  are  equal  to  one  another. 

li 

Let  the  ftraight  lines  AB,  CD,  in  the  circle  ABDC.  be  equal 
to  one  another  ;  they  are  equally  diftaot  from  the  centre. 

Take  E  the  centre  of  the  circle  ABDC,  and  from  it  draw  EF, 
EG  perpendiculars  to  AB,  CD  :  Then,  becaufe  the  ftraight  line 
EF,  palling  through  the  centre,  cuts  the  ftraight  line  AB,  which 
does  not  pafs  through  the  centre,  at 
right  angles,  it alfo  bife<fts  a  it :  Where¬ 
fore  AF  is  equal  to  FB,  and  AB  double 
of  AF.  For  the  fame  reafon  CD  is 
double  of  CG  :  And  AB  is  equal  to 
CD  ;  therefore  AF  is  equal  to  CG  : 

And  becaufe  AE  is  equal  to  EC,  the 
fquare  of  AE  is  equal  to  the  fquare  of 
EC  :  But  the  fquares  of  AF,  FE  are 
equal’0 to  the  fquare  of  AE,  becaufe 
the  angle  AFE  is  a  right  angle  ;  and 
for  the  like  reafon,  the  fquares  of  EG,  GC  are  equal  to  the 
fquare  of  EC  :  Therefore  the  fquares  of  AF,  FE  are  equal  to 
the  fquares  of  CG,  GE,  of  which  the  fquare  01  AF  is  equal  to 

the 
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Book  III.  the  fquare  of  CG,  becaufe  AF  is  equal  to  CG  ;  therefore  the 
remaining  fquare  of  FE  is  equal  to  the  remaining  fquare  of 
EG,  and  the  ftraight  line  EF  is  therefore  equal  to  EG  :  But 
ftraight  lines  in  a  circle  are  faid  to  be  equally  diftant  from  the 
centre,  when  the  perpendiculars  drawn  to  them  from  the  centre 
c4*  Def.  3.  are  equal  c  ;  Therefore  AB,  CD  are  equally  diftant  from  the 
centre. 

Next,  if  the  ftraight  lines  AB,  CD  be  equally  diftant  from 
the  centre,  that  is,  ii  FE  be  equal  to  EG ;  AB  is  equal  to  CD: 
For,  the  fame  conftru£tion  being  made,  it  may,  as  before,  be 
demonftrated,  that  AB  is  double  of  AF,  and  CD  double  of 
CG,  and  that  the  fquares  of  EF,  FA  are  equal  to  the  fquares 
of  EG,  GC  ;  of  which  the  fquare  ofFE  is  equal  to  the  fquare 
of  EG,  becaufe  FE  is  equal  to  EG  ;  therefore  the  remaining 
fquare  of  AF  is  equal  to  the  remaining  fquare  of  CG  ;  and  the 
ftraight  line  AF  is  therefore  equal  to  CG  :  And  AB  is  double 
of  AF,  and  CD  double  of  CG  ;  w’herefore  AB  is  equal  to  CD* 
Therefore  equal  ftraight  lines,  &c.  E.  D. 


PROP.  XV.  T  H  E  0  R. 

THE.  diameter  is  the  greateft  ftraight  line  in  a  circle; 

and,  of  all  others,  that  which  is  nearer  to  the  cen¬ 
tre  is  always  greater  than  one  more  remote  ;  and  the 
greater  is  nearer  to  the  centre  than  the  lefs. 

Let  ABCD  be  a  circle,  of  which 
the  diameter  is  AD,  and  the  centre  E  $ 
and  let  BC  be  nearer  to  the  centre 
than  FG ;  AD  is  greater  than  any 
ftraight  line  BC  which  is  not  a  dia¬ 
meter,  and  BC  greater  than  FG. 

From  the  centre  draw  EH,  EK  per¬ 
pendiculars  to  BC,  FG,  and  join  EB, 

EC,  EF  ;  and  becaufe  AE  is  equal  to 
EB,  and  ED  to  EC,  AD  is  equal  to 
EB,  EC  :  But  EB,  EC,  are  greater  a 
*  *  than  BC ;  wherefore,  alfo  AD  is* 

greater  than  BC. 

And,  becaufe  BC  is  nearer  to  the  centre  than  FG,  EH  is 

lefs 
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lefs  t>  than  EK  :  Bat,  as  was  demonftrated  in  the  preceding,  Book  Iir. 
BC  is  doable  of  BH,  and  FG  double  of  FK,  and  the  fquares  of 
EH,  HB  are  equal  to  the  fquares  of  EK,  KF,  of  which  the 
fquare  of  EH  is  lefs  than  the  fquare  of  EK,  becaufe  EH  is  lefs 
than  EK  ;  therefore  the  fquare  of  BH  is  greater  than  the  fquare 
of  FK,  and  the  ftraight  line  BH  greater  than  FK  ;  and  there¬ 
fore  BC  is  greater  than  FG. 

Next,  Let  BC  be  greater  than  FG  ;  BC  is  nearer  to  the  cen¬ 
tre  than  FG-;  that  is,  the  fame  conftruHion  being  made,  EH  is 
Jefs  than  EK  :  Becaufe  BC  is  greater  than  FG,  BH  likewife  is 
greater  than  KF  :  And  the  fquares  of  BH,  HE  are  equal  to  the 
fquares  of  FK,  KE,  of  which  the  fquare  of  BH  is  greater  than 
the  fquare  of  FK,  becaufe  BH  is  greater  than  FK  ;  therefore 
the  fquare  of  EH  is  lefs  than  the  fquare  of  EK,  and  the  ftraight 
line  EH  lefs  than  EK.  Wherefore  the  diameter,  See,  E.  D. 


PROP.  XVI,  THE  OR, 


THE  ftraight  line  drawn  at  right  angles  to  the  dia-  See  N. 

meter  of  a  circle,  from  the  extremity  of  it,  fails 
without  the  circle ;  and  no  ftraight  line  can  be  drawn 
between  that  ftraight  line  and  the  circumference  from 
the  extremity,  fo  as  not  to  cut  the  circle  ;  or  which  is 
the  fame  thing,  no  ftraight  line  can  make  lo  great  an  a- 
cute  angle  with  the  diameter  at  its  extremity,  or  fo  fmall 
an  angle  with  the  ftraight  line  which  is  at  right  angles 
to  it,  as  not  to  cut  the  circle. 


Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  the  diaT 
meter  AB  :  the  ftraight  line  drawn  at  right  angles  to  AB  from 
its  extremity  A,  ftiall  fall  without  the  circle. 

For,  if  it  does  not,  let  it  fall,  if 
poffible,  within  the  circle,  as  AC, 
anddrawDCto  the  point  C  where 
it  meets  the  circumference  :  And 
becaufe  DA  is  equal  to  DC,  the 
angle  DAC  is  equal  a  to  (he  angle 
ACD  J  but  DAC  is  a  right  angle, 
therefore  ACD  is  $  ri  'it  angJe, 
and  the  angles  DAC,  ACD  are 
therefore  equal  to  two  right  angles 

¥ 


cij. 


which  is  impoftible  b  :  b  n- 1 
Therefore 
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Therefore  the  ftraight  line  drawn  from  A  at  right  angles  to  BA 
docs  not  fall  within  the  circle  :  In  the  fame  manner,  it  maybe 
demonftrated  that  it  does  not  fall  upon  the  circumference  5 
therefore  ;t  mull  fail  without  the  circle,  as  AE. 

And  between  the  ftraight  line  AE  and  the  circumference  no 
ftraight  line  can  be  drawn  from  the  point  A  -which  does  not 
cut  the  circle  :  For,  if  pofiible,  let  FA  be  between  them,  and 
from  the  point  D  draw  <  DG  perpendicular  to  FA,  and  let  it 
meet  the  circumference  in  H  :  And  b.caufe  AGD  is  a  right 
angle,  and  DAG  lefs  k  than  a  right  angle :  DA  is  greater  d  than 
DG  :  But  DA  is  equal  to  Dif  ; 
therefore  DH  is  greater  than  DG, 
the  lefs  than  the  greater,  which  is 
impoflibie  :  Therefore  no  ftraight 
line  can  be  drawn  from  the  point 
A  between  AE  and  the  circumfe¬ 
rence,  which  does  not  cut  the  cir¬ 
cle,  or,  which  amounts  to  the  fame 
thing,  however  great  an  acute  angle 
a  ftraight  line  makes  with  the  dia¬ 
meter  at  the  point  A,  or  however 
irnall  an  angle  it  makes  with  AE, 
the  circumference  paffes  between  that  ftraight  line  and  the  per~ 
pendicular  AE.  ‘  And  this  is  all  that  is  to  be  underftood, 

6  when,  in  the  Greek  text  and  tranftations  from  it,  the  angle  of 
6  the  femicircle  is  faid  to  be  greater  than  any  acute  reCtilineal 
*  angle,  and  the  remaining  angle  lefs  than  any  rectilineal  an- 
5  gle.’ 

Cor.  From  this  it  is  manifeft  that  the  ftraight  line  which  is 
drawn  at  right  angles  to  the  diameter  of  a  circle  from  the  ex¬ 
tremity  of  it,  touches  the  circle  ;  and  that  it  touches  it  unly  in 
one  point,  becaufe,  if  it  did  meet  the  circle  in  twro,  it  would 
fall  within  it  «  Alfo  it  is  evident  that  there  can  be  but  one  ' 
‘  ftraight  line  which  touches  the  ciicle  in  the  fame  point.’ 

/ 

PROP.  XVII.  PROB. 

TO  draw  a  ftraight  line  from  a  given  point,  feithet* 
without  or  in  the  circumference,  which  Ihsill  touch 
a  given  circle. 

Firft,  let  A  be  a  given  point  without  the  given  circle  BCD; 

it 
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it  is  required  to  draw  a  ftraight  line  from  A  which  fhail  touch  Book  TIL 
the  circle.  •> 

Find  a  the  centre  E  of  the  circle,  and  join  AE  ;  and  from  a  1.3. 
the  centre  E,  at  the  diftance  EA,  deferibe  the  circle  AFG  ; 
from  the  point  D  draw  b  DF  at  right  angles  to  EA,  and  joinb  11. 1, 
EBF,  AB.  AB  touches  the  circle  BCD. 

Becaufe  E  is  the  centre 
of  the  circles  BCD,  AFG, 

E  A  is  equal  to  EF  :  And 
ED  to  EB  ;  therefore  the 
two  Tides  AE,  EB  are  equal 
to  the  two  FE,  ED,  and 

they  contain  the  angle  at  Jt 

E  common  to  the  two  tri¬ 
angles  AEB,  FED  ;  there¬ 
fore  the  bafe  DF  is  equal 
to  the  bafe  AB,  and  the 
triangle  FED  to  the  trian¬ 
gle  AEB,  and  the  other  angles  to  the  other  angles  c  :  There-  c  4. 1. 
fore  the  angle  EBA  is  equal  to  the  angle  EDF  :  But  EDF  is  a 
right  angle,  wherefore  EBA  is  a  right  angle:  And  EB  is  drawn 
from  the  centre  :  But  a  ftraight  line  drawn  from  the  extremity 
of  a  diameter,  at  right  angles  to  it,  touches  the  circle  d:  There-  dC0r.16.3f 
fore  AB  touches  the  circle  ;  and  it  is  drawn  from  the  given 
point  A.  Which  was  to  be  done. 

But,  if  the  given  point  be  in  the  circumference  of  the  circle, 
as  the  point  D,  draw  DE  to  the  centre  E,  and  DF  at  right  an¬ 
gles  to  BE  ;  DF  touches  the  circle  d. 


PROP.  XVIII.  T  H  E  O  R. 

*  #  - 

IF  a  ftraight  line  touches  a  circle,  the  ftraight  line 

drawn  from  the  centre  to  the  point  of  contact,  ftiali 
be  perpendicular  to  the  line  touching  the  circle. 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point 
C  ;  take  the  centre  F,  and  draw  the  ftraight  line  FC  :  FC  is 
perpendicular  to  DE, 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular 
to  DE  ;  and  becaufe  FGC  is  a  right  angle,  GCF  is  b  an  acute  b  t;.  r. 
angle  ;  and  to  the  greater  angle  the  greatefl  c  ftde  is  oppofite  :  c  15. 1. 

F  2  Therefore. 
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Therefore  FC  is  greater  than  FG  ; 
bat  FC  is  equal  to  FB  ;  therefore 
I  B  is  greater  than  FG,  the  lefs 
than  the  greater,  which  is  impof- 
fible  :  Wherefore  FG  is  not  per* 
pendicular  to  DE  :  In  the  fame 
manner  it  mav  be  fliewn,  that  no 
other  is  perpendicular  to  it  befides 
FC,  that  is,  FC  is  perpendicular  to 
TE,  Therefore,  if  a  ftraight  line, 

&lc.  Q^E.  D. 

PROP.  XIX.  T  H  E  O  R. 

IF  a  ftraight  line  touches  a  circle,  and  from  the  point 
of  contact  a  ftraight  line  be  drawn  at  right  angles  to 
the  touching  line,  the  centre  of  the  circle  fliall  be  in 
that  line. 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  C,  and 
from  C  let  C  A  be  drawn  at  right  angles  to  DE  j  the  centre  of 
the  circle  is  in  CA. 

For,  if  not,  let  F  be  the  centre,  if  poflible,  and  join  CF : 
Becaufe  DE  touches  the  circle  ABC, 
and  FC  is  drawn  from  the  centre  to 
the  point  of  contadt,  FC  is  perpendi¬ 
cular  3  to  DE  ;  therefore  FCE  is  a 
right  angle  :  But  ACE  is  alfo  a  right 
angle  ;  therefore  the  angle  FCE  is 
equal  to  the  angle  ACE,  the  lefs  to  ££ 
the  greater,  which  is  impoflible  : 

Wherefore  F  is  not  the  centre  of  the 
circle  ABC  :  In  the  fame  manner,  it 
may  be  fliewn,  that  no  other  point 
which  is  not  in  CA,  is  the  centre  ;  that  is,  the  centre  is  in  CA. 
Therefore,  if  a  ftraight  line,  &.c.  E.  D. 

PROP.  XX.  T  H  E  O  R. 

HP  HE  angle  at  the  centre  of  a  circle  is  double  of  the 
angle  at  the  circumference,  upon  the  fame  bafe, 
that  is,  upon  the  fame  part  of  the  circumference. 

f  Let 

1 


A 
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fcfet  ABC  be  a  circle,  and  BEC  an  angle  at  the  centre,  and  Book  ni. 
Sac  an  angle  at  the  circumference,  which  have  the  fame  cir¬ 
cumference  BC  for  their  bafe  ;  the  angle 
BEC  is  double  of  the  angle  BAG, 

Firft,  let  E  the  centre  of  the  circle  be 
within  the  angle  BAG,  and  join  AE,  and 
produce  it  to  F :  Becaufe  EA  is  equal  to 
EB,  the  angle  EAB  is  equal  ato  the  an¬ 
gle  EBA;  therefore  the.  angles  EAB, 

EBA  are  double  of  the  angle  EAB  ;  but 
the  angle  BEF  is  equal  b  to  the  angles 
EAB,  EBA  ;  therefore  alfo  the  angle 
BEF  is  double  of  the  angle  EAB  :  For 
the  fame  reafon,  the  angle  FEC  is  double  of  the  angle  FAC  : 
Therefore  the  whole  angle  BEG  is  double  of  the  whole  angle 
BAC. 

Again,  let  E  the  centre  of  the 
circle  be  without  the  angle  BDC,and 
join  DE  and  produce  it  to  G.  It 
may  be  demonftrated,  as  in  the  full 
cafe,  that  the  angle  GEG  is  double 
of  the  angle  GDG,  and  that  GEB  a 
part  of  the  firft  is  double  of  GDB  a 
part  of  the  other  ;  therefore  the  re¬ 
maining  angle  BEG  is  double  of  the 
remaining  angle  BDC.  Therefore  the 
angle  at  the  centre,  &,c.  E.  D. 

PROP.  XXI.  THEOR. 

THE  angles  in  the  fame  fegment  of  a  circle  are  e*  See 
qual  to  one  another. 

Let  ABGD  be  a  circle,  and  BAD, 

BED  angles  in  the  fame  fegment 
BAED:  The  angles  BAD,  BED  are 
equal  to  one  another. 

Take  F  the  centre  of  the  circle 
ABCD  :  And,  firft,  let  the  fegment 
BAED  be  greater  than  afemicircle, 
and  join  BF,  FD:  And  becaufe  the 
angle  BFD  is  at  the  centre,  and  the 
angle  BAD  at  the  circumference, 
and  that  they  have  the  fame  part  of 
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the  circumference,  viz.  BCD  for  their  bale  ;  therefore  the  an¬ 
gle  BFD  is  double  a  of  the  angle  BAD  :  For  the  fame  reafon, 
the  angle  BFD  is  double  of  the  angle  BED  :  Theiefore  the 
angle  BAD  is  equal  to  the  angle  BED. 

But,  if  the  fegment  BAED  be  not  greater  than  a  femicircle, 
let  BAD,  BED  be  angles  in  it;  tliefe 
alio  are  equal  to  one  another:  Draw 
AF  to  the  centre,  and  produce  it  to 
C,  and  join  CE  :  Therefore  the  feg¬ 
ment  BADE  is  greater  than  a  femi¬ 
circle  ;  and  the  angles  in  it  BAG, 

BEG  are  equal,  by  the  flrft  cafe :  For 
the  fame  reafon,  becaufe  CBED  is 
greater  than  a  femicircle,  the  angles 
CAD,  CED  are  equal  :  Therefore 
the  whole  angle  BAD  is  equal  to  the 
whole  angle  BED.  Wherefore  the  angles  in  the  fame  fegment, 
&c.  Q/E.  D, 

P  R  O  P.  XXII.  T  H  E  O  ll. 

THE  cppofite  angles  of  any  quadrilateral  figure  de- 
feribed  in  a  circle,  are  together  equal  to  two  right 
angles. 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD  ; 
any  two  of  its  oppofite  angles  are  together  equal  to  two  right 
angles. 

Join  AC,  BD  ;  and  becaufe  the  three  angles  of  every  tri¬ 
angle  are  equal a  to  two  right  angles,  the  three  angles  of  the 
triangle  CAB,  viz.  the  angles  CAB,  ABC,  BCA  are  equal  to 
two  right  angles:  But  the  angle  CAB 
is  equal b  to  thq  angle  CDB,  becaufe 
they  are  in  the  fame  fegment  BADG, 
and  the  angle  ACB  is  equal  to  the 
angle  ADB,  becaufe  they  are  in  the 
fame  fegment  ADCB  :  Therefore  the 
whole  angle  ADC  is  equal  to  the  an-  A 
gles  CAB,  ACB  :  To  each  of  thefe 
equals  add  the  angle  ABC  ;  therefore 
the  angles  ABC,  CAB,  BCA  are  e- 
qual  to  the  angles  ABC,  ADC  :  But  ABC,  CAB,  BCA  are 
equal  to  two  right  angles  j  therefore  alfo  the  angles  ABC,  ADG 
ate  eaual  to  two  right  angles  ;  In  the  fame  manner,  the  angles 

'  BAD, 
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BAD,  DCB  may  be  fhewn  to  be  equal  to  two  right  angles.  Boot  in. 
Therefore,  tjhe  oppofite  angles,  &c.  CL  E.  D. 


PROP.  XXIII.  TUEOR. 

UPON  the  fame  flraight  line,  and  upon  the  fame  See  n, 
fide  of  it,  there  cannot  be  two  fimilar  fegments  of 
circles,  not  coinciding  with  one  another. 


If  it  be  poffible,  let  the  two  fimilar  fegments  of  circles,  viz. 

ACB,  ADB,  be  upon  the  fame  lide  of  the  fame  flraight  line 
AB,  not  coinciding  with  one  another  :  Then,  becaufe  the  circle 
ACB  cuts  the  circle  ADB  in  the 
two  points  A,  B,  they  cannot  cut  one 

another  in  any  other  point3:  One  of  /  v  a  io.  3, 

the  fegments  muft  therefore  fall  within 
the  other;  let  ACB  fall  within  ADB, 
and  draw  the  flraight  line  BCD,  and 
join  CA,  DA  :  And  becaufe  the  feg- 
meiit  ACB  isfimilar  to  the  fegment  ADB,  and  that  fimilar  feg¬ 
ments  of  circles  contain  equal  angles  ;  the  angle  ACB  is  equal  b  n.Hef.  3, 
to  the  angle  ADB,  the  exterior  to  the  interior,  which  is  impof- 
iible  c.  Therefore,  there  cannot  be  two  fimilar  fegments  of  a  c  16.  x. 
circle  upon  the  fame  fide  of  the  fame  line,  which  do  not  coin¬ 
cide.  '  (L  E.  D. 

PROP.  XXIV.  T  H  E  O  R. 

^2 IMILAR  fegments  of  circles  upon  equal  flraight  see  N- 
lines,  are  equal  to  one  another. 

Let  AEB,  CFD  be  fimilar  fegments  of  circles  upon  the  equal 
flraight  lines  AB,  CD  ;  the  fegment  AEB  is  equal  to  the  feg¬ 
ment  CFD. 

For,  if  the  feg¬ 
ment  AEB  be  JT  JP 

applied  to  the 
fegment  CFD, 
fo  as  the  point  A 

be  on  C,  and  A  B  G 

the  flraight  line  , 

AB  upon  CD,  the  point  B  fliall  coincide  with  the  point  D,  be 

F  4 


I 


S3  THE  ELEMENTS 

Book  III.  eaufe  AB  is  equal  to  CD  :  Therefore  the  llraight  line  AB  coin- 
ciding  with  CD,  the  fegment  AEB  mufta  coincide  with  the 
a  23-  3-  fegment  CFD,  and  therefore  is  equal  to  it.  Wherefore  limilar 
fegments,  &c.  E.  D. 


PROP.  XXV.  PROB. 

:  •  4  *  (j  • 

SeeN.  A  Segment  of  a  circle  being  given,  to  defcribe  the 
±  \  circle  of  which  it  is  the  fegment. 


Let  ABC  be  the  given  fegment  of  a  circle  ;  it  is  required  to 
defcribe  the  circle  of  which  it  is  the  fegment. 
a  t0  x  Bife6l  a  AC  in  D,  and  from  the  point  D  draw  b  DB  at  right 
b  ii.  i,  angles  to  AC,  and  join  AB  :  Firft,  let  the  angles  ABD,  BAD 

c  6.  i.  be  equal  to  one  another  ;  then  the  llraight  line  BD  is  equal  c 

to  DA,  and  therefore  to  DC  ;  and  becaufe  the  three  ftraight 
lines  DA,  DB,  DC,  are  all  equal ;  D  is  the  centre  of  the  cir- 
<1  9-  3-  cle  3  :  From  the  centre  D,  at  tile  dillanee  of  any  of  the  three 
DA,  DB,  DC,  defcribe  a  circle;  this  Ihallpafs  through  the  other 
points  ;  and  the  circle  of  which  ABC  is  a  fegment  is  defcribed: 
And  becaufe  the  centre  D  is  in  AC,  the  fegment  ABC  is  a  fe» 


e 


e  23.  1. 


£4.  I. 


micircle :  But  if  the  angles  ABD,  BAD  are  not  equal  to  one 
another,  at  the  point  A,  in  the  ftraight  line  AB  make  e  the  angle 
BAE  equal  to  the  angle  ABD,  and  produce  BD,  ifnecclfary,  to 
E,  and  join  EC  :  And  becaufe  the  angle  ABE  is  equal  to  the  angle 
BAE,  the  llraight  line  BE  is  equals  to  EA  :  And  becaufe  AD 
is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CDE, 
the  two  lides  AD,  DE  are  equal  to  the  two  CD,  DE,  each  to 
each  ;  and  the  angle  ADE  is  equal  to  the  angle  CDE,  for 
each  of  them  is  a  right  angle  ;  therefore  the  bafe  AE  is  equal 
f  to  the  bafe  EG  :  But  AE  was  Ihewn  to  be  equal  to  EB,  where¬ 
fore  alio  BE  is  equal  to  EC  ;  And  the  three  llraight  lines  AE, 

EB 
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SB,  EC  are  therefore  equal  to  one  another  ;  wherefore  ^  E  is  Fook  ill. 
the  centre  of  the  circle.  From  the  centre  £,  at  the  diftance  of  ****{—& 
any  of  the  three  AE,  EB,  EC,  defcribe  a  circle,  this  fhall  pafs  d  9*  3» 
through  the  other  points  ;  and  the  circle  of  which  ABC  is  a  feg- 
ment  is  defcribed  :  And  it  is  evident,  that  if  the  angle  ABD  be 
greater  than  the  angle  BAD,  the  centre  E  falls  without  the 
fegment  ABC,  which  therefore  is  lefs  than  a  femicircle  :  But 
if  the  angle  ABD  be  lefs  than  BAD,  the  centre  E  falls  within 
the  fegment  ABC,  which  is  therefore  greater  than  a  femicircle: 
Wherefore  a  fegment  of  a  circle  being  given,  the  circle  is  de¬ 
fcribed  of  which  it  is  a  fegment.  Which  was  to  be  done* 

PROP.  XXVL  THE  OR. 

IN  equal  circles,  equal  angles  ftand  upon  equal  cir¬ 
cumferences,  whether  they  be  at  the  centres  or  cir¬ 
cumferences. 

Let  ABC,  DEF  be  equal  circles,  and  the  equal  angles  BGC, 

EHF  at  their  centres,  and  BAC,  EDF  at  their  circumferences : 

The  circumference  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  EF  ;  and  becaufe  the  circles  ABC,  DEF  are  equal, 
the  ftraight  lines  drawn  from  their  centres  are  equal :  There¬ 
fore  the  two  Tides  BG,  GC,  are  equal  to  the  two  EH,  HF  * 


and  the  angle  at  G  is  equal  to  the  angle  at  H  ;  therefore  the 

bafe  BC  is  equal  a  to  the  bafe  EF  :  And  becaufe  the  angle  at  A  a  4.  1. 

is  equal  to  the  angle  at  D,  the  fegment  BAC  is  limilar  b  to  the  b  ii.def.3. 

fegment  EDF  ;  and  they  are  upon  equal  ftraight  lines  BC,  EF; 

but  iimilar  fegments  of  circles  upon  equal  ftraight  lines  are  e- 

qual  c  to  one  another,  therefore  the  fegment  B  AC  is  equal  to  c  24.  3. 

the  fegment  EDF :  But  the  whole  circle  ABC  is  equal  to  the 

whole 


/ 


THE  ELEMENTS 


90 

Bool:  HI. 


a  2  ■  3  • 


b  23.  1. 

c  26.  3. 


whole  DEF  ;  therefore  the  remaining  fegment  BKC  is  equal  t0 
the  remaining  fegment  ELF,  and  the  circumference  BKC  to 
the  circumference  ELF.  Wherefore,  in  equal  circles,  Sec. 

q,E.  D. 


PROP.  XXVII.  THE  OR. 

TN  equal  circles,  the  angles  which  hand  upon  equal 
circumferences  are  equal  to  one  another,  whether 
they  be  at  the  centres  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centres,  and  BAC,  EDF 
at  the  circumferences  of  the  equal  circles  ABC,  DEF  hand  u- 
pon  the  equal  circumferences  BC,  EF  :  The  angle  BGC  is  e- 
qual  to  the  angle  EHF,  and  the  angle  BAG  to  the  angle, EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifeft 
a  that  tpe  angle  BAG  is  aifo  equal  to  EDF.  But,  if  not,  one 


of  them  is  the  greater  :  Let  BGC  be  the  greater,  and  at  the 
point  G,  in  the  llraight  line  EG,  make  b  the  angle  BGK  equal 
to  the  angle  EHF  j  but  equal  angles  hand  upon  equal  circum¬ 
ferences  c,  when  they  are  at  the  centre  ;  therefore  the  circum¬ 
ference  BK  is  equal  to  the  circumference  EF  :  But  EF  is  equal 
to  BC  ;  therefore  alfo  BK  is  equal  to  BC,  the  lefs  to  the  great¬ 
er,  which  is  impoflible  :  Therefore  the  angle  BGC  is  not  une¬ 
qual  to  the  angle  EHF  ;  that  is,  it  is  equal  to  it  :  And  the  angle 
at  A  is  half  of  the  angle  BGC,  and  the  angle  at  D  half  of  the 
angle  EHF  :  Therefore  the  angle  at  A  is  equal  to  the  angle  at 
p.  ‘Wherefore,  in  equal  circles,  &cc<  Q^E.  D. 
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PROP.  XXVIII.  THE  OR. 


Book  III. 


IN  equal  circles,  equal  ftraight  lines  cut  off  equal  cir¬ 
cumferences,  the  greater  equal  to  the  greater,  and  the 
lefs  to  the  lefs. 

Let  ABC,  DEF  be  equal  circles,  and  B€,  EF  equal  flraight 
lines  in  them,  which  cut  off  the  two  greater  circumferences 
BAC,  EDF,  and  the  two  lefs  RGC,  EHF  :  the  greater  BAG 
is  equal  to  the  greater  EDF,  and  the  lefs  BGC  to  the  lefs  EHF. 

Take  a  K,  L  the  centres  of  the  circles,  and  join  BK,  KC,  EL,  a  i.  3, 
LF  :  And  becaufe  the  circles  are  equal,  the  ftraight  lines  from 


13 


A 


G 


H 


their  centres  are  equal  ;  therefore  BK,  KC  are  equal  to  EL, 

LF  ;  and  the  bafe  BC  is  equal  to  the  bafe  EF  ;  therefore  the 
angle  BKC  is  equal  h  to  the  angle  ELF  :  But  equal  angles  ftand  b  5?.  1. 
upon  equal  c  circumferences,  when  they  are  at  the  centres  ;  c  26.  3. 
therefore  the  circumference  BGC  is  equal  to  the  circumference 
EHF.  But  the  whole  circle  ABC  is  equal  to  the  whole  EDF  ; 
the  remaining  part  therefore  of  the  circumference,  viz.  BAC, 
is  equal  to  the  remaining  part  EDF.  Therefore,  in  equal  cir¬ 
cles,  &cc.  Q<:  Ei.  13. 


PROP.  XXIX.  T  H  E  O  R. 

IN  equal  circles  equal  circumferences  are  fubtended  by 
equal  ftraight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferences 
BGC,  EHF  alfo  be  equal ;  and  join  BC,  EF ;  The  ftraight  line 
BC  is  equal  to  the  ftraight  line  EF. 


Take 
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Book  IIT.  TakeaK,  L  the  centres  of  the  circles,  and  join  BK,  E6, 

EL,  LF  ;  And  becaufe  the  circumference  BGG  is  equal  to  the 
9 1* 


circumference  EHF,  the  angle  BKC  is  equal  b  to  the  angle 
ELF :  And  becaufe  the  circles  ABC,  DRF  are  equal,  the  fttaight 
lines  from  their  centres  are  equal :  Therefore  BK,  KC  are  e- 
qual  to  EL,  LF*  and  they  contain  equal  angles :  Therefore  the 
bafe  BC  is  equal  c  to  the  bafe  EFe  Therefore*  in  equal  cir¬ 
cles,  Sic*  QaE.  D. 

PROP.  XXX.  PROB. 


r  |  'C  blfedl  &  given  circumference,  that  is ,  to  divide  it 
JL  into  two  equal  parts . 


a  to.  i. 


b  4-  i. 
t  28.  3. 

d  Cor.  1.  3. 


Let  ADB  be  the  given  circumference  ;  it  is  required  to  bi« 
fe£t  it. 

Join  AB,  and  bife£t  ait  in  C  ;  from  the  point  C  draw  CD 
at  right  angles  to  AB,  and  join  AD,  DB  :  the  circumference 
ADB  is  bife&ed  in  the  point  D. 

Becaufe  AC  is  equal  to  CB,and  CD  common  to  the  triangles 
ACD,  BCD*  the  two  fides  AC,  CD 
are  equal  to  the  two  BC,  CD  ;  and 
the  angle  ACD  is  equal  to  the  angle 
BCD,  becaufe  each  of  them  is  a  right 
angle  ;  therefore  the  bafe  AD  is  equal  a 
b  to  the  bafe  BD.  But  equal  ftraight 
lines  cut  off  equal c  circumferences,  the  greater  equal  to  the 
greater,  and  the  lefs  to  the  lefs,  and  AD,  DB  are  each  of  hem 
lefs  than  a  femicircle  ;  becaufe  DC  palies  through  the  centre  : 
Wherefore  the  circumference  AD  is  equal  to  the  circumference 
DB:  Therefore  the  given  circumference  is  bife&ed  in  D« 
Which  was  to  be  done. 
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Book  III. 


IN  a  circle,  the  angle  in  a  fem. circle  is  a  right  angle  ; 

but  the  angle  in  a  fegment  greater  than  a  femicirele 
is  lefs  than  a  right  angle  ;  and  the  angle  in  a  fegment 
lefs  than  a  femicirele  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and 
centre  E  ;  and  draw  CA  dividing  the  circle  into  the  fegments 
ABC,  ADC,  and  join  BA,  AD,  DC  ;  the  angle  in  the  femi- 
circle  BAG  is  a  right  angle ;  and  the  angle  in  the  fegment 
ABC,  which  is  greater  than  a  femicirele,  is  lefs  than  a  right 
angle;  and  the  angle  in  the  fegment  ADC,  which  is  lefs  than 
a  femicirele,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F  ;  and  becaufe  BE  is  equal 
to  E  A,  the  angle  EAB  is  equal  a  to  EBA  ;  alfo,  becaufe  AE  a  y  i 
is  equal  to  EC,  the  angle  EAC  is 
equal  to  EGA  ;  wherefore  the 
whole  angle  BAC  is  equal  to  the 
two  angles  ABC,  AQB :  But  FAC, 
the  exterior  angle  of  the  triangle 
ABC,  is  equal  b  to  the  two  angles 
ABC,  ACB  ;  therefore  the  angle 
BAC  is  equal  to  the  angle  FAC, 
and  each  of  them  is  therefore  a 
right  c  angle :  Wherefore  the  angle 
BAC  in  a  femicirele  is  a  right  an- 

gIe-  . 

And  becaufe  the  two  angles  ABC,  BAC  of  the  triangle 
ABC  are  together  lefs  d  than  two  right  angles,  and  that  BAC  d  17- 
is  a  right  angle,  ABC  muft  be  lefs  than  a  right  angle  ;  and 
therefore  the  angle  in  a  fegment  ABC  greater  than  a  femicirele, 
is  lefs  than  a  right  angle. 

And  becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle,  any 
two  of  its  oppofite  angles  are  equal  e  to  two  right  angles  ;  there-  e  *3.  3« 
fore  the  angles  ABC,  ADC  are  equal  to  two  right  angles  ;  and 
ABC  is  lefs  than  a  right  angle  ;  wherefore  the  other  ADC  is 
greater  than  a  right  angle. 

Befides,  it  is  manifeft,  that  the  circumference  of  the  greater 
fegment  ABC  falls  without  the  right  angle  CAB,  but  the 
circumference  of  the  lefs  fegment  ADC  falls  within  the  right 
angle  CAF.  ‘  And  this  is  ajl  that  is  meant,  when  in  the 

*  Greek 
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*  Greek  text,  and  the  transitions  from  it,  the  angle  of  th& 
‘  greater  fegment  is  laid  to  be  greater,  and  the  angle  of  the  lefs 

*  fegment  is  faid  to  be  lefs,  than  a  right  angle.’ 

Cor,  From  this  it  is  manifeft,  that  if  one  angle  of  a  triangle 
be  equal  to  the  other  two,  it  is  a  right  angle,  becaufe  the  angle 
adjacent  to  it  is  equal  to  the  fame  two  ;  and  when  the  adjacent 
angles  are  equal,  they  are  right  angles. 

PROP.  XXXII.  THEOR. 

IF  a  ftraight  line  touches  a  circle,  and  from  the  point 
of  contadl  a  ftraight  line  be  drawn  cutting  the  circle, 
the  angles  made  by  this  line  with  the  line  touching  the 
circle,  {hall  be  equal  to  the  angles  which  are  m  the  al¬ 
ternate  fegments  of  the  circle. 

Let  the  ftraight  line  EF  touch  the  circle  ABCD  in  B,  and 
from  the  point  B  let  the  ftraight  line  BD  be  drawn  cutting  the, 
circle  :  The  angles  which  BD  makes  with  the  touching  lineEF 
fhall  be  equal  to  the  angles  in  the  alternate  fegments  of  the 
circle  :  that  is,  the  angle  FBD  is  equal  to  the  angle  which  is  in 
the  fegment  DAB,  and  the  angle  DBE  to  the  angle  in  the  feg¬ 
ment  BCD. 

From  the  point  B  draw  a  Bx\  at  right  angles  to  EF,  and  take 
any  point  C  in  the  circumference  BD,  and  join  AD,  DC,  CB; 
and  becaufe  the  ftraight  lineEF  touches  the  circle  ABCD  in 
the  point  B,  and  BA  is  drawn  at 
right  angles  to  the  touching  line 
from  the  point  of  conta£l  B,  the 
center  of  the  circle  is-  h  in  BA; 
therefore  the  angle  ADB  in  a  femi- 
circle  is  a  right  c  angle,  and  confe- 
quently  the  other  two  angles  BAD, 

ABD  are  equal  d  to  a  right  angle  : 

But  ABF  is  likewife  a  right  angle; 
therefore  the  angle  ABF  is  equal  to 

the  angles  BAD,  ABD :  Take  from  P 

thefe  equals  the  common  angle 
ABD  ;  therefore  the  remaining  angle  DBF  is  equal  to  the  an¬ 
gle  BAD,  which  is  in  the  alternate  fegment  of  the  circle  ;  and 
becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle,  the  oppolite 
angles  BAD,  BCD  are  equal  e  to  two  right  angles  ;  therefore 

the 
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the  angles  DBF,  DBE,  being  likewife  equal  f  to  two  right  an-  Boole  I?I. 
gles,  are  equal  to  the  angles  BAD,  BCD  ;  and  DBF  has  been 
proved  equal  to  BAD  :  Therefore  the  remaining  angle  DBE  f  13-  1. 
is  equal  to  the  angle  BCD  in  the  alternate  fegment  of  the  circle. 
Wherefore,  if  a  flraight  line,  &c.  CL  E.  D. 


PROP.  XXXIII.  P  R  O  B. 

* 

UPON  a  given  flraight  line  to  deferibe  a  fegment  of  See  K 
a  circle,  containing  an  angle  equal  to  a  given  rec¬ 
tilineal  angle. 


Let  AB  be  the  given  flraight  line,  and  the  angle  at  C  the 
given  rectilineal  angle  ;  it  is  required  to  deferibe  upon  the  giv¬ 
en  flraight  line  AB  a  fegment  of  a  circle,  containing  an  angle 
equal  to  the  angle  C- 

Firft,  let  the  angle  at  C  be  a  right 

angle,  and  bifefl  a  AB  in  F,  and  4  a  10.  1, 

from  the  centre  F,  at  the  diflance 
FB,  deferibe  the  femicircle  AHB  ; 
therefore  the  angle  AHB  in  a  fe¬ 
rn  icircle  is  b  equal  to  the  right  an-  4  17  fj  ^31. 

gle  at  C. 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in 
the  flraight  line  AB,  make  cthe  angle  BAD  equal  to  the  angle  c  23.  r, 
C,  and  from  the  point  A 

draw  d  AE  at  right  angles  to  d  11. 1. 

AD  ;  bife£l  a  AB  in  F,  and 
from  F  draw  d  FG  at  right 
angles  to  AB,  and  join  GB  : 

And  becaufe  AF  is  equal  to 
FB,  and  FG  common  to  the 
triangles  AFG,  BFG,  the 
two  lides  AF,  FG  are  equal 
to  the  two  BF,  FG  ;  and  the 
angle  AFG  is  equal  to  the 
angle  BFG ;  therefore  the 
bafe  AG  is  equal6  to  the  bafe  GB  ;  and  the  circle  deferibed  e  4.  r« 
from  the  centre  G,  at  the  diflance  GA,  fhall  pafs  through  the 
point  B  ;  let  this  be  the  circle  AHB  :  And  becaufe  from  the 
point  A  the  extremity  of  the  diameter  AE,  AD  is  drawn  at 

right 
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right  angles  to  AE,  therefore  AD  f  touches  the  circle;  jpid  be- 
caufe  AB  drawn  from  the  point 
*  of  contact  A  cuts  the  circle, 
the  angle  DAB  is  equal  to  the 
angle  in  the  alternate  fegment 
AHB  g :  But  the  angle  DAB 
is  equal  to  the  angle  G,  there¬ 
fore  alfo  the  angle  C  is  equal 
to  the  angle  in  the  fegment 
AHB  :  Wherefore,  upon  the 
given  ftraight  line  AB  the  feg¬ 
ment  AHB  of  a  circle  is  defcribed,  which  contains  an  angle 
qual  the  given  angle  at  C.  Which  was  to  be  done. 

PROP.  XXXIV.  PROB. 

TO  cut  off  a  fegment  from  a  given  circle  which  fhall 
contain  an  angle  equal  to  a  given  re&ilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  re£tilineal  an¬ 
gle  ;  it  is  required  to  cut  off  a  fegment  from  the  circle  ABC 
that  fhall  contain  an  angle  equal  to  the  given  angle  D. 

Draw  athe  ftraight  line  EF  touching  the  circle  ABC  in  the 
point  B,  and  at  the  point 
B,  in  the  ftraight  line  BF 
make  b  the  angle  FBC  e- 
qual  to  the  angle  D  : 

Therefore,  becaufe  the 
ftraight  line  EF  touches  np* 
the  circle  ABC,  and  BC  is 
drawn  from  the  point  of 
contact  B,  the  angle  FBC 
is  equal  c  to  the  angle  in 
the  alternate  fegment  B  AC 
of  the  circle  :  But  the  angle  FBC  is  equal  to  the  angle  D  ; 
therefore  the  angle  in  the  fegment  BAC  is  equal  to  the  angle 
D  :  Wherefore  the  fegment  BAC  is  cut  off  from  the  given  cir¬ 
cle  ABC  containing  an  angle  equal  to  the  giveii  angle  D  : 
Which  was  to  be  done. 


PROP. 
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PROP.  XXXV.  THE  OR. 

IF  two  ftraight  lines  within  a  circle  cut  one  another,  seeN, 
the  rectangle  contained  by  the  fegments  of  one  of 
them  is  equal  to  the  rectangle  contained  by  the  fegments 
of  the  other. 


a  3*  3* 


Let  the  two  ftraight  lines  AC.  BD,  within  the  circle  ABCD, 
cut  one  another  in  the  point  E  :  the  rectangle  contained  AE, 
EC  is  equal  to  the  rectangle  contained  by 

BE,  ED.  A/C  rr>  \X> 

If  AC,  BD  pafs  each  of  them  through 

the  centre,  fo  that  E  is  the  centre  ;  it  is 
evident,  that  AE,  EC,  BE,  ED,  being  p 
all  equal,  the  redlangle  AE,  EC  is  likewiie  JJ 
equal  to  the  redtangle  BE,  ED. 

But  let  one  of  them  BD  pais  through  the  centre,  and  cut  the 
other  AC  which  does  not  pafs  through  the  centre,  at  right  an¬ 
gles,  in  the  point  E  :  Then,  if  BD  be  bifedted  in  F,  F  is  the 
centre  of  the  circle  ABCD  ;  join  AF  :  And  becaufe  BD,  which 
paifes  through  the  centre,  cuts  the  ftraight  line  AC,  which  does 
not  pafs  through  the  centre,  at  right 
angles  in  E,  AE,  EC  are  equal  a  to 
one  another:  And  becaufe  the  ftraight 
line  BD  is  cut  into  two  equal  parts 
in  the  point  F,  and  into  two  unequal 
in  the  point  E,  the  rectangle  BE, 

ED  together  with  the  fquare  of  EF,  , 

is  equal l)  to  the  fquare  of  FB  ;  that  Jfk 
is,  to  the  fquare  of  FA ;  but  the  fquares 
of  AE,  EF  are  equal  c  to  the  fquare 
of  FA  ;  therefore  the  redtangle  BE, 

ED,  together  with  the  fquare  of  EF, 
is  equal  to  the  fquares  of  AE,  EF  :  Take  away  the  common 
fquare  of  EF,  and  the  remaining  rediangle  BE,  ED  js  equal  to 
the  remaining  fquare  of  AE  ;  that  is,  to  the  rectangle  AE,  EC. 

Next,  Let  BD  which  pafles  through  the  centre,  cut  the  o- 
ther  AC,  which  does  not  pafs  through  the  centre,  inE,  but  not 
at  right  angles  :  Then,  as  before,  if  BD  be  bifedled  in  F,  F  is 
the  centre  of  the  circle.  Join  AF,  and  from  F  draw  d  FG  per-  d 
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pendicular  to  AC  ;  therefore  AG  is  equal  a  to  GC  ;  wherefore 
the  rectangle  AE,  EC,  together  with  the  fquare  of  EG,  is  e- 
qual  b  to  the  fquare  of  AG  :  To  each  of  thefe  equals  add  the 
fquare  of  GF  ;  therefore  the  re&angle  AP-,  EC,  together  with 
the  fquaies  of  EG,  GF,  is  equal  to 
the  fquaies  of  AG,  GF  :  But  the 
fquares  of  EG,  GF  are  equal  c  to  the 
fquare  of  EF  ;  and  the  fquares  of 
AG,  GF  are  equal  to  the  fquare  of 
AF  :  Therefore  the  re&angle  AE,  A' 

EC,  together  with  the  fquareofEF, 
is  equal  to  the  fquare  of  AF  ;  that 
is,  to  the  fquare  of  FB  :  But  the 
fquare  of  PB  is  equal to  the  rectangle  BE,  ED,  together  with 
the  fquare  of  EF  ;  therefore  the  rectangle  AE,  PIC,  together 
with  the  fquare  of  EF,  is  equal  to  the  redkmgle  BE,  ED,  to¬ 
gether  with  the  fquare  of  EF  :  Take  away  the  common  fquare 
ot  E'q  and  the  remaining  rectangle  AE,  EC  is  therefore  equal 
to  the  emaining  r^  Wangle  BE,  ED. 

Laftly,  Lrt  neither  of  the  (traight  lines  AC,  BD  pafs  through 
the  centre  :  Take  the  centre  F, 
and  through  E,  the  interfe&ion  of 
the  ftra’ght  lines  AC,  DB,  draw 
the  d  ameter  GEFH  :  And  be- 
caufe  the  rectangle  AE,  EC  is  e- 
qual,  as  has  been  fhewn,  to  the 
re£langle  GE,  EH  ;  and,  for  the 
fame  reafon,  the  re&angle  BE, 

ED  is  equal  to  the  fame  re&angle 
GE,  EH  ;  therefore  the  rectangle 
AE,  PX  is  equal  to  the  re&ar.gle  BE,  ED.  Wherefore,  if 
two  ilraight  lines,  &c.  CL  E.  D, 

PROP.  XXXVI.  THEOR, 

JF  from  any  point  without  a  circle  two  ftraight  lines 
be  drawn,  one  of  which  cuts  the  circle,  and  the  other 
touches  it ;  the  recfangle  contained  by  the  whole  line 
which  cuts  the  circle,  and  the  part  of  it  without  the  cir¬ 
cle,  fhall  be  equal  to  the  fquare  of  the  line  which  touch¬ 
es  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA,  DB 
two  fkaight  lines  drawn  from  it?  of  which  DCA  cuts  the  circle, 

and 


OF  EUCLID. 


and  DB  touches  the  fame  :  'The  redangle  AD,  DC  is  equalto 
the  fquare  of  DB. 

Either  DC  A  paftes  through  the  centre,  or  it  does  not;  firft, 
let  it  pafs  through  the  centre  E,  and  jom  EB;  therefore  tfoe 
angle  EBD  is  a  right  a  angle  :  And 
becaufe  the  ftraight  line  AC  is  bifec- 
ted  in  E,  and  produced  to  the  point 
D,  the  rectangle  AD,  DC,  together 
with  the  fquare  of  EC,  is  equal  bto 
the  fquare  of  ED,  and  CE  is  equal  to 
EB :  Therefore  the  rectangle  AD, DC,  J} 
together  with  the  fquare  of  EB,  is  e- 
qual  to  the  fquare  of  ED  :  But  the 
fquare  of  ED  is  equal  c  to  the  fquares 
of  EB,  BD,  becaufe  EBD  is  a  right 
angle  :  Therefore  the  redangle  AD, 

DC,  together  with  the  fquare  of  EB, 
is  equal  to  the  fquares  of  EB,  BD  : 

Take  away  the  common  fquare  of  EB;  therefore  the  remaining 
redangle  AD,  DC  is  equal  to  the  fquare  of  the  tangent  DB. 

But  if  DCA  does  not  pafs  through  the  centre  of  the  circle 
ABC,  take  d  the  centre  E,  and  draw  EF  perpendicular  e  to 

AC,  and  join  EB,  EC<  ED  :  And  becaufe  the  ftraight  line  EF, 
which  palfes  through  the  centre,  cuts  the  ftraight  line  AC, 
which  does  net  pafs  through  the  centre, 
at  right  angles,  it  fhall  likewife  biied  f 
it ;  therefore  AF  is  equal  to  FC  :  And 
becaufe  the  ftraight  line  AC  is  bifeded 
in  F,  and  produced  to  D,  the  redangle 

AD,  DC,  together  with  the  fquare  of 
FC,  is  equal  b  to  the  fquare  of  FD  : 

To  each  of  thefe  equals  add  the  fquare 
ofFE  ;  therefore  the  redangle  AD,  DC, 
together  with  the  fquares  of  CF,  FE, 
is  equal  to  the  fquares  of  DF,  FE  ;  But 
the  fquare  of  ED  is  equal  c  to  the  fquares 
of  DF,  FE,  becaufe  EFD  is  a  right  an¬ 
gle  ;  and  the  fquare  of  EG  is  equal  to 
the  fquares  of  CF,  FE  ;  therefore  the  redangle  AD,  DC,  tc» 
gether  with  the  fquare  of  EC,  is  equal  to  the  fquare  of  ED  : 
And  CE  is  equal  to  EB  ;  therefore  the  redangle  AD,  DC,  to¬ 
gether  with  the  fquare  of  EB,  is  equal  to  the  fquare  of  ED  : 
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But  the  fquares  of  EB,  BD  are  equal  to  the  fquare  c  of  ED,  be- 
caufe  EBD  is  a  right  angle  ;  therefore  the  redtangle  AD,  DCa 
together  with  the  fquare  of  EB,  is  equal  to  the  fquares  of  EB, 
BD  :  Take  away  the  common  fquare  of  EB  ;  therefore  the  re¬ 
maining  redtangle  AD,  DC  is  equal  to  the  fquare  of  DB* 
Wherefore,  if  from  any  point,  Slc.  CL  E.  D. 

Cor.  If  from  any  point  without  a 
circle,  there  be  drawn  two  llraight 
lines  cutting  it,  as  AB,  AC,  the  redt- 
angles  contained  by  the  whole  lines 
and  the  parts  of  them  without  the 
circle,  are  equal  to  one  another,  viz. 
the  rediangle  B  A,  AE  to  the  rediangle 
CA,  AF  :  For  each  of  them  is  equal 
to  the  fquare  of  the  ftraight  line  AD 
which  touches  the  circle. 


PROP.  XXXVII.  THE  OR. 

I  • 

IF  from  a  point  without  a  circle  there  be  drawn  two 
llraight  lines,  one  of  which  cuts  the  circle,  and  the 
other  meets  it ;  if  the  rediangle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without  the 
circle  be  equal  to  the  fquare  of  the  line  which  meets  it, 
the  line  which  meets  fhall  touch  the  circle. 

Let  any  point  D  be  taken  without  the  circle  ABC,  and  from 
It  let  two  ftraight  lmes  DCA  and  DB  be  drawn,  of  which  DCA 
cuts  the  circle,  and  DB  meets  it ;  if  the  redtangle  AD,  DC  be 
equal  to  the  fquare  of  DB  ;  DB  touches  the  circle. 

Draw  a  the  ftraight  line  DE  touching  the  circle  ABC,  find 
its  centre  F,  and  join  FE,  FB,  FD  ;  then  FED  is  a  right  b  an¬ 
gle  :  And  becaufe  DE  touches  the  circle  ABC,  and  DCA  cuts 
it,  the  redtangle  AD,  DC  is  equal  cto  the  fquare  of  DE  :  But 
the  redtangle  AD,  DC  is,  by  hypothefis,  equal  to  the  fquare  of 
DB  :  Therefore  the  fquare  of  DE  is  equal  to  the  fquare  of  DB; 
gnd  the  ftraight  line  DE  equal  to  the  ftraight  line  DB  ;  And 
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I^E  is  equal  to  FB,  wherefore  DE,  EF  are  equal  to  DB,  BF  ;  Bw>k  IIL 
and  the  bafe  FD  is  common  to  the 
two  triangles  DEF,  DBF  ;  therefore 
the  angle  DEF  is  equal d  to  the  angle 
DBF  5  but  DEF  is  a  right  angle, 
therefore  alfo  DBF  is  a  right  angle  : 

And  FB,  if  produced,  is  a  diameter, 
and  the  ftraight  line  which  is  drawn 
at  right  angles  to  a  diameter,  from  O 
the  extremity  of  it,  touches  e  the  cir¬ 
cle-:  Therefore  DB  touches  the  cir¬ 
cle  ABC.  Wherefore,  if  from  a  point, 
fee.  E.  D. 
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DEFINITIONS. 


I. 


A  RECTILINEAL  figure  is  laid  to  be  inferibed  in  ano¬ 
ther  reCtilineal  figure,  when  all  the  angles  of  the  inferib¬ 


ed  figure  are  upon  the  fides  of  the  figure 
in  which  it  is  inferibed,  each  upon  each. 

II. 

In  like  manner,  a  figure  is  faid  to  be  deferibed 
about  another  figure,  when  all  the  fides  of 
the  circumfcribed  figure  pafs  through  the  an¬ 
gular  points  of  the  figure  about  which  it  is  deferibed,  each 
through  each. 

III. 

A  rectilineal  figure  is  faid  to  be  inferibed 
in  a  circle,  when  all  the  angles  of  the  in¬ 
feribed  figure  are  Upon  the  circumfe¬ 
rence  of  the  circle. 

IV. 

A  rectilineal  figure  is  faid  to  be  deferibed  about  a  circle,  when 
each  fideof  t he  cit  cumfcribed  figu re  touch¬ 
es  the  circumference  of  the  circle. 

V. 

In  like  manner,  a  circle  is  faid  to  be  in¬ 
feribed  in  a  rectilineal  figure,  when  the 
circumference  of  the  circle  couches  each 
fide  of  the  figure. 


OF  EUCLID. 
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A  circle  is  faid  to  be  defcribed  about  a  rec¬ 
tilineal  figure,  when  the  circumference  of 
the  circle  pafles  through  all  the  angular 
points  of  the  figure  about  which  it  is  de¬ 
scribed. 

vn. 

A  ftraight  line  is  faid  to  be  placed  in  a  cir¬ 
cle,  when  the  extremities  of  it  are  in  the  circumference  of 
the  circle. 
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PROP.  I.  P  R  6  B. 

•H 

TN  a  given  circle  to  place  a  ftraight  line,  equal  to  a 
given  ftraight  line  not  greater  than  the  diameter  of 
the  circle. 


Let  ABC  be  the  given  circle,  and  D  the  given  ftraight  line, 
hot  greater  than  the  diameter  of  the  circle. 

D  raw  BC  the  diameter  of  the  circle  ABC  ;  then,  if  BC  is 
equal  to  D,  the  thing  required  is  done  3  for  in  the  circle  ABC 
a  ftraight  line  BC  is  placed  e- 
qual  to  D  :  But,  if  it  is  not, 

BC  is  greater  than  D  ;  make 
CE  equal  3  to  D,  and  from  the 
Centre  C,  at  the  diftance  CE, 
defcribe  the  circle  AEF,  and 
join  CA  :  Therefore,  becaufe 
C  is  the  centre  of  the  circle 
AEF,  CA  is  equal  to  CE  ; 
but  D  is  equal  to  CE  ;  therefore  D  is  equal  to  C  A  :  Where¬ 
fore,  in  the  circle  ABC,  a  ftraight  line  is  placed  equal  to  the  giv¬ 
en  ftraight  line  D,  which  is  not  greater  than  the  diameter  of 
the  circle.  Which  was  to  be  done. 


a  3.  r. 
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PROP.  II.  PRO  B. 

IN  a  given  circle  to  infcribe  a  triangle  equiangular  to 

^  a  given  triangle. 
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Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle  \ 
it  is  required  to  infcribe  in  the  circle  ABC  a  triangle  equiangu¬ 
lar  to  the  triangle  DEF. 

Draw  a  the  ftraight  line  GAH  touching  the  circle  in  the 
point  A,  and  at  the  point  A,  in  the  ftraight  line  AHy  make  b 
the  angle  HAG  equal  to  the  angle  DEF ;  and  at  the  point  A, 
in  the  ftraight  line 
AG,  make  the  angle 
GAB  equal  to  the 
angle  DFE,  and  join 
BG  :  Therefore,  be- 
caufe  HAG  touches 
the  circle  ABC,  and 
AC  is  drawn  from 
the  point  of  contact, 
the  angle  HAG  is  e- 
qual  c  to  the  angle 
ABC  in  the  alternate  fegment  of  the  circle  :  But  HAC  is  equal 
to  the  angle  DEF  ;  therefore  alfo  the  angle  ABC  is  equal  to 
DEF  :  For  the  fame  reafon,  the  angle  ACB  is  equal  to  the  angle 
DFE  ;  therefore  the  remaining  angle  BAG  is  equal d  to  the  re¬ 
maining  angle  EDF  :  Wherefore  the  triangle  ABC  is  equian¬ 
gular  to  the  triangle  DEF,  and  it  is  infcribed  in  the  circle 
ABC.  -  Which  was  to  be  done. 


PROP.  III.  PROB. 

\  »  » 

ABOUT  a  given  circle  to  defcribe  a  triangle  equi¬ 
angular  to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle  ; 
it  is  required  to  defcribe  a  triangle  about  the  circle  ABC  equi¬ 
angular  to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H,  and  find  the 
centre  K  of  the  circle  ABC,  and  from  it  draw  any  ftraight  line 
a  23.  1.  KB  ;  at  the  point  K,  in  the  ftraight  line  KB,  make  a  the  angle 
BKA  equal  to  the  angle  DEG,  and  the  angle  BKC  equal  to  the 
angle  DFH  ;  and  through  the  points-  A,  B,  C,  draw  the 
b  i".  3.  ftraight  lines  LAM,  MBN,  NCL,  touching  b  the  circle  ABC  : 

Therefore,  becaufe  LM,  MN,  NL  touch  the  circle  ABC  in  the 
points  A,  B,  C,  to  which  from  the  centre  are  drawn  KA,  KB, 
KC,  the  angles  at  the  points  A,  B,  C,  are  right  c  angles  :  And 
c  1  '  becaufe  the  four  angles  of  the  quadrilateral  figure  AMBK  are 

equal 

. .  1 
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equal  to  four  right  angles,  for  it  can  be  divided  into  two  tri-  BooklV* 
angles  :  and  that  two  of  them  KAM,  KBM  are  right  angles,  the 
other  two  AKB, 

AMBare  equal  to 
two  right  angles : 

But  the  angles 
DEG,  DEF  are 
likewife  equal  ^to 
two  right  angles ; 
therefore  the  an¬ 
gles  AKB,  AMB 
areequaltothe  an¬ 
gles  DEG, DEF, 
of  which  AKB  is 

equal  to  DEG  ;  wherefore  the  remaining  angle  AMB  is  equal 
to  the  remaining  angle  DEF  :  In  like  manner,  the  angle  LNM 
may  be  demonftrated  to  be  equal  to  DFE  ;  and  therefore  the 
remaining  angle  MEN  is  equal  e  to  the  remaining  angle  EDF  :  e  33  r * 
Wherefore  the  triangle  LMN  is  equiangular  to  the  triangle 
DEF:  And  it  is  defer  ibed  about  the  circle  ABC.  Which  was 
to  be  done. 


\ 


P  R  O  P.  IV.  P  R  O  B. 


inferibe  a  circle  in  a  given  triangle. 


See  N. 


Let  the  given  triangle  be  ABC  ;  it  is  required  to  inferibe  a 
circle  in  ABC. 

Bife£t  a  the  angles  ABC,  BCA  by  the  llraight  lines  BD,  CD  a  <?• 
meeting  one  another  in  the  point  D,  from  which  draw  b  DE,  b  x* 
DF,  DG  perpendiculars  to  AB 


iBC,  CA  :  And  becaufe  the  angle 
EBD  is  equal  to  the  angle  FED, 
for  the  angle  ABC  is  bifedled  by 
BD,  and  that  the  right  angle 
BED  is  equal  to  the  right  angle 
BFD,  the  two  triangles  EBD* 
FBD  have  two  angles  of  the  one 
equal  to  two  angles  of  the  other, 
and  the  fide  BD,  which  is  oppo- 
fite  to  one  of  the  equal  angles  in 
each,  is  common  to  both  ;  there¬ 
fore  their  other  fides  fhall  be  c- 


qual  5 
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B°ok  IV*  qual  c  .  wherefore  DE  is  equal  to  DF  :  For  the  fame  reafon* 
DG  is  equal  to  DF  ;  therefore  the  three  ftraight  lines  DE,  DF, 
DG  are  equal  to  one  another,  and  the  circle  deferibed  from  the 
centre  D,  at  the  diftance  of  any  of  them,  lhall  pafs  through  the 
extremities  of  the  other  two,  and  touch  the  llraight  lines  AB, 
EG,  CA,  becaufe  the  angles  at  the  points  E,  F,  G  are  right 
angles,  and  the  llraight  line  which  is  drawn  from  the  extremity 
4  16.  3.  ol  a  diameter  at  right  angles  to  it,  touches  d  the  circle  :  There¬ 
fore  the  llraight  lines  AB,  BC,  CA  do  each  of  them  touch  the 
circle,  and  the  circle  EFG  is  inferibed  in  the  triangle  ABC* 
Which  was  to  be  done. 


PROP.  V.  PROB. 

SeeN.  TP  '  .  .  - 

JL  O  deferibe  a  circle  about  a  given  triangle., 

Let  the  given  triangle  be  ABC  ;  it  is  required  to  deferibe  a 
circle  about  ABC. 

a  10  i.  BiL6l  a  AB,  AC  in  the  points  D,  E,  and  from  thefe  points 
b  XI* *•  draw  DF,  EF  at  right  angles b  to  AB,  AC  ;  DF,  EF  produced 


meet  one  another ;  For,  if  they  do  not  meet,  they  are  parallel, 
wherefore  AB,  AC,  which  are  at  r;ght  angles  to  thjm,  are  pa¬ 
rallel  ;  which  is  abfurd:  Let  them  meet  in  F,  and  join  FA  ; 
alfo,  if  the  point  P'  be  not  in  BC,  join  BP,  CF  :  Then,  becaufe 
AD  is  equal  to  DB,  and  DF  common,  and  at  right  angles  to 
fe4. 1.  AB,  the  bafe  AF  is  equal c  to  the  bafe  FB  :  In  like  manner,  it 
may  be  fhown  that  CP  ?s  equal  to  PA  ;  and  therefore  BF  is 
equal  to  FG  5  and  FA,  FB,  FC  are  equal  to  one  another  ; 

wherefore 
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■wherefore  the  circle  defcribed  from  the  centre  F,  at  the  di-  Book  IV. 
ftance  of  one  of  them,  fhall  oafs  through  the  extremities  of  the 
other  two,  and  be  defcribed  about  the  triangle  ABC.  Which 
was  to  be  done. 

Cor.  And  it  is  manifefl,  that  when  the  centre  of  the  circle 
•falls  within  the  triangle,  each  of  its  angles  is  lefs  than  a  right 
angle,  each  of  them  being  in  a  fegment  greater  than  a  femicircle; 
but,  when  the  centre  is  in  one  of  the  fides  of  the  triangle,  the 
angle  oppofite  to  this  fide,  being  in  a  femicircle,  is  a  right  angle  ; 
and,  if  the  centre  falls  without  the  triangle,  the  angle  oppofite 
to  the  fide  beyond  which  it  is,  being  in  a  fegment  lefs  than  a 
femicircle,  is  greater  than  a  right  angle:  Wherefore,  if  the  < 

given  triangle  be  acute  angled,  the  centre  of  the  circle  falls 
within  it ;  if  it  be  a  right  angled  triangle,  the  centre  is  in  the 
fide  oppofite  to  the  right  angle  ;  and,  if  it  be  an  obtufe  angled 
triangle,  the  centre  falls  without  the  triangle,  beyond  the  fide 
oppofite  to  the  obtufe  angle. 

PROP.  VI.  PROB. 

m 

I  O  infcribe  a  fquare  in  a  given  circle. 

Let  ABCD  be  the  given  circle  ;  it  is  required  to  infcribe  a 
fquare  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to  one  another; 
and  join  AB,  BC,  CD,  DA  ;  becaufe  BE  is  equal  to  ED,  for 
E  is  the  centre,  and  that  EA  is  com¬ 
mon,  and  at  right  angles  to  BD  ;  the 
bafe  BA  is  equal  a  to  the  bafe  AD  ; 
and,  for  the  fame  reafon,  BC,  CD 
are  each  of  them  equal  to  BA  or 
AD  ;  therefore  the  quadrilateral  fi-  JJ 
gure  ABCD  is  equilateral.  It  is  al- 
fo  re&angular  ;  for  the  ftraight  line 
BD,  being  the  diameter  of  the  circle 
ABCD,  BAD  is  a  femicircle;  where¬ 
fore  the  angle  BAD  is  a  right  b  an¬ 
gle  ;  for  the  fame  reafon  each  of  the  angles  ABC,  BCD,  CDA  * 
is  a  right  angle  ;  therefore  the  quadrilateral  figure  ABCD  is 
re&angular,  and  it  has  been  (hewn  to  be  equilateral  ;  therefore  it 
is  a  fquare  ;  and  it  is  infcribed  in  the  circle  ABCD.  Which  was 
to  be  done. 
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PROP.  VII.  P  R  O  B. 


rip 

1  O  defcribe  a  fquare  about  a  given  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  to  defcribe  a 
fquafe  about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  right 
angles  to  one  another,  and  through  the  points  A,  B,  C,  D 
drawaFG,  GH,  HK,  KF  touching  the  circle;  and  becaufe 
FG  touches  the  circle  ABCD,  and  EA  is  drawn  from  the  centre 
E  to  the  point  of  contaCt  A,  the  angles  at  A  are  right  b angles; 
for  the  fame  rCafon,  the  angles  at  the  points  B,  C,  D  are  right 


a  right  angle, as  likewife  is  EBG,  GH 
is  parallel  cto  AC  ;  for  the  fame  rea¬ 
son,  AC  is  parallel  to  FK,  and  in  like 
manner  GF,  HK  may  each  of  them  be 
demonftrated  to  be  parallel  to  BED  ; 
therefore  the  figures  GK,  GC,  AK, 
FB,  BK  are  parallelograms  ;  and  GF 


K 


B 


C  \ E 

V' 

y 

D 


K 


to  FK  ;  and  becaufe  AC  is  equal  to  ^ 

BD,  and  that  AC  is  equal  to  each  of  the  two  GH,  FK  ;  and  BD 
to  each  of  the  two  GF,  HK  :  GH,  FK  are  each  of  them  equal 
to  GF  or  HK  ;  therefore  the  quadrilateral  figure  FGHK  is  e- 
quilateral.  It  is  alfo  rectangular;  for  GBEA  being  a  paralle¬ 
logram,  and  AEB  a  right  angle,  AGB  dis  likewife  a  right  an¬ 
gle  :  In  the  fame  manner,  it  may  be  fhown  that  the  angles  at 
H,  K,  F  are  right  angles  ;  therefore  the  quadrilateral  figure 
FGHK  is  rectangular,  and  it  was  demonftrated  to  be  equilate¬ 
ral  ;  therefore  it  is  a  fquare  ;  and  it  is  defcribed  about  the  circle 
ABCD.  Which  was  to  be  done* 


PROP,  VIII.  PROB. 

T;  •'  _  <  ’ 

O  infcribe  a  circle  in  a  given  fquare. 

Let  ABCD  be  the  given  fquare  ;  it  is  required  to  infcribe  a 
circle  in  ABCD. 

Bife£taeach  of  the  fides  AB,  AD,  in  the  points  F,  E,  and 
through  E  draw  bEIi  parallel  to  AB  or  DC,  and  through  F 

draw 
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draw  FK  parallel  to  AD  or  BC;  therefore  each  of  the  figures  AK,  Boo*  lv» 
KB,  AH,  HD,  AG,  GC,  BG,  GD  is  a  parallelogram,  and  their 
oppoiite  fides  are  equal  c  ;  and  becaufe  AD  is  equal  to  AB,  and  c  34.  1. 
that  AE  is  the  half  of  AD,  and  AK  the  half  of  AB,  AE  is  equal 
to  AF ;  wherefore  the  fides  oppofue  a  q  *»> 

to  thefe  are  equal,  viz.  FG  toGE;  in  1  J 

the  fame  manner,  it  may  be  aemon- 
flrated  that  GH,  GK  are  e^ch  of  them 
equal  to  FG  or  GE  ;  therefore  the 
four  flraight  lines  GE,  GF,  GH,  GK,  F 
are  equal  to  one  another  ;  and  the  cir¬ 
cle  defcribed  from  the  centre  G,  at  the 
defiance  of  one  of  them,  fhall  pafs  thro’ 
the  extremities  of  the  other  three,  and 
touch  the  flraight  lines  AB,  BC,  CD, 


^  Q 

- ] 

K 


H  C 


DA ;  becaufe  the  angles  at  the  points  E,  F,  H,  K  are  right  d  d  29.  x, 
angles,  and  that  the  flraight  line  which  is  drawn  from  the  ex¬ 
tremity  of  a  diameter,  at  right  angles  to  it,  touches  the  circle  e;  e  16.  3, 
therefore  each  of  the  flraight  lines  AB,  BC,  CD,  DA  touches 
the  circle,  which  therefore  is  infcribed  in  the  fquare  ABCD, 
^hich  was  to  be  done. 


PROP.  IX.  PRO  B. 


O  defcribe  a  circle  about  a  given  fquare. 


Let  ABCD  be  the  given  fquare  ;  it  is  required  to  defcribe  a 
circle  about  it. 

Join  AC,  BD  cutting  one  another  in  E  ;  and  becaufe  DA  is 
equal  to  AB,  and  AC  common  to  the  triangles  DAC,  BAG, 
the  two  fides  DA,  AC  are  equal  to  the 
two  BA,  AG,  and  the  bafe  DC  is  equal  ^ 
to  the  bafe  BC  ;  wherefore  the  angle 
DAC  is  equal a  to  the  angle  BAG,  and 
the  angle  DAB  is  bifedled  by  the  llraight 
line  AC  :  In  the  fame  manner,  it  may  be 
demonflrated  that  the  angles  ABC,  BCD, 

CD  A  are  feverally  bife&ed  by  the  flraight 
lines  BD,  AC  ;  therefore,  becaufe  the 
angle  DAB  is  equal  to  the  angle  ABC,  and  that  the  angle 
E AB  is  the  half  of  DAB,  and  EBA  the  half  of  ABC  ;  the 
angle  EAB  is  equal  to  the  angle  EBA ;  wherefore  the  fide 
EA  is  equal b  to  the  fide  Ef» ;  In  the  fam^  manner,  it  may  be  ^  ^ 

demonflrated 
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demonftrated  that  the  ftraight  lines  EC,  ED  are  each  of  then* 
equal  to  EA  or  EB  ;  therefore  the  four  flraight  lines  EA,  EB, 
EC,  ED  are  equal  to  one  another  ;  and  the  circle  defcribed  from 
the  centre  E,  at  the  diftance  of  one  of  them,  {hall  pafs  through 
the  extremities  of  the  other  three,  and  be  defcribed  about  the 
fquare  ABGD.  Which  was  to  be  done. 

PROP.  X.  PROB. 

rlPO  defcribe  an  ifofceles  triangle,  having  each  of  the 
-*•  angles  at  the  bafe  double  of  the  third  angle. 

Take  any  ftraight  line  AB,  and  divide3  it  in  the  point  C,  fa 
that  the  redangle  AB,  BC  be  equal  to  the  fquare  of  CA  ;  and 
from  the  centre  A,  at  the  diftance  AB,  defcribe  the  circle  BDE, 
in  which  place  b  the  ftraight  line  BD  equal  to  AC,  which  is  not 
greater  than  the  diameter  of  the  circle  BDE  ;  join  DA,  DC, 
and  about  the  triangle  ADC  defcribe  c  the  circle  ACD  ;  the 
triangle  ABD  is  fuch  as  is  required,  that  is,  each  of  the  angles 
ABD,  ADB  is  d.uble  of  the  angle  BAD. 

Becaufe  the  redangle  AB,  BC  is  equal  to  the  fquare  of  AC, 
and  that  AC  is  equal  to  BD,  the  redangle  AB,  BC  is  equal  to 
the  fquare  of  BD  ;  and  becaufe 
from  the  point  B  without  the 
circle  ACD  two  ftraight  lines 
BCA,  BD  are  drawn  to  the  cir¬ 
cumference,  one  of  which  cuts, 
and  the  other  meets  the  circle, 
and  that  the  redangle  AB,  BC 
contained  by  the  whole  of  the 
cutting  line,  and  the  part  of  it 
without  the  circle,  is  equal  to  the 
fquare  of  BD  wdnch  meets  it; 
the  ftraight  line  BD  touches  d 
the  circle  ACD  ;  and  becaufe 
BD  touches  the  circle,  and  DC 
is  drawn  from  the  point  of  con- 
tad  D,  the  angle  BDC  is  equal  e  to  the  angle  DAC  in  th& 
alternate  fegment  of  the  circle  ;  to  each  of  thefe  add  the  angle 
CD  A  ;  therefore  the  whole  angle  BDA  is  equal  to  the  two 
angles  CDA,  DAC  ;  but  the  exterior  angle  BCD  is  equal  f  to 
the  angles  CDA,  DAC  ;  therefore  alfo  BDA  is  equal  to  BCD ; 


£ 
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but  BDA  is  equal  g  to  the  angle  CBO,  becaufe  the  fide  AD  Book  IV. 
is  equal  to  the  tide  AB  ;  therefore  CBD,  or  DBA  is  equal  to 
BCD  ;  and  confequently  the  three  angles  BDA,  DBA, 'BCD,  g5’  Im 
are  equal  to  one  another  ;  and  becaufe  the  angle  DBG  is  equal 
to  the  angle  BCD,  the  fide  BD  is  equal h  to  the  fide  DC  ;  buth6.  i» 

BD  was  made  equal  to  CA  ;  therefore  alfo  C  A  is  equal  to  CD, 
and  the  angle  CDA  equal  g  to  the  angle  DAC  ;  therefore  the 
angles  CDA,  DAC  together,  are  double  of  the  angle  DAG  : 

But  BC  )  is  equal  to  the  angles  CDA,  DAC  ;  therefore  alfo 
BCD  is  double  of  DAC,  and  BCD  is  equal  to  each  of  the  an¬ 
gles  BDA,  DBA  ;  each  therefore  of  the  angles  BDA,  DBA 
is  double  of  the  ;>ngle  DAB  ;  wherefore  an  ifofceles  triangle 
ABD  is  defcribed,  having  each  of  the  angles  at  the  bafe  double 
of  the  third  angle.  Which  was  to  be  done. 


PROP.  XL  PRO  B. 

TO  infcribe  an  equilateral  and  equiangular  pentagon 
in  a  given  circle. 


Let  ABCDE  be  the  given  circle  ;  it  is  required  to  infcribe 
an  equilateral  and  equiangular  pentagon  in  the  circle  ABCDE. 

Defcribe  a  an  ifofceles  triangle  FGH,  having  each  of  the  an-  a  xo*  4» 
gles  at  G,  H,  double  of  the  angle  at  F  ;  and  in  the  circle 
ABCDE  infcribe  bthe  triangle  ACD  equiangular  to  the  trian-  b  a<  4» 
gle  FGH,  fo  that  the  angle 
CAD  he  equal  to  the  angle 
at  F,  and  each  of  the  angles 
ACD,  CDA  equal  to  the 
angle  at  G  or  H ;  wherefore 
each  of  the  angles  ACD, 

^  CDA  is  double  of  the  angle 
CAD.  Bifetft  cthe  angles 
At  iD,  CDA  by  the  ftraight 
lines  CE,  DB ;  and  join  AB, 

BC,  DE,  EA.  ABCDE 
is  the  pentagon  required. 

Becaufe  each  of  the  angles  ACD,  CDA  is  double  of  CAD, 
and  are  bife&ed  by  the  ftraight  lines  CE,  DB,  the  five  angles 
DAC,  ACE,  ECD,  CDB,  BDA  are  equal  to  one  another  ; 
but  equal  angles  ftand  upon  equal d  circumferences  ;  therefore  ^  3* 

the  five  circumferences  AB,  BC,  CD,  DE,  EA  are  equal  to  one 

another : 
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another  :  And  equal  circumferences  are  fubtended  by  equal  c 
ftraight  lines  ;  therefore  the  five  ftraight  lines  AB,  BC,  CD, 
DE,  EA  are  equal  to  one  another.  Wherefore  the  pentagon 
ABODE  is  equilateral.  It  is  alfc  equiangular ;  becaufe  the  cir¬ 
cumference  AB  is  equal  to  the  circumference  DE:  If  to  each  be 
added  BCD,  the  whole  ABCD  is  equal  to  the  whole  EDCB  : 
And  the  angle  AED  hands  on  the  circumference  ABCD,  and. 
the  angle  BAE,  on  the  circumference  EDCB  ;  therefore  the 
angle  bAE  is  equal  f  to  the  angle  AED  :  For  the  fame  rea- 
fon,  each  of  the  angles  ABC,  BCD,  CDE  is  equal  to  the  angle 
BAE,  or  AED  :  Therefore  the  pentagon  ABCDE  is  equian¬ 
gular  ;  and  it  has  been  fhown  that  it  is  equilateral.  Where¬ 
fore,  in  the  given  circle,  an  equilateral  and  equiangular  penta^ 
gon  has  been  infcribed.  Which  was  to  be  done. 


PROP.  XII,  P  R  O  B. 


r  I"1 0  defcribe  an  equilateral  and  equiangular  pentagon 
-*•  about  a  given  circle, 

**■  >'11 

Let  ABCDE  be  the  given  circle  ;  it  is  required  to  defcribe 
an  equilateral  and  equiangular  pentagon  about  the  circle 
ABCDE. 

Let  the  angles  of  a  pentagon,  infcribed  in  the  circle,  by  the 
laft  propofition,  be  in  the  points  A,  B,  C,  D,  E,  fo  that  the 
circumferences  AB,  BC,  CD,  DE,  EA  are  equal  a;  and  thro* 
the  points  A,  B,  C,  D,  E  draw  GH,  HK,  KL,  LM,  MG, 
torching  b  the  circle  ;  take  the  centre  F,  and  join  FB,  FK,  FC, 
FL,  FD  :  And  becaufe  the  ftraight  line  KL  touches  the  circle 
ABCDE  in  the  point  C,  to  which  FC  is  drawn  from  the  cen¬ 
tre  F,  FC  is  perpendicular  c  to  KL  ;  therefore  each  of  the  an¬ 
gles  at  C  is  a  right  angle  :  For  the  fame  reafon,  the  angles  at 
the  points  B,  D  are  right  angles  :  And  becaufe  FCK  is  a  right 
angle,  the  fquare  of  FK  is  equal  d  to  the  fquares  ofFC,  CK  : 
For  the  fame  reafon,  the  fquare  of  FK  is  equal  to  the  fquares 
of  FB,  BK  :  Therefore  the  fquares  of  FC,  CK  are  equal  to  the 
fquares  of  FB,  BK,  of  which  the  fquare  of  FC  is  equal  to  the 
fquare  of  FB  ;  the  remaining  fquare  of  CK  is  therefore  equal  to 

the 


/ 


OF  EUCLIDc 


113 


the  remaining  fqnare  of  BK,  and  the  flraight  line  CK  equal  to  Bock  IV. 
BK  :  And  becaufe  FB  is  equal  to  FC,  and  FK  common  to  the 
triangles  BFK,  CFK,  the  two  BF,  FK  are  equal  to  the  two  CF, 

FK  ;  and  the  bafe  BK  is  equal  to  the  bafe  KC  ;  therefore  the 
angle  BFK  is  equal  e  to  the  angle  KFC  and  the  angle  BKF  to  e  g  r> 
FKC  ;  wherefore  the  angle  BFC  is  doub’e  of  the  angle  KFC, 
and  BKC  double  of  FKC  :  For  the  fame  icafon,  the  angl  CFD 
is  double  of  the  angle  CFL.  arid  OLD  double  of  CLF  :  And  be¬ 
caufe  the  circumference  BC  is  equal  to  the  circumference  CD, 


G 
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the  apgle  BFC  is  equal  f  to  the 
angle  CFD  ;  and  BFC  is  dou¬ 
ble  of  the  angle  KFC,  and 
CFD  double  of  CFL  ;  there¬ 
fore  the  angle  KFC  is  equal  to 
the  angle  CFL ;  and  the  right 
angle  FCK  is  equal  to  the  r’ght 
angle  FCL:  Therefore,  in  the 
two  triangles  FKC,  FLC,  there 
are  two  angles  of  one  equal  to 
two  angles  of  the  other,  each 
to  each,  and  the  fide  FC,  which 
is  adjacent  to  the  equal  angles  in  each,  is  common  to  both  ; 
therefore  the  other  fides  Pnall  be  equal  £  to  the  other  fides,  and  g  26. 
the  third  angle  to  the  third  angle :  Therefore  the  flraight  line 
KC  is  equal  to  CL,  and  the  angle  FKC  to  the  angle  FLC  : 

And  becaufe  KC  is  equal  to  CL,  KL  is  double  of  KC  :  In  tne 
fame  manner,  it  may  be  fhown  that  HK  is  double  of  BK  :  And 
becaufe  BK  is  equal  to  KC,  as  was  demon!?4  ated,  and  that  KL 
is  double  of  KC,  and  HK  double  of  BK,  HK  ihall  be  equal  to 
KL  :  In  like  manner,  it  may  be  fhown  that  GH,  GM,  ML 
are  each  of  them  equal  to  HK  or  KL  :  Therefore  the  pentagon 
GHKLM  is  equilateral.  It  is  alfo  equiangular ;  for,  fince  the 
angle  FKC  is  equal  to  the  angle  FLC,  and  that  the  angle  HKL 
is  double  of  the  angle  FKC,  and  KLM  double  of  FLC,  as  was 
before  demonfl rated,  the  angle  HKL  is  equal  to  KLM  :  And 
in  like  manner  it  may  be  fhown,  that  each  of  the  angles  KHG, 
HGM,  GML  is  equal  to  the  angle  HKL  or  KLM  :  There¬ 
fore  the  five  angles  GHK,  HKL,  KLM,  LMG,  MGH  being 
equal  to  one  another,  the  pentagon  GHKLM  is  equiangular  1 
And  it  is  equilateral,  as  was  demonftrated  ;  and  it  is  defcribed 
about  the  circle  ABCDE.  Which  was  to  done. 
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PROP.  XIII.  PROB. 

rT"'*0  infcribe  a  circle  in  a  given  equilateral  and  equi- 
JL  angular  pentagon. 

Let  ABODE  be  the  given  equilateral  and  equiangular  penta¬ 
gon  ;  it  is  required  to  inicribe  a  circle  in  the  pentagon  ABODE. 

Bifeft  a  the  angles  BCD,  ODE  by  the  ftraight  lines  (IF,  DF, 
and  from  the  point  F,  in  which  they  meet,  draw  theftraightlines 
FB,  FA,  FE:  Therefore,  ftnce  BO  is  equal  to  CD,  and  OF  com¬ 
mon  to  the  triangles  BCF,  DCF,  the  two  {ides  BO,  OF  are  equal 
to  the  two  DO,  OF  ;  and  the  angle  BCF  is  equal  to  the  angle 
DCF  ;  therefore  the  bafe  BF  is  equal  bto  the  bafe  FD,  and  the 
other  angles  to  the  other  angles,  to  which  the  equal  (ides  are  op- 
polite  ;  therefore  the  angle  CBF  is  equal  to  the  angle  CDF:  And 
becaufe  the  angle  CDE  is  double  of  CDF,  and  that  CDE  is  equal 
to  CB  A,  and  CDF  to  CBF;  CBA 
is  alfo  double  of  the  angle  CBF  5 
therefore  the  angle  ABF  is  equal 
to  the  angle  CBF ;  wherefore  the 
angle  ABC  is  bifedted  by  the 
ftraight  line  BF  :  In  the  fame 
manner  it  may  be  demonftrated, 
that  the  angles  BAE,  AED,  are 
bifedled  by  the  ftrr  tght  lines  AF, 

FE  :  From  the  point  F  draw  c 

FG,  FH,  FK,  FL,  FM  perpen-v 
diculars  to  the  ftraight  lines  AB, 

BC,  CD,  DE,  EA:  And  be¬ 
caufe  the  angle  HCF  is  equal  to 
KCF,  and  the  right  angle  FHC  equal  to  the  right  angle  FKC; 
in  the  triangles  FHC,  FKC  there  are  two  angles  of  one  equal 
to  two  angles  of  the  other,  and  the  fide  FC,  which  is  oppofite 
to  one  of  the  equal  angles  in  each,  is  common  to  both;  therefore 
the  other  ftdes  ihall  be  equal  d,  each  to  each  ;  wherefore  the 
perpendicular  FH  is  equal  to  the  perpendicular  FK :  In  the  fame 
manner  it  may  be  demonftrated  that  FL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK  :  Therefore  the  five  ftraight  lines  FG, 

FH,  FK,  FL,  FM  are  equal  to  one  another  :  Wherefore  the  cir¬ 
cle  defcribed  from  the  centre  F,  at  the  diftance  of  one  of  thefe 
five,  fiaaii  pafs  through  the  extremities  of  the  other  four,  and 

touch 
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its 

toncli  the  ftraight  lines  AB,  BC,  CD,  DE,  EA,  becaufe  the  Book  I v. 
angles  at  the  points  G,  H,  K,  L,  M  are  right  angles  ;  and  that  {^>Y^ 
a  ftraight  line  drawn  from  the  extremity  of  the  diameter  of  a 
circle  at  right  angles  to  it,  touches  e  the  circle:  Therefore  each  c  16.3a 
<of  the  ftraight  lines  AB,  BC,  CD,  DE,  EA  touches  the  circle; 
Wherefore  it  is  infcribed  in  the  pentagon  ABCDE.  Which 
Was  to  be  done. 


PROP.  XIV.  PROS; 

^0  defcribe  a  circle  about  a  given  equilateral  and 
I  equiangular  pentagon. 

’  C-  •  i  1 

Let  ABCDE  be  the  given  equilateral  and  equiangular  pen¬ 
tagon  ;  it  is  required  to  defcribe  a  circle  about  it. 

Bife£t  a  the  angles  BCD,  CDE  by  the  ftraight  lines  CF,  FD,  a  9.  fa 
and  from  the  point  F,  in  which  they  meet,  draw  the  ftraight 
lines  FB,  FA,  FE  to  the  points  B, 

A,  E.  It  may  be  demotlftrated,  in 
the  fame  manner  as  in  the  preceding 
propofition,  that  the  angles  CBA, 

BAE,  AE.D  are  bifefled  by  the 
ftraight  lines  FB,  FA,  FE  :  And 
becaufe  the  angle  BCD  is  equal  to 
the  angle  CDE,  and  that  FCD  is 
the  half  of  the  angle  BCD,  and  CDF 
the  half  of  CDE  ;  the  angle  FCD  is  C 
equal  to  FDC  ;  wherefore  the  fide 
CF  is  equal b  to  the  fide  FD  :  In  like  manner  it  may  be  demon-  , 
ftrated  that  FB,  FA,  FE  are  each  of  them  equal  to  FC  or  FD  :  ^  ^ 
Therefore  the  five  ftraight  lines  FA,  FB,  FC,  FD,  FE  are 
equal  to  one  another ;  and  the  circle  defcribed  from  the  centre 
F,  at  the  diftance  of  one  of  them,  fhall  pafs  through  the  extre¬ 
mities  of  the  other  four,  and  be  defcribed  about  the  equilateral 
&nd  equiangular  pentagon  ABCDE.  Which  was  to  be  done. 
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PROP.  XV.  P  R  O  B. 

TO  infcri be  an  equilateral  and  equiangular  hexagon 
in  a  given  circle. 

Let  ABCDEF  be  the  given  circle ;  it  is  required  to  inferibe 
an  equilateral  and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  draw  the  di¬ 
ameter  AGD  ;  and  from  D  as  a  centre,  at  the  diftance  DG, 
deferibe  the  circle  EGCH,  join  EG,  CG,  and  produce  them 
to  the  points  B,  F  ;  and  join  AB,  BC,  CD,  DE,  EF,  FA  :  The 
hexagon  ABCDEF  is  equilateral  and  equiangular. 

Becaufe  G  is  the  centre  of  the  circle  ABCDEF,  GE  is  equal 
to  GD  :  And  becaufe  D  is  the  centre  of  the  circle  EGCH,  DE 
is  equal  to  DG  ;  wherefore  GE  is  equal  to  ED,  and  the  tri¬ 
angle  EGD  is  equilateral ;  and  therefore  its  three  angles  EGD, 
GDE,  DEG  are  equal  to  one  another,  becaufe  the  angles  at 
the  bafe  of  an  ifofcetes  triangle  are  equal  a  ;  and  the  three  angles 
of  a  triangle  are  equal  hto  two  right  angles  ;  therefore  the 
angle  EGD  is  the  third  part  of  two  right  angles  :  In  the  fame 
manner  it  may  be  demonftrated  that 
the  angle  DGC  is  alfo  the  third  part 
of  two  right  angles  :  And  becaufe  the 
flraight  line  GC  makes  with  EB  the 
adjacent  angles  EGC,  CGB  equal  c 
to  two  right  angles  5  the  remaining 
angle  CGB  is  the  third  part  of  two 
right  angles  ;  therefore  the  angles 
EGD,  DGC,  CGB,  are  equal  to  one 
another  :  And  to  thefe  are  e.qual  d  the 
vertical,  oppofite  angles  BGA,  AGF, 

FGE:  Therefore  the  fix  angles  EGD, 

DGC,  CGB,  BGA,  AGF,  FGE 
are  equal  to  one  another  :  But  equal 
angles  Hand  upon  equal  e  circumfe-  !HI 

rences  ;  therefore  the  fix  circumfe¬ 
rences  AB,  BC,  CD,  DE,  Ef ,  FA  are  equal  to  one  another ; 
And  equal  circumferences  are  fubtended  by  equal f  flraight 
lines  ;  therefore  the  fix  flraight  lines  are  equal  to  one  another, 
and  the  hexagon  ABCDEF  is  equilateral.  It  is  alfo  equiangu¬ 
lar  ;  for,  fince  the  circumference  AF  is  equal  to  ED,  to  each  o£ 
thefe  add  the  circumference  ABCD  ;  therefore  the  whole  cir¬ 
cumference  FAB  CD.  ihaU  be  equal  to  the  whole  EDCBA  : 

And 
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And  the  angle  FED  {lands  upon  'he  circumference  FA  BCD,  Eo  * 
and  the  angle  AFE  upon  EDCB  A  ;  therefore  the  angle  AFE 
is  equal  to  FED  :  In  the  fame  manner  it  may  be  demouftrated 
that  the  other  angles  of  the  hexagon  ABCDEF  are  each  cf 
them  equal  to  the  angle  AFE  or  LED  :  Therefore  the  hexagon 
is  equiangular  5  and  it  is  equilateral,  as  was  fhown  ;  and  it  is 
inferibed  in  the  given  circle  ABCDEF  Which  was  to  be  done. 

Cor.  From  this  it  is  man 'fed,  thai  the  fide  of  the  hexagon 
is  equal  to  the  flraight  line  from  the  centre,  that  is,  to  the  fe- 
midiameter  of  the  circle. 

And  if  through  the  points  A.  B,  C,  D,  E,  F  there  be  drawn 
flraight  lines  touching  the  circle,  an  equilateral  and  equiangu¬ 
lar  hexagon  fhall  be  defeubed  about  it,  which  may  be  demon- 
flrated  from  wiiat  has  been  faid  of  the  pentagon  ;  and  likewife  a 
circle  may  be  inferibed  in  a  given  equilateral  and  equiangular 
hexagon,  and  circamfcribed  about  it,  by  a  method  like  to  that 
ufed  for  the  pentagon. 


PROP.  XVI.  P  R  O  B. 


x 


O  inferibe  an  equilateral  and  equiangular  quinde-  See  N, 
cagon  in  a  given  circle. 


Let  ABCD  be  the  given  circle  ;  it  is  required  to  inferibe  an 
equilateral  and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  be  the  fide  of  an  equilateral  triangle  inferibed  a  in  a  2.  4. 
the  circle,  and  AB  the  fide  of  an  equilateral  and  equiangular 
pentagon  inferibed  b  in  the  fame  ;  therefore,  of  fuch  equal  parts  b  11.4, 
as  the  whole  circumference  ABCDF  contains  fifteen,  the  cir¬ 
cumference  ABC,  being  the  third 
part  of  the  whole,  contains  five ;  and 
the  circumference  AB,  which  is  the 
fifth  part  of  the  whole,  contains 
three  ;  therefore  BC  their  difference 
containes  two  of  the  fame  parts  :  Pi¬ 
led.  c  BC  in  E  ;  therefore  BE,  EC 
are,  each  of  them,  the  fifteenth  part  „ 
of  the  whole  circumference  ABCD  :  v 
Therefore,  if  the  flraight  lines  BE, 

EC  be  drawn,  and  flraight  lines  equal  to  them  be  placed  ddi.4> 
around  in  the  whole  circle,  an  equilateral  and  equiangular  quin¬ 
decagon  fhall  be  inferibed  in  it.  Which  was  to  be  done. 

H  3  And 
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And,  in  the  fame  manner  as  was  done  in  the  pentagon,  if, 
through  the  points  cf  divifion  made  by  infcribing  the  quinde-. 
cagon,  ltraight  lines  be  drawn  touching  the  circle,  an  equila- 
tei  a)  and  equiangular  quindecagon  fhall  be  defcribed  about  it  : 
And  likewife,  as  in  the  pentagon,  a  circle  may  be  infcribed  in  a 
given  equilateral  and  equiangular  quindecagon,  and  circum- 
fcribea  about  it. 
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DEFINITIONS. 


L  / 

A  LESS  magnitude  is  faid  to  be  a  part  of  a  greater  mag¬ 
nitude,  when  the  lefs  meafures  the  greater,  that  is, 
f  when  the  lefs  is  contained  a  certain  number  of  times  exactly  . 

‘  in  the  greater,’ 

II. 

A  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the 
greater  is  meafured  by  the  lefs,  that  is,  ‘  when  the  greater 
*  contains  the  lefs  a  certain  number  of  times  exactly.’ 

III. 

‘  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  fame  See  N. 
‘  kind  to  one  another,  in  refpeft  of  quantity.’ 

.  '  1  IV. 

Magnitudes  are  faid  to  have  a  ratio  td  one  another,  when  the 
lefs  can  be  multiplied  fo  as  to  exceed  the  other. 

V. 

The  firft  of  four  magnitudes  is  faid  to  have  the  lame  ratio  to  the 
the  fecond,  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatfoever  of  the  firft  and  third  being  taken, 
and  any  equimultiples  whatfoever  of  the  fecond  and  fourth  ; 
if  the  multiple  of  the  firft  be  lefs  than  that  of  the  fecond, 
the  multiple  of  the  third  is  alfo  lefs  than  that  of  the  fourth  ; 
or,  if  the  multiple  of  the  firft  be  equal  to  that  of  the  fecond, 
the  multiple  of  the  third  is  alfo  equal  to  that  of  the  fourth  ; 
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or,  it  tnc  Gf  tbe  firft  be  greater  than  that  of  the  fe~ 

cond,  the  multiple  oi  iut  n  *o  eJ(b  greater  than  that  of 
the  fourth. 

VI. 

Magnitudes  which  have  the  fame  ratio  are  called  p^sortionals. 
N.  B.  ‘  When  four  magnitudes  are  proportionals,  it  is 
‘  ufually  exprefled  by  faying,  the  firft  is  to  the  fecond,  as  the 
*  third  to  the  fourth.’ 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  in 
the  fifth  definition)  the  rpultiple  of  the  firlt  is  greater  thap 
that  of  the  fecond,  but  the  multiple  of  the  third  is  not  great¬ 
er  than  the  mult  pie  of  the  fourth  ;  then  the  firft  is  faid  to 
have  to  the  fecond  a  greater  ratio  than  the  third  magnitude 
has  to  the  fourth  ;  and,  on  the  contrary,  the  third  is  faid 
to  have  to  the  fourth  a  lefs  ratio  than  the  firft  has  to  the 
fecond. 

VIII. 

Analogy,  or  proportion,  is  the  fimilitude  of  ratios.” 

IX. 

Proportion  confifts  in  three  terms  at  leaft. 

X. 

When  three  magnitudes  are  proportionals,  the  firft  is  faid  to 
have  to  the  third  the  duplicate  ratio  of  that  which  it  has  to 
the  fecond. 

XI. 

When  four  magnitudes  are  continual  proportionals,  the  firft  is 
faid  to  have  to  the  fourth  the  triplicate  ratio  of  that  which  it 
has  to  the  fecond,  and  fo  on,  quadruplicate,  &c.  increafing 
t;he  denomination  ftill  by  unity,  in  any  number  of  propor¬ 
tionals. 

Definition  A,  to  wit,  of  compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  fame  kind, 
the  firft  is  faid  to  have  to  the  laft  of  them  the  ratio  com¬ 
pounded  of  the  ratio  which  the  firft  has  to  the  fecond,  and 
of  the  ratio  which  the  fecond  has  to  the  third,  and  of  the 
ratio  which  the  third  has  to  the  fourth,  and  fo  on  unto  the 
laft  magnitude. 

For  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  fame 
kind,  the  firft  A  is  faid  to  have  to  the  laft  D  the  ratio  com¬ 
pounded  of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C, 
and  of  the  ratio  of  C  to  D  ;  or,  the  ratio  of  A  to  D  is  faid  to 
he  compounded  of  the  ratios  of  A  to  B,  B  to  C,  and  C  to  D  : 

And 
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And  if  A  has  to  B  the  fame  rutio  which  E  has  to  F  ;  and  B 
to  C,  the  fame  ratio  that  G  has  m  H;  and  C  to  jl),  tne  fame 
that  K.  has  to  L  j  then,  by  tins  definition,  A  is  faid  to  have 
to  D  the  ratio  compounded  of  ratios  which  are  the  fame  with 
the  ratios  of  E  to  F,  G  to  H,  and  K.  to  L  :  ■  nd  the  fame 

thing  is  to  be  underftood  when  it  is  more  briefly  expreflcd, 
by  faying  A  has  to  D  the  ratio  compounded  ot  the  ratios  of 
E  to  F,  G  to  H,  and  K  to  L. 

In  like  maimer,  the  fame  things  being  fuppofed,  if  M  has  to  N 
the  fame  ratio  which  A  has  to  D  ;  then,  for  ihortnefs  fake, 
M  is  faid  to  have  to  N,  the  ratrn  compounded  of  the  ratios 
of  E  to  F,  G  to  H,  and  K  to  L. 

XII. 

In  proportionals,  the  antecedent  terms  are  called  homologous 
to  one  another,  as  alfo  the  confequents  to  one  another. 

4  Geometers  make  ufe  of  the  following  technical  words  to  fig- 

*  nify  certain  ways  of  changing  either  the  order  or  magni- 

*  tude  of  proportionals,  fo  as  that  they  continue  Hill  to  be 
4  proportionals.’ 

XIII. 

Permutando,  or  alternando,  by  permutation,  or  alternately  ; 
this  word  is  ufed  when  there  are  four  p; oportionals,  and  it 
is  inferred,  that  the  firft  has  the  fame  ratio  to  the  third,  which 
the  fecond  has  to  the  fourth  ;  or  that  the  firft  is  to  the  third, 
as  the  fecond  to  the  fourth  :  As  is  Ihewn  in  the  i6th  pi  op. 
of  this  tth  book. 

XIV.  f  ^  ' 

Invertendo,  by  iaverfion :  When  there  are  four  proportionals, 
and  it  is  inferred,  that  the  fecond  is  to  the  firft,  as  the  fourth 
to  the  third,.  Prop.  B.  book  5. 

XV. 

Componendo,  by  compofition  ;  when  there  are  four  proportion¬ 
als,  and  it  is  inferred,  that  the  firft,  together  with  the  fecond^ 
is  to  the  fecond,  as  the  third,  together  with  the  fourth,  is  th 
the  fourth.  18th  prop,  book  5. 

XVI. 

Dividendo,  by  divifion  ;  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  excefs  of  the  firft  above  the  fecond,  is 
to  the  fecond,  as  the  excefs  of  the  third  above  the  fourth,  is 
to  the  fourth.  17th  prop,  book  5. 

XJVII. 

,  <Convertendo,  by  converfion  ;  when  there  are  four  proportion¬ 
als,  audit  is  inferred,  that  the  firft  is  to  its  excefs  above  the 

fecond, 
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fecond,  as  the  third  to  its  excefs  above  the  fourth.  Prop.  E. 
book  5. 

XVIII. 

Ex  aequali  (fc.  diftantia),  or  ex  aequo,  from  equality  of  diftance ; 
when  there  is  any  number  of  magnitudes  more  than  two, 
and  as  many  others,  fo  that  they  are  proportionals  when  ta¬ 
ken  two  and  two  of  each  rank,  and  it  is  inferred,  that  the 
iirft  is  to  the  laft  of  the  firft  rank  of  magnitudes,  as  the  fir  ft. 
is  to  the  laft  of  the  others  :  ‘  Of  this  there  are  the  two  fol- 

*  lowing  kinds,  which  uriie  from  the  different  order  in  which 

*  the  magnitudes  are  taken  two  and  two.’ 

XIX. 

► 

Ex  aequali,  from  equality  ;  this  term  is  ufed  ftmply  by  itfelf, 
when  the  firft  magnitude  is  to  the  fecond  of  the  firft  rank, 
as  the  firft  to  the  fecond  of  the  other  rank  ;  and  as  the  fecond 
is  to  the  third  of  the  firft  rank,  fo  is  the  fecond  to  the  third 
of  the  other  ;  and  fo  on  in  order,  and  the  inference  is  as  men¬ 
tioned  in  the  preceding  definition  ;  whence  this  is  called  or¬ 
dinate  proportion.  It  is  demonftrated  in  2  2d  prop,  book  5. 

XX. 

Ex  aequali,  in  proportione  perturbata,  feu  inordinata,  from  e- 
quality,  in  perturbate  or  diforderly  proportion  *  ;  this  term 
is  ufed  when  the  firft  magnitude  is  to  the  fecond  of  the  firft 
rank,  as  the  laft  but  one  is  to  the  laft  of  the  fecond  rank;  and 
as  the  fecond  is  to  the  third  of  the  firft  rank,  fo  is  the  laft 
but  two  to  the  lalt  but  one  of  the  fecond  rank  ;  and  as  the 
third  is  to  the  fourth  of  the  firft  rank,  fo  is  the  third  from 
the  laft  to  the  laft  but  two  of  the  fecond  rank;  and  fo  on  in 
a  crofs  order  :  And  the  inference  is  as  in  the  18  th  definition 
It  is  demonftrated  in  the  23d  prop,  of  book  5. 
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AXIOMS. 

i. 

Equimultiples  of  the  fame,  or  of  equal  magnitudes,  are 
equal  to  one  another. 

II.  Thofe 

*  4  Prop.  lib.  2.  Archimcdis  de  fphsera  et  cylindro. 
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IT. 

Thofe  magnitudes  of  which  the  fame,  or  equal  magnitudes,  are 
equimultiples,  are  equal  to  one  another. 

m. 

A  multiple  of  a  greater  magnitude  is  greater  than  the  fame 
multiple  of  a  lefs. 

IV. 

That  magnitude  of  which  a  multiple  is  greater  than  the  fame 
multiple  of  another,  is  greater  than  that  other  magnitude, 

PROP.  I.  T  H  E  O  R. 

|  F  any  number  of  magnitudes  be  equimultiples  of  as 
many,  each  of  each  ;  what  multiple  foever  any  one 
of  them  is  of  its  part,  the  fame  multiple  {hall  all  the  firft 
magnitudes  be  of  all  the  other,  ^ 

Let  any  number  of  magnitudes  AB,  CD  be  equimultiples  of 
as  many  others  E,  F,  each  of  each  ;  whatfoever  multiple  AB 
is  cfE,  the  fame  multiple  lhallAB  and  CD  together  be  of  E 
gnd  F  together. 

Becaufe  AB  is  the  fame  multiple  of  E  that  CD  is  of  F,  as 
many  magnitudes  as  are  in  AB  equal  to  E,  fo  many  are  there 
in  CD  equal  to  F.  Divide  AB  into  magni- 
tudes  equal  to  E,  viz,  AG,  GB  ;  and  CD  into 
CH,  HD  equal  each  of  them  to  F :  The  num¬ 
ber  therefore  of  the  magnitudes  CH,  HD  lhall  G 
be  equal  to  the  number  of  the  others  AG,  GB : 

And  becaufe  AG  is  equal  to  E,  and  CH  to  n 
F,  therefore  AG  and  CH  together  are  equal 
to  a  E  and  F  together  ;  For  the  fame  reafon, 
becaufe  GB  is  equal  to  E,  and  HD  to  F  ;  GB 
and  HD  together  are  equal  to  E  and  F  together. 

Wherefore,  as  many  magnitudes  as  are  in  AB 
equal  to  E,  fo  many  are  there  in  AB,  CD  to¬ 
gether  equal  to  E  and  F  together.  There¬ 
fore,  whatfoever  multiple  AB  is  of  E,  the  fame 
multiple  is  AB  and  CD  together  of  E  and  F 
together. 

Therefore,  if  any  magnitudes,  how  many  foever,  be  equi¬ 
multiples  of  as  many,  each  of  each,  whatfoever  multiple  any 
one  of  them  is  of  its  part,  the  fame  multiple  lhall  all  the  firll 
magnitudes  be  of  all  the  other  ;  ‘  For  the  fame  dcmonftration 
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4  holds  in  any  number  of  magnitudes,  which  was  here  applied 
4  to  two.’  CL  E.  D. 

PROP.  II.  THE  OR. 


IF  the  firft  magnitude  be  the  fame  multiple  of  the  fe* 
cond  that  the  third  is  of  the  fourth,  and  the  fifth  the 
fame  multiple  of  the  fecond  that  the  fixth  is  of  the 
fourth;  then  fhall  the  firft  together  with  the  fifth  be  the 
fame  multiple  of  the  *econd,  that  the  thud  together  with 
the  fixth  is  of  the  fourth. 


Let  AB  the  firft,  be  the  fame  multiple  of  C  the  fecond,  that 
DE  the  third  is  of  F  the  fourth  ;  and  BG  the  fifth,  the  fame 
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multiple  of  C  the  fecond,  that  EH 
the  fixth  is  of  F  the  fourth :  Then 
is  AG  the  firft,  together  with  the 
fifth,  the  fame  multiple  of  C  the 
fecond,  that  DH  the  third,  together 
with  the  fixth,  is  of  F  the  fourth. 

Becaufe  AB  is  the  fame  multiple 
of  C,  that  DE  is  of  F  ;  there  are  as 
many  magnitudes  in  AB  equal  to  C, 
as  there  are  in  DE  equal  to  F:  In  like  ^ 
manner,  as  many  as  there  are  in  BG  equal  to  C,  fo  many  are 
there  in  EH  equal  to  F  :  As  many,  then,  as  are  in  the  whole 
AG  equal  to  C,  fo  many  are  there  in  the  whole  DH  equal  to 
F  :  therefore  AG  is  the  fame  multiple  of  C,  that  DH  is  of  F  ; 
that  is,  AG  the  firft  and  fifth  together,  is 
the  fame  multiple  of  the  fecond  C,  that 
DH  the  third  and  fixth  together  is  of  the  a 
fourth  F.  If  therefore,  the  firft  be  the 
fame  multiple,  &.c.  E.  D.  . 

JB" 
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Cor.  ‘  From  this  it  is  plain,  that,  if  any 
4  number  of  magnitudes  AB.  BG,  GH, 
4  be  multiples  of  another  C  ;  and  as  many 
4  DE,  EK,  KL  be  the  fame  multiples  of 
4  F,  each  of  each  ;  the  whole  of  the  firft, 
4  viz.  AH,  is  the  fame  multiple  of  C, 

■  that  the  whole  of  the  laft,  viz.  DL,  is 
«  of  F.? 
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PROP.  III.  THE  OR. 

IF  the  firfl  be  the  fame  multiple  of  the  fecond,  which 
the  third  is  of  the  fourth ;  and  if  of  the  firfl  and 
third  there  be  taken  equimultiples,  thefe  {hall  be  equi¬ 
multiples,  the  one  of  the  fecond,  and  the  other  of  the 
fourth. 

Let  A  the  firfl,  be  the  fame  multiple  of  B  the  fecond,  that 
C  the  third  is  of  D  the  fourth  ;  and  of  A,  C  let  the  equimul¬ 
tiples  EF,  GH  be  taken  :  Then  EF  is  the  fame  multiple  of  B, 
that  GH  is  of  D. 

Becaufe  EF  is  the  fame  multiple  of  A,  that  GH  is  of  C* 
there  are  as  many  magnitudes  in  EF  equal  to  A,  as  are  in  GH 
equal  to  C  Let  EF  be  di¬ 
vided  into  the  magnitudes 
EK,KF,  each  equal  to  A, 
and  GH  into  GL,  LH, 
each  equal  toC  :  The  num¬ 
ber  therefore  of  the  magni¬ 
tudes  EK,  KF,  ftiall  be  e- 
qual  to  the  number  of  the 
others  GL.  LH  :  And  be¬ 
caufe  A  is  the  fame  multi¬ 
ple  of  B,  that  C  is  of  D, 
and  that  EK  is  equal  to  A, 
and  GL  to  C  ;  therefore 
EK  is  the  fame  multiple 
of  B,  that  GL  is  of  D  :  For 
the  fame  reafon,  KF  is  the  fame  multiple  of  B,  that  LH  is  of 
D  ;  and  fo,  if  there  be  more  p 'i  ts  in  EF,  GH  equal  to  A  C  : 
Becaufe,  therefore,  the  firfl  EK  is  the  fame  multiple  of  the  fe¬ 
cond  B,  which  the  third  GL  is  of  the  fourth  D,  and  that  the 
fifth  KF  is  the  fame  multiple  of  the  fecond  B,  which  the  fixth 
LH  is  of  the  fourth  D  ;  EF  the  firft,  together  with  the  fifth,  is 
the  fame  multiple  a  of  the  fecond  B,  which  GH  the  third,  to¬ 
gether  with  the  fixth,  is  of  the  fourth  D.  If,  therefore,  the 
firft,  &c.  Q^E.  D. 
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PROP.  IV*  THE  OR. 


See  N.  TF  the  firft  of  four  magnitudes  has  the  fame  ratio  td 
-*•  the  fecond  which  the  third  has  to  the  fourth ;  then 
any  equimultiples  whatever  of  the  firft  and  third  fhall 
have  the  fame  ratio  to  any  equimultiples  of  the  fecond 
and  fourth,  viz*  ‘  the  equimultiple  of  the  firft  fhall  have 
4  the  fame  ratio  to  that  of  the  fecond,  which  the  equi- 
s  multiple  of  the  third  has  to  that  of  the  fourth.5 


a  3*  5- 
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Let  A  the  firft,  have  to  B  the  fecond,  the  fame  ratio  which 
the  third  C  has  to  the  fourth  D  ;  and  of  A  and  C  let  there  be 
taken  any  equimultiples  whatever 
E,  F  ;  and  of  B  and  D  any  equi¬ 
multiples  vdiatever  G,  H  :  Then 
E  has  the  fame  ratio  to  G,  which 
F  has  to  H. 

Take  of  E  and  F  any  equimul¬ 
tiples  whatever  K,  L,  and  of  G, 

H,any  equimultiples  whatever  M, 

N  :  Then,  becauie  E  is  the  lame 
multiple  of  A,  that  F  is  of  C  ; 
and  of  E  and  F  have  been  taken 
equimultiples  K,  L  ;  therefore  K 
is  the  fame  multiple  of  A,  that  L 
is  of  G  3  :  For  the  fame  reafon,  M 
is  the  fame  multiple  of  B,  thatN 
is  of  D  :  And  becaufe,  as  A  is  to 
b  Hypoth.  B,  fo  is  C  to  D  b,  and  of  A  and 
C  have  been  taken  certain  equi¬ 
multiples  K,  L  ;  and  of  B  and  D 
have  been  taken  certain  equimul¬ 
tiples  M,  N  ;  if  therefore  K  be 
greater  than  M,  L  is  greater  than 
N  ;  and  if  equal,  equal ;  if  lefs, 
c  5.  def.  5.  lefs  c.  And  K,  L  are  any  equi¬ 
multiples  whatever  of  E,  F  ;  and 
M,  N  any  whatever  of  G,  H  : 

As  therefore  E  is  to  G,  fo  is  CF 
to  H.  Therefore,  if  the  firft,  See. 

Q^E.  D. 

Cor.  Like  wife,  if  the  firft  has  the  fame  ratio  to  the  fecond, 
which  the  third  has  to  the  fourth,  then  alfo  any  equimultiples 

whatever 
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whatever  of  the  firft  and  third  have  the  fame  ratio  to  the  fe-  Boot  V. 

cond  and  fourth  :  And  in  like  manner,  the  firft  and  the  third 

'  / 

have  the  fame  ratio  to  any  equimultiples  whatever  of  the  fecond 
and  fourth. 

Let  A  the  firft,  have  to  B  the  fecond,  the  fame  ratio  which 
the  third  C  has  to  the  fourth  D,  and  of  A  and  C  Jet  E  and  F 
be  any  equimultiples  whatever ;  then  E  is  to  B,  as  F  to  D. 

Take  of  E,  F  any  equimultiples  whatever  K,  L,  and  of  B, 

D  any  equimultiples  whatever  G,  H ;  then  it  may  be  demon- 
ftrated,  as  before,  that  K  is  the  fame  multiple  of  A,  that  L  is 
of  C  :  And  becaufe  A  is  to  B,  as  C  is  to  D,  and  of  A  and  C 
certain  equimultiples  have  been  taken,  viz.  K  and  L  ;  and  of 
B  and  D  certain  equimultiples  G,  H  ;  therefore,  if  K  be  greater 
than  G,  L  is  greater  than  H  ;  and  if  equal,  equal ;  if  lefs,  lefs  c  :  c  5.  Def.  /, 
And,  K,  L  are  any  equimultiples  of  E,  F,  and  G,  H  any  what¬ 
ever  of  B,  D  ;  as  therefore  E,  is  to"  B,  fo  is  F  to  D  :  And  in  the 
fame  way  the  other  cafe  is  demonftrated. 

PROP.  V.  T  H  E  O  R. 

F  one  magnitude  be  the  fame  multiple  of  another,  see  N, 

|_  which  a  magnitude  taken  from  the  firft  is  of  a  mag¬ 
nitude  taken  from  the  other  ;  the  remainder  lhall  be  the 
fame  multiple  of  the  remainder,  that  the  whole  is  of  the 
whole. 


Let  the  magnitude  AB  be  the  fame  multiple 
of  CD,  that  AE  taken  from  the  firft,  is  of  CF 
taken  from  the  other  ;  the  remainder  EB  fiiall 
be  the  fame  multiple  of  the  remainder  FD,  that 
the  whole  AB  is  of  the  whole  CD. 

Take  AG  the  fame  multiple  of  FD,  that 
AE  is  of  CF  :  therefore  AE  is  a  the  fame  mul¬ 
tiple  of  CF,  that  EG  is  of  CD  :  But  AE,  by 
the  hypothecs,  is  the  fame  multiple  of  CF,  that 
AB  is  of  CD  :  Therefore  EG  is  the  fame  mul¬ 
tiple  of  CD  that  AB  is  of  CD  ;  wherefore  EG 
is  equal  to  ABE  Take  from  them  the  common 
magnitude  AE  ;  the  remainder  AG  is  equal  to 
the  remainder  EB.  Wherefore,  fince  AE  is 
the  fame  multiple  of  CF,  that  AG  is  of  FD,  * 
and  that  AG  is  equal  to  EB  ;  therefore  AE  is  the  fame  multiple 
of  CF,  that  EB  is  of  FD  :  But  AE  is  the  fame  multiple  of  CF, 

that 
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Bonk  v.  that  AB  is  of  CD  ;  therefore  EB  is  the  fame  multiple  of  FD, 
that  AB  is  of  CD.  Therefore,  if  any  magnitude,  See.  Q^E.  D. 

PROP.  VI.  XHEOR. 

T  F  two  magnitudes  be  equimultiples  of  two  others,  and 
if  equimultiples  of  theie  be  taken  from  the  firft  two, 
the  remainders  are  either  equal  to  thefe  others,  or  equi¬ 
multiples  of  them. 

Let  the  two  magnitudes  AB,  CD  he  equimultiples  of  the  two 
E,  F,  and  AG,  CH  taken  from  the  firft  two  be  equimultiples 
of  the  fame  E,  F  ;  the  remainders  GB,  HD  are  either  equal 
to  E,  F,  or  equimultiples  of  them. 

Firft,  let  GB  be  equal  to  E ;  HD  is  e- 
qual  to  F  :  Make  CK  equal  to  F  ;  and  be- 
caufe  AG  is  the  fame  multiple  of  E,  that 
CH  is  of  F,  and  that  GB  is  equal  to  E, 
and  CK  to  F ;  therefore  AB  is  the  fame 
multiple  of  E,  that  KH  is  of  F.  But  AB, 
by  the  hypothefis,  is  the  fame  multiple  of 
E  that  CD  is  of  F  ;  therefore  KH  is  the 
fame  multiple  of  F,  that  CD  is  of  F ; 
a  i.  Ax.  5.  wherefore  KH  is  equal  to  CD  a  :  Take  a- 
way  the  common  magnitude  CH,  then  the 
remainder  KG  is  equal  to  the  remainder 
HD  :  But  KG  is  equal  to  F ;  HD  therefore  is  equal  to  F 

But  let  GB  be  a  multiple  of  E  then 
/.  HD  is  the  fame  multiple  of  F :  Make 
CK  the  fame  multiple  of  F,  that  GB  is  A 
of  E  :  And  becaufe  AG  is  the  fame  mul¬ 
tiple  of  E,  that  CH  is  of  F  ;  and  GB  the 
fame  multiple  of  E,  that  CK  is  of  F  : 
therefore  AB  is  the  fame  multiple  of  E, 
h  z .  5.  that  KH  is  of  F  b  :  But  AB  is  the  fame 

multiple  of  E,  that  CD  is  of  F  ;  therefore 
KH  is  the  fame  multiple  of  F,  that  CD  is 
of  it ;  wherefore  KH  is  equal  to  CD  a: 

Take  away  CFI  from  both  ;  therefore  the 
remainder  KG  is  equal  to  the  remainder 
HD  :  And  becaufe  GB  is  the  fame  multiple  of  E,  that  KC  is 
of  F,  and  that  KC  is  equal  to  FID  ;  therefore  HD  is  the  fame 
multiple  of  F,  that  GB  is  of  E  ;  If  therefore  two  magnitudes, 
&c.  CL  E.  D, 
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Prop.  a.  theor. 


F  the  firft  of  four  magnitudes  has  to  the  fecond,  the  see  N. 
fame  ratio  which  the  third  has  to  the  fourth  ;  then,  if 
the  firft  be  greater  than  the  fecond,  the  third  is  alfo 
greater  than  the  fourth ;  and,  if  equal,  equal ;  if  lefs,  Iefs0 

Take  any  equimultiples  of  each  of  them,  as  the  doubles  of 
each  ;  then,  by  def.  5th  of  this  book,  if  the  double  of  the  firft  be 
greater  than  the  double  of  the  fecond,  the  double  of  the  third  is 
greater  than  the  double  of  the  fourth  ;  but,  if  the  firft  be  greater 
than  the  fecond,  the  double  of  the  firft  is  greater  than  the  double 
of  the  fecond  ;  wherefore  alfo  the  double  of  the  third  is  greater 
than  the  double  of  the  fourth  ;  therefore  the  third  is  greater  than 
the  fourth  :  In  like  manner,  if  the  firft  be  equal  to  the  fecond, 
or  lefs  than  it,  the  third  can  be  proved  to  be  equal  to  the  fourth, 
or  lefs  than  it.  Therefore,  if  the  firft,  &c.  CL  E.  D. 


PROF.  B.  THE  OR. 


1 


F  four  iiiagnitudes  are  proportionals,  they  are  propof-  SeeH* 
tionals  alfo  when  taken  inverfely. 


If  the  magnitude  A  be  to  B,  as  C  is  to  D,  then  alfo  inverfely 
B  is  to  A,  as  D  to  C. 

Take  of  B  and  D  any  equimultiples 
whatever  E  and  F  ;  and  of  A  and  C  any  e- 
quimultiples  whatever  G  and  H.  Firft,  Let 
E  be  greater  than  G,  then  G  is  lefs  than  E  ; 
and,  becaufe  A  is  to  B,  as  C  is  to  D,  and 
of  A  and  C,  the  firft  and  third,  G  and  H 
are  equimultiples  ;  and  of  B  and  D,  the  fe¬ 
cond  and  fourth,  E  and  F  are  equimulti¬ 
ples  ;  and  that  G  is  lefs  than  E,  H  is  alfo  G 
a  lefs  than  F  ;  that  is,  F  is  greater  than  H  ; 
if  therefore  E  be  greater  than  G,  F  is  great¬ 
er  than  H  :  In  like  manner,  if  E  be  equal 
to  G,  F  may  be  fhown  to  be  equal  to  H  ; 

S.nd,  if  lefs,  lefs  ;  and  E,  F  are  any  equi¬ 
multiples  whatever  of  B  and  D,  and  G,  H 
any  whatever  of  A  and  C  $  therefore,  as  B 
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Book  V.  is  to  A,  fo  is  D  to  G.  If,  then,  four  magnitudes, 

'  '  ‘  Q.E.D. 


PROP,  C.  T  H  E  O  R. 


See  N. 


IF  the  fir  ft  be  the  fame  multiple  of  the  fecond,  or  the 
fame  part  of  it,  that  the  third  is  of  the  fourth  ;  the 
firft  is  to  the  fecond,  as  the  third  is  to  the  fourth. 


Let  the  firft  A  be  the  fame  multiple  of  B 
the  fecond,  that  C  the  third  is  of  the  fourth 
D  :  A  is  to  B  as  C  is  to  D. 

Take  of  A  and  C  any  equimultiples  what¬ 
ever  E  and  F  ;  and  of  B  and  D  any  equi¬ 
multiples  whatever  G  and  H  :  Then,  becaufe 
A  is  the  fame  multiple  of  B  that  C  is  of  D  ; 
and  that  E  is  the  fame  multiple  of  A,  that 
F  is  of  C  ;  E  is  the  fame  multiple  of  B,  that 
ai  3-  5*  F  is  of  D  a  ;  therefore  E  and  F  are  the  fame 
multiples  of  B  and  D  :  But  G  and  H  are  equi¬ 
multiples  of  B  and  D  ;  therefore,  if  E  be  a 
greater  multiple  of  B,  than  G  is,  F  is  a  great¬ 
er  multiple  of  D,  than  H  is  of  D  ;  that  is, 
if  E  be  greater  than  G,  F  is  greater  than  H: 
In  like  manner,  if  E  be  equal  to  G,  or  lefs  ; 
F  is  equal  to  H,  or  lefs  than  it.  But  E,  F 
are  equimultiples,  any  whatever,  of  A,  C, 
and  G,  H  any  equimultiples  whatever  of  B, 
lb  5.  def.  s •  D.  Therefore  A  is  to  B,  as  G  is  to  D  b  . 


ABCD 
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Next,  Let  the  firft  A  be  the  fame  part 
of  the  fecond  B,  that  the  third  C  is  of 
the  fourth  D  :  A  is  to  B,  as  C  is  to  D  : 
For  B  is  the  fame  multiple  of  A,  that  D 
is  of  C  :  wherefore,  by  the  preceding 
cafe,  B  is  to  A,  as  D  is  to  C  ;  and  in- 
verfely  c  A  is  to  B,  as  C  is  to  D.  There¬ 
fore,  if  the  firft  be  the  fame  multiple,  &c. 
Q^E.  D> 
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IF  the  firft  be  to  the  fecond  as  the  third  to  the  fourth,  seeN. 

and  if  the  firft  be  a  multiple,  or  part  of  the  fecond  ; 
the  third  is  the  fame  multiple,  or  the  fame  part  of  the 
fourth. 

Let  A  be  to  B,  as  C  is  to  D  ;  and  firft  let  A  be  a  multiple 
of  B;  C  is  the  fame  multiple  of  D* 

Take  E  equal  to  A,  and  whatever  mul¬ 
tiple  A  or  E  is  of  B,  make  F  the  fame  mul¬ 
tiple  of  D  :  Then,  becaufe  A  is  to  B,  as  C  is 
to  D  ;  andof  B  the  fecond,  and  D  the  fourth 
equimultiples  have  been  taken  E  and  F ; 

A  is  to  E,  as  C  to  F  a :  But  A  is  equal 
to  E,  therefore  C  is  equal  to  F  b  :  And  F 
is  the  fame  multiple  of  D,  that  A  is  of  B. 

Wherefore  C  is  the  fame  multiple  of  D, 
that  A  is  of  Be 

Next,  Let  the  firft  A  be  a  part  of  the  fe¬ 
cond  B  ;  C  the  third  is  the  fame  part  of  the 
fourth  D. 

Becaufe  A  is  to  B,  as  C  is  to  D  ;  then* 
inverfely,  B  is  c  to  A,  as  D  to  C  :  But  A  is 
a  part  of  B,  therefore  B  is  a  multiple  o  A ; 
and,  by  the  preceding  cafe,  D  is  the  fame 
multiple  of  C,  that  is,  C  is  the  fame  part  of  D,  that  A  is  of 
B  :  Therefore,  if  the  firft,  &c.  E.  D. 


a  Cor.  4.  5, 

A  B  C  D  bAi 

E  F 

t 

See  the  fi¬ 
gure  at  the 
foot  of  the 
preceding 
page. 

c  £.  5„ 


prop.  vii.  The  or* 

EQUAL  magnitudes  have  the  fame  ratio  to  the  fame 
magnitude ;  and  -the  lame  has  the  lame  ratio  to 
equal  magnitudes. 

—  ■  ,s  \ 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other.  A  and 
B  have  each  of  them  the  fame  ratio  o  C,  and  C  has  the  fame 
ratio  to  each  of  the  magnitudes  A  and  B. 

Take  cf  A  and  B  any  equimultiples  whatever  D  and  E,  and 
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Book  V.  of  C  any  multiple  whatever  F  :  Then,  becaufe  D  is  the  fame 
multiple  of  A,  that  E  is  of  B,  and  that  A  is 
a  1.  Ax.  5.  equal  to  B  ;  D  is  a  equal  to  E  :  Therefore,  if 
D  be  greater  than  F,  E  is  greater  than  F ;  and 
if  equal,  equal  ;  if  lefs,  lefs  :  And  D,  E  are 
any  equimultiples 'of  A,  B,  and  F  is  any  mul- 
b  j.  def.  5.  j.jp]e  Gf  Qt  Therefore  as  A  is  to  C,  fo  is 
B  to  G. 

Likewife  C  has  the  fame  ratio  to  A,  that  it 
has  to  B  :  For,  having  made  the  fame  con¬ 
firmation,  D  may  in  like  manner  be  ftiown  e-  ^ 
qual  to  E  :  Therefore,  if  F  be  greater  than  D,  £ 

it  is  likewife  greater  than  E  ;  and  if  equal, 
equal  ;  if  lefs,  lefs  :  And  F  is  any  multiple 
whatever  of  C,  and  I),  E  are  any  equimul¬ 
tiples  whatever  of  A,  B.  Therefore  G  is  to 
A,  as  C  is  to  B  b.  Therefore  equal  magni¬ 
tudes,  &c.  Q^E.  D. 


A 

B 


Fig.  1. 


PROP.  VIII.  THE  OR. 

>F  unequal  magnitudes,  the  greater  has  a  greater 

_ '  ratio  to  the  fame  than  the  lefs  has ;  and  the  fame 

magnitude  has  a  greater  ratio  to  the  lefs,  than  it  has  to 
the  greater. 

Let  AB,  BC  be  unequal  magnitudes,  of  which  AB  is  the 
greater,  and  let  D  be  any  magnitude 
whatever  :  AB  has  a  greater  ratio  to  D 
than  BC  to  D  :  And  D  has  a  greater  E 
ratio  to  BC  than  unto  AB. 

If  the  magnitude  which  is  not  the  . 
greater  of  the  two  AC,  CB,  be  not  lefs 
than  D,  take  EF,  FG,  the  doubles  of 
AC,  CB,  as  in  Fig.  1.  But,  if  that  which 
is  not  the  greater  of  the  two  AC,  CB 
be  lefs  than  D  (as  in  Fig.  2.  and  3.)  this 
magnitude  can  be  multiplied,  fo  as  to 
become  greater  than  D,  whether  it  be 
AG,  or  CB,  Let  it  be  multiplied,  until 
'  it  become  greater  than  D,  and  let  the 
other  be  multiplied  as  often  ;  and  let  EF 
be  the  multiple  thus  taken  of  AC,  and 
FG  the  fame  multiple  of  CB  :  Therefore 
EFand  FG  are  each  of  them  greater  than 
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D  :  And  in  every  one  of  the  cafes,  take  H  the  double  of  D,  K  Boot 
its  triple,  and  fo  on,  till  the  multiple  of  D  be  that  which  firft 
becomes  greater  than  FG  :  LetL  be  that  multiple  of  D  which 
is  firft  greater  than  FG,  and  K  the  multiple  of  D  which  is 
next  lefs  than  L. 

Then,  becaufe  L  is  the  multiple  of  D,  which  is  the  firft  that 
becomes  greater  th>an  FG,  the  next  preceding  multiple  K  is 
not  greater  than  FG  ;  that  is,FG  is  not  lefs  thanK:  Andfince 
EF  is  the  fame  multiple  of  AC,  that  FG  is  of  CB  ;  FG  is  the 
fame  multiple  of  CB,  that  EG  is  of  AB  a ;  wherefore  EG  and  a  j.  5, 
FG  are  equimultiples  of  AB  and  CB  :  And  it  was  fhown,  that 

1  f  1  TT  •  T'* 


Fig. 

E 


*  A. 


C 


1 


I 

G 


FG  was  not  lefs  thanK,  Fig.  2. 
and,  by  the  con  ft  rue- 
tion,  EF  is  greater  than 
D;  therefore  the  whole  JjC- 
EG  is  greater  thanK  and 
D  together:  But,  K  to¬ 
gether  with  D,  is  equal 
to  L;  therefore  EG  is 
greater  thanL;  butFG 
is  not  greater  than  L  ; 
and  EG,  FG  are  equi¬ 
multiples  of  AB,  BC, 
and  L  is  a  multiple  of 
D  ;  therefore  b  AB  has 
toD  a  greater  ratio  than 
BC  has  to  D. 

Alfo  D  has  to  BC  a 
greater  ratio  than  it  has 
to  AB  :  For,  Having 
made  the  fame  con- 
ftru&ion,  it  may  be 
Ihown,  in  like  manner, 
that  L  is  greater  than 

FG,  but  that  it  is  not  greater  than  EG  :  and  L  is  a  multiple  of 
D  ;  and  FG,  EG  are  equimultiples  of  CB,  AB  ;  therefore  D 
has  to  CB  a  greater  ratio  b  than  it  has  to  AB.  Wherefore,  of 
unequal  magnitudes,  &c.  CL  E.  D. 


B 
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PROP.  IX.  THE  OR. 


SceN-  Agnitudes  which  have  the  fame  ratio  to  the 

XVJL  lame  magnitude  are  equal  to  one  another ;  and 
thole  to  which  the  fame  magnitude  has  the  fame  ratio 
are  equal  to  one  another. 

Let  A.  B  have  each  of  them  the  fame  ratio  to  C  :  A  is  e- 
qual  to  B  :  For,  if  they  ate  not  equal,  one  of  them  is  greater 
than  the  o;her  ;  let  A  be  the  greater  ;  then,  by  what.was  fhown 
in  the  preceding  propofition,  there  are  fome  equimultiples  of 
A  and  B,  and  fonie  multiple  of  C  fuch,  that  the  multiple  of  A 
is  greater  than  the  multiple  of  C  but  the  multiple  of  B  is  not 
greater  than  that  of  C.  Let  fuch  multiples  be  taken,  and  let 
I),  E,  be  the  equimultiples  of  A,  B,  and  F  the  multiple  of  C, 
fo  that  D  may  he  greater  than  F,  and  E  not  greater  than  F  ; 
But,  becaufe  A  is  to  C,  as  B  is  to  C,  and 
of  A,  B,  are  taken  equimultiples  D,  E, 
and  of  C  is  taken  a  multiple  F ;  and  that 
D  is  greater  than  F  ;  E  {hall  alfo  be  great- 
a  5.  Def,  5.  er  than  F  a  5  but  E  is  not  greater  than  F,  } \ 
which  is  impoffible  ;  A  therefore  and  B 
are  not  unequal ;  that  is,  they  are  equal.  ^ 

Next,  let  C  have  the  fame  ratio  to  each 
.  of  the  magnitudes  A  and  B  ;  A  is  equal 

to  B  :  For,  if  they  are  not,  one  of  them  is  . 

greater  than  the  other  ;  let  A  be  the  *  E 

greater  ;  therefore,  as  was  fhown  in  Prop. 

8th,  there  is  fonie  multiple  F  of  C,  and 
fome  equimultiples  E  and  D,  of  B  and  A 
fuch,  that  F  is  greater  than  E,  and  not  greater  than  D  ;  but  be«? 
caufe  C  is  to  B,  as  C  is  to  A,  and  that  F,  the  multiple  of  the 
fii  it,  is  greater  than  E,  the  multiple  of  the  fecond  ;  F  the  mul¬ 
tiple  of  the  third,  is  greater  than  D,the  multiple  of  the  fourth  a: 
But  F  is  not  greater  than  D,  which  is  impoffible.  Therefore, 
A  is  equal  to  B.  Wherefore,  magnitudes  which,  &c.  Q^E.  D, 
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PROP,  X.  THEOR. 


np HAT  magnitude  which  has  a  greater  ratio  than  an  SeeN. 

X  other  has  unto  the  fame  magnitude  is  the  greater 
of  the  two  :  And  that  magnitude  to  which  the  fame  has 
a  greater  ratio  than  it  has  unto  another  magnitude  is  the 
lefler  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C  ;  A  is  great¬ 
er  than  B  :  For,  becaufe  A  has  a  greater  ratio  to  C,  than  B  has 
to  C,  there  are  3  fome  equimultiples  of  A  and  B,  and  fome  3  7*  def.  £• 
multiple  of  C  fuch,  that  the  multiple  of  A  is  greater  than  the 
multiple  of  0,  but  the  multiple  of  B  is  not  greater  than  it :  Let 
them  be  taken,  and  let  D,  E  be  equimul¬ 
tiples  of  A,  B,  and  F  a  multiple  of  C  fuch, 
that  D  is  greater  than  F,  but  E  is  not 
greater  than  F  :  Therefore  D  is  greater  i  ,B 
than  E  :  And,  becaufe  D  and  E  are  equi- 
multiples  of  A  and  B,  and  D  is  greater 

than  E  ;  therefore  A  is  b  greater  than  B.  jr  b  4.  Ax. 

Next,  Let  C  have  a  greater  ratio  to  B 
than  it  has  to  A  ;  B  is  lefs  than  A :  For  3 
there  is  fome  multiple  F  of  G,  and  fome  jrj 
equimultiples  E  and  D  of  B  and  A  fuch, 
that  F  is  greater  than  E,  but  is  not  greater 
than  D  :  E  therefore  is  lefs  than  D  ;  and 
becaufe  E  and  D  are  equimultiples  of  B 
and  A,  therefore  B  is  b  lefs  than  A.  That  magnitude,  there* 
fore,  E.  D. 


E 


PROP.  XI.  THEOR. 


RATIOS  that  are  the  fame  to  the  fame  ratio,  are  the 
fame  to  one  another. 

Let  A  be  to  B  as  C  is  to  D  ;  and  as  C  to  D,  fo  let  E  be  to 
F  ;  A  is  to  B,  as  E  to  F. 

Take  of  A,  C,  E,  any  equimultiples  whatever  G,  H,  K  ;  and 
of  B,  D,  F,  any  equimultiples  whatever  L,  M,  N.  Therefore, 
%ica  A  is  to  Bt  as  C  to  D,  and  O.  H  are  taken  equimultiples  of 

1 4  -1  Aa 
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Book  V.  A,  C,  and  L,  M  of  B,  D  ;  if  G  be  greater  than  L,  H  is  greater 
than  M;  and  if  equal,  equal  ;  and  if  lefs,  lefs  a  .  Again,  be- 
$,  Def.j.  caufe  q  is  to  as  £  is  to  and  H,  K  are  taken  equimultiples 
of  C,  E  ;  and  M,  N,  of  D,  F  ;  if  H  be  greater  than  M*  K  is 
greater  than  N  ;  and  if  equal,  equal ;  and  if  lefs,  lefs  :  But,  if 
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G  be  greater  than  L,  it  has  been  {hewn  that  H  is  greater  than 
M  ;  and  if  equal,  equal  ;  and  if  lefs,  lefs  ;  therefore,  if  G  be 
greater  than  L,  K  is  greater  than  N  ;  and  if  equal,  equal ;  and 
if  lefs,  lefs  :  And  G,  K  are  any  equimultiples  whatever  of  A, 
E  ;  and  L,  N  any  whatever  of  B,  F  :  Therefore,  as  A  is  to  Bs 
fo  is  E  to  F  a .  Wherefore,  ratios  that,  &x.  Q^E.D. 


PROP.  XII.  THEOR. 


IF  any  number  of  magnitudes  be  proportionals,  as  one 
of  the  antecedents  is  to  its  consequent,  fo  (hall  all  the 
antecedents  taken  together  be  to  all  the  confequents. 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  F,  be  propor¬ 
tionals  ;  that  is,  as  A  is  to  B,  fo  C  to  D,  and  E  to  F :  As  A  is 
to  B,  fo  {hall  A.  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,  C,  E  any  equimultiples  whatever  Q,  H,  K ; 

G -  M -  Is- - ■ - ■ — — 
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M 

C 

D 
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and  of  B,  D,  F  any  equimultiples  whatever  L,  M,  N  :  Then, 
becaufe  A  is  to  B,  as  C  is  to  D,  and  as  E  to  Fj  and  that  G,  H, 

K 
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K  are  equimultiples  of  A,  C,  E,  andL,  M,  N  equimultiples  of  Boot.  V. 

B,  D,  F  ;  ff  G  be  greater  than  L,  H  is  greater  than  M,  and  K. 
greater  than  N  ;  and  if  equal,  equal  ;  and  if  lefs,  lefs  a  .  Where-  a  5.  def.  5. 
fore,  ifG  be  greater  than  L,  then  G,  H,  K  together  are  greater 

than  L,  M,  N  together ;  and  if  equal,  equal  ;  and  if  lets,  lets. 

AndG,  and  G,  H,  K  together  are  any  equimultiples  of  A,  and  A, 

C,  E  together  ;  becaufe,  if  there  be  any  number  of  magnitudes 
equimultiples  of  as  many,  each  of  each,  whatever  multiple  one 
of  them  is  of  its  part,  the  fame  multiple  is  the  whole  of  the 
whole  b:  For  the  fame  reafon  L,  and  L,  M,  N  are  any  equi-bi.5. 
multiples  of  B,  and  B,  D,  F  :  As  therefore  A  is  to  B,  fo  are 

A,  C,  E  together  to  B,  D,  F  together.  Wherefore,  if  any 
number,  &x.  CL  E.  D. 

PROP.  XIII.  THE  OR. 

IF  the  firft  has  to  the  fecond  the  fame  ratio  which  the  Sec n, 
third  has  to  the  fourth,  but  the  third  to  the  fourth  a 
greater  ratio  than  the  fifth  has  to  the  fixth  ;  the  firft  {hall 
alfo  have  to  the  fecond  a  greater  ratio  than  the  fifth  has 
to  the  fixth. 


Let  A  the  firft,  have  the  fame  ratio  to  B  the  fecond,  which  C 
the  third,  has  to  D  the  fourth,  but  C  the  third,  to  D  the  fourth, 
a  greater  ratio  than  E  the  fifth,  to  F  the  fixth :  Alfo  the  firft  A 
(hall  have  to  the  fecond  B  a  greater  ratio  than  the  fifth  E  to  the 
fixth  F. 

Becaufe  C  has  a  greater  ratio  to  D,  than  E  to  F,  there  are 
fozne  equimultiples  of  C  and  E,  and  fome  of  D  and  F  fuch, 
that  the  multiple  of  C  is  greater  than  the  multiple  of  D,  but 

M -  U - — H - 

A. -  C -  E - 

B -  B -  F - 

N -  K - -  L - *■-/ 

the  multiple  of  E  is  not  greater  than  the  multiple  of  F  a  :  Let  a  7.  def,  5. 
fuch  be  taken,  and  of  C,  E  let  G,  H  be  equimultiples,  and  K, 

L  equimultiples  of  D,  F,  fo  that  G  be  greater  than  K,  but  H 
not  greater  than  L ;  and  whatever  multiple  G  is  of  C,  take  M 
the  fame  multiple  of  A  ;  and  whatever  multiple  K  is  of  D ,  take 
N  the  fame  multiple  of  B  :  Then,  becaufe  A  is  to  B,  as  C  to 
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And  of  B  and 
than  N.  G  is 
fs  b ;  but  G  is 

greater  than  K,  therefore  M  is  greater  than  N  :  But  H  is  not 
greater  than  L  ;  and  M,  H  are  equimultiples  of  A,  E  ;  and 
N,  L  equimultiples  of  B,  F  :  Therefore  A  has  a  greater  ratio  to 
c  7.  def.  5.  B,  than  E  has  to  F  c  .  Wherefore,  if  the  firft,  6ec.  E.  D. 

Cos.  And  if  the  firft  have  a  greater  ratio  to  the  fecond,  dian 
the  third  has  to  the  fourth,  but  the  third  the  lame  ratio  to  the 
fourth,  which  the  fifth  has  to  the  fixth  ;  it  may  be  demonitrat¬ 
ed,  in  like  manner,  that  the  firft  has  a  greater  ratio  to  the  fe« 
cond,  than  the  fifth  has  to  the  fixth. 

PROP.  XIV.  T  H  E  O  R. 


Book  V. 


D,  and  of  A  and  C,  M  and  G  are  equimultiples  : 
D,  N  and  K  are  equimultiples  ;  if  M  be  greater 
5*  def*  S’  grea|;er  than  K;  and  if  equal,  equal ;  and  if  Ids,  I< 


Sec  N. 


*§•  J. 


b  13-  5- 
e  io.  5. 


IF  the  firft  has  to  the  fecond,  the  fame  ratio  which  the 
third  has  to  the  fourth ;  then,  if  the  firft  be  greater 
than  the  third,  the  fecond  fhall  be  greater  than  the  fourth ; 
and  if  equal,  equal ;  and  if  lefs,  lefs. 

Let  the  firft  A,  have  to  the  fecond  B,  the  fame  ratio  which 
the  third  C,  has  to  the  fourth  1);  if  A  be  greater  than  C,  B 
is  greater  than  D. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other  magnitude, 
A  has  to  B  a  greater  ratio  than  C  to  B  4 :  But,  as  A  is  to  B,  fq 

3 


AB  CD  AB  CD  AB  CD 

is  C  to  D  ;  therefore  alfo  C  has  to  D  a  greater  ratio  than  C 
has  to  B  b  .  But  of  two  magnitudes,  that  to  which  the  fame 
has  the  greater  ratio  is  the  lefler  c:  W  herefore  D  is  lefs  than 
B  ;  that  is,  B  is  greater  thanD. 

Secondly,  if  A  be  equal  to  C,  B  is  equal  to  D  :  For  A  is  to 
B,  as  C,  that  is  A,  to  D ;  B  therefore  is  equal  to  Dd. 

Thirdly,  if  A  be  lefs  than  C,  B  lhall  be  lefs  than  D  :  For  G 
is  greater  than  A,  and  becaufe  C  is  to  D,  as  A  is  to  B,  D  is 
greater  than  B,  by  the  firft  cafe ;  wherefore  B  is  lefs  than  D. 
Therefore,  if  the  firft,  &c.  E.  D. 
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PROP.  XV.  THE  OR. 


7b  /TAgnitudes  have  the  fame  ratio  to  one  another 
i  1V1  which  their  equimultiples  have. 


Let  AB  be  the  fame  multiple  of  C,  that  DE  is  of  F  :  C  is  to 
F,  as  AB  to  DE. 

Becaufe  AB  is  the  fame  multiple  of  C,  that  DE  is  of  F  j  there 
are  as  many  magnitudes  in  AB  equal  to  C,  a 
as  there  are  in  DE  equal  to  F  :  Let  AB  be  ■'*-  * 

divided  into  magnitudes,  each  equal  to  C,  I  •  D 
viz.  AG,  GH,  HB  ;  and  DE  into  magni¬ 
tudes,  each  equal  to  F,  v;z.  DK,  KL,  LE:  Cr 
Then  the  number  of  the  full  AG,  GH,  HB, 
fhall  be  equal  to  the  number  of  thelail  DK, 

KL,  LE  :  And  becaufe  AG,  GH,  HB  are  H' 
all  equal,  and  that  DK,  KL,  LE  are  alfo 
equal  to  one  another  ;  therefore  AG  is  to 

DK,  as  GH  to  KL,  and  as  HB  to  LE  3 :  vr*  tt*  a7*5V 

And  as  one  of  the  antecedents  to  its  confe- 
quent,  fo  are  all  the  antecedents  together  to  all  the  confequents 
together  b  •  wherefore,  as  AG  is  to  DK,  fo  is  AB  to  DE  :  But  b  12.  5. 
AG  is  equal  to  C,  and  DK  to  F  :  Therefore,  as  C  is  to  F,  fo  is 
AB  to  DE.  Therefore  magnitudes,  &c.  E.  D. 


Kl 

L 
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PROP.  XVI.  THE  OR. 

TF  four  magnitudes  of  the  fame  kind  be  proportionals 
4-  they  fhall  alfo  be  proportionals  when  taken  alter¬ 
nately. 

'  _  V 

Let  the  four  magnitudes  A,  B,  C,  D  be  proportionals,  viz. 
as  A  to  B,  fo  C  to  D  :  They  Hiall  alfo  be  proportionals  when 
taken  alternately  ;  that  is,  A  is  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and  F  ;  and 
of  C  and  D  take  any  equimultiples  whatever  G  and  H :  and 

becaufe 
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<3  5.  def.  5 


becaufe  E  is  the  fame  multiple  of  A,  that  F  is  of  B,  and  that 
magnitudes  have  the  fame  ratio  to  one  another  which  their  e- 
quimultiples  have  3  ;  therefore  A  is  to  B,  asE  is  to  F :  But  as 
A  is  to  B,  fo  is  C  to  ^  ^ 

D  :  Wherefore  as  C  E  U 

is  to  D,  fo  b  is  E  to  \ _  _ 

F  :  Again,  becaufe 

G,  H  are  equimul-  B -  D - 

tiples  of  C,  I),  as  C 

is  to  D,  fo  is  G  to  ^ - H - — ■* 

H  a ;  but  as  C  is  to 

D,  fo  is  E  to  F.  Wherefore,  as  E  is  to  F,  fo  is  G  to  H  b.  But, 
when  four  magnitudes  are  proportionals,  if  the  firfl  be  greater 
than  the  third,  the  fecond  fhall  be  greater  than  the  fourth  ;  and 
if  equal,  equal ;  if  lefs,  lefs  c.  Wherefore,  if  E  be  greater  than 
G,  F  likewife  is  greater  than  H  ;  and  if  equal,  equal ;  if  lefs, 
lefs :  And  E,  F  are  any  equimultiples  whatever  of  A,  B  ;  and 
G,  H  any  whatever  of  C,  D.  Therefore  A  is  to  C,  as  B  to 
D  <b  If  then  four  magnitudes,  &tc.  E.  D. 


/  PROP.  XVII.  THE  OR, 

See  N.  TF  magnitudes,  taken  jointly,  be  proportionals,  they 
X  fhall  alfo  be  proportionals  when  taken  feparately ; 
that  is,  if  two  magnitudes  together  have  to  one  of  them 
the  fame  ratio  which  two  others  have  to  one  of  thefe, 
the  remaining  one  of  the  firfb  two  fhall  have  to  the  other 
the  fame  ratio  which  the  remaining  one  of  the  lad  two 
has  to  the  other  of  thefe. 

Let  AB,  BE,  CD,  DF  be  the  magnitudes  taken  jointly 
which  are  proportionals ;  that  is,  as  AB  to  BE,  fo  is  CD  to  DF; 
they  fhall  alfo  be  proportionals  taken  feparately,  viz.  as  AE  to 
EB,  fo  CF  to  FD. 

Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever  GH, 
HK,  LM,  MN;  and  again,  of  EB,FD,  take  any  equimultiples 
whatever  KX,  NP  :  And  becaufe  GH  is  the  fame  multiple  of 
a  1.  5.  AE,  that  HK  is  of  EB,  wherefore  GH  is  the  fame  multiple  a  of 
AE,  that  GK  is  of  AB  :  But  GH  is  the  fame  multiple  of  AE^ 
that  LM  is  of  CF ;  wherefore  GK  is  the  fame  multiple  of  ABS 

that 
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that  LM  is  of  CF.  Again,  becaufe  LM  is  the  fame  multiple  of  Book  V. 
CF,  that  MN  is  of  FD  ;  therefore  LM  is  the  fame  multiple  a 
of  CF,  that  LN  is  of  CD  ;  But  LM  was  fhown  to  be  the  fame  a  1.  5. 
multiple  of  CF,  that  GK  is  of  AB  ;  GK  therefore  is  the  fame 
multiple  of  AB,  that  LN  is  of  CD  ;  that  is,  GK,  LN  are  equi¬ 
multiples  of  AB,  CD.  Next,  becaufe  HK  is  the  fame  multiple 
of  EB,  that  MN  is  of  FD  ;  and  that  KX  is 
alfo  the  fame  multiple  of  EB,  that  NP  is  X 
of  FD  ;  therefore  HX  is  the  fame  multiple 
b  of  EB,  that  MP  is  of  FD.  And  becaufe 
AB  is  to  BE,  as  CD  is  to  DF,  and  that  of 
AB  and  CD,  GK  and  LN  are  equimul¬ 
tiples,  and  ofEB  and  FD,H'X  and  MPare  (y  ' 
equimultiples  ;  if  GKbe  greater  thanHX, 
then  LN  is  greater  than  MP;  and  if  equal, 
equal ;  and  if  lefs,  lefs  c  :  But  if  GH  be  -H. '  * 
greater  than  KX,  by  adding  the  common 
part  HK  to  both,  GK  is  greater  than  HX  ;  jg\ 
wherefore  alfo  LN  is  greater  than  MP ; 
and  by  taking  away  MN  from  both,  LM 
is  greater  than  NP  :  Therefore,  if  GH  be 
greater  than  KX,  LM  is  greater  than  NP.  GAOL 
In  like  manner  it  may  be  demonllrated, 
that  if  GH  be  equal  to  KX,  LM  likewife  is  equal  to  NP  ;  and 
if  lefs,  lefs  :  And  GH,  LM  are  any  equimultiples  whatever  of 
AE,  CF,  and  KX,  NP  are  any  whatever  of  EB,  FD.  There¬ 
fore  c,  as  AE  is  to  EB,  fo  is  CF  to  FD.  If  then  magnitudes, 

Sec.  Q^E.  D. 
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PROP.  XVIII.  THE  OR. 

IF  magnitudes,  taken  feparately,  be  proportionals,  they  SeeNj 
lhall  alfo  be  proportionals  when  taken  jointly,  that  is, 
if  the  firlt  be  to  the  fecond,  as  the  third  to  the  fourth, 
the  firlt  and  fecond  together  lhall  be  to  the  fecond,  as 
the  third  and  fourth  together  to  the  fourth. 

Let  AE,  EB,  CF,  FD  be  proportionals  ;  that  is,  as  AE  to 
EB,  fo  is  CF  to  FD  ;  they  lhall  alfo  be  proportionals  when 
taken  jointly ;  that  is,  as  AB  to  BE,  fo  CD  to  DF. 

Take  of  AB,  BE,  CD,  DF  any  equimultiples  whatever  GH, 

HK,  LM,  MN  ;  and  again,  of  BE,  DF,  take  any  whatever  e- 
quimultiples  KO,  NP  :  And  becaufe  KO,  NP  are  equimultiples 
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Book  V.  of  BE,  DF  ;  and  that  KH,  NM  are  equimultiples  likewife  o£ 
BE,  DF,  if  KO,  the  multiple  of  BE,  be  greater  than  KH,  which 
is  a  multiple  of  the  fame  i  E,  NP,  likewife  the  multiple  of  DF9 
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{hall  be  greater  than  MN,  the  multi¬ 
ple  of  the  fame  DF  ;  and  if  KO  be 
equal  to  Kid,  NP  fhall  be  equal  to 
NM  ;  and  iflefs,  lefs. 

Firft,  Lee  KO  not  be  greater  than 
KH,  therefore  NP  is  not  greater  than 
NM  :  And  becaufe  GH,  HK  are  equi- 
multiples  of  AB,  BE,  and  that  AB  is 
greater  than  BE,  therefore  GH  is 
As.  5.  greater  a  than  HK  5  but  KO  is  not 
greater  than  KH,  wherefore  GH  is 
greater  thanKO.  In  like  manner  it 
may  be  {hewn,  thatLM  is  greater  than 
NP.  Therefore,  if  KO  be  not  greater 
than  KH,  then  GH,  the  multiple  of 
AB.  is  always  greater  than  KO,  the  -Crl 
multiple  of  BE  ;  and  likewife  LM,  the 
multiple  of  CD,  greater  than  NP,  the  multiple  of  DF. 

Next,  Let  KO  be  greater  than  KH  :  therefore,  as  has  been 
fhown,  NP  is  greater  than  NM  :  And  becaufe  the  whole  GH  is 
the  fame  multiple  of  the  whole  AB,  that  HK  is  of  BE,  the  re¬ 
mainder  GK  is  the  fame  multiple  of 
theretnainderAEthatGHis  of  AB 
which  is  the  fame  that  LM  is  of  CD. 

In  like  manner,  becaufe  LM  is  the 
fame  multiple  of  CD,  that  MN  is  of 
DF,  the  remainder  LN  is  the  fame 
multiple  of  the  remainder  CF,  that 
the  whole  LM  is  of  the  whole  CD  b: 

P  But  it  was  Ihown  that  LM  is  the  fame 

multiple  of  CD,  that  GK  is  of  AE; 
therefore  GKis  the  fame  multiple  of 
AE,  that  LN  is  of  CF ;  that  is,  GK, 

LN  are  equimultiples  of  AE,  CF  : 

And  becaufe  KO,  NP  are  equimul¬ 
tiples  of  BE,  DF,  if  from  KO,  NP 

there  be  taken  KH,  NM,  which  are  likewife  equimultiples 
of  BE,  DF,  the  remainders  HO,  MP  are  either  equal  to  BE, 
G  6.  5.  DF,  or  equimultiples  of  them  c.  Firft,  Let  HO,  MP,  be  e- 
qual  to  BE,  DF  ;  and  becaufe  AE  is  to  EB,  as  CF  to  P  D,  and 
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that  GK,  LN  are  equimultiples  of  AE,  CF  ;  GK  fhall  be  to  Book  V. 
EB,  as  LN  to  FD  d :  But  HO  is  equal  to  EB,  and  MP  to  FD  ; 
wherefore  GK  is  to  HO,  as  LN  to  MP.  If  therefore  GK  be  d  Cor-  *-S- 
greater  than  HO,  LN  is  greater  than  MP;  and  if  equal,  equal ; 
and  if  lefs  e,  lefs.  -  c  a.  & 

But  let  HO,  MP  be  equimultiples  of  EB,  FD  ;  and  becaufe 
AE  is  to  EB,  as  CF  to  FD,  and  that  of  AE,  CF  are  taken  e-\ 
quimultiples  GK,  LN  ;  and  of  EB,  FD,  the  equimultiples  HO, 

MP;  if  GK  be  greater  than  HO,  LN 
is  greater  than  MP  ;  and  if  equal,  ^ 
equal;  and  if  lefs,  lefs  f;  which  was 
likewife  {hown  in  the  preceding  cafe. 

If  therefore  GH  be  greater  than  K  >, 
taking  KH  from  both,  GK  is  greater 
than  HO  ;  wherefore  alfo  LN  is 
greater  than  MP  ;  and  confequently, 
adding  NM  to  both,  LM  is  greater  K. 
than  NP  :  Therefore,  if  GH  be 
greater  than  KO,  LM  is  greater  than 
NP.  In  like  manner  it  may  be  fhown, 
that  if  GH  be  equal  to  KO,  LM  is 
equal  to  NP  ;  and  if  lefs,  lefs.  And 
in  the  cafe  in  which  KO  is  not  great- 
er  than  KH,  it  has  been  fhown  that 

GH  is  always  greater  than  KO,  and  likewife  LM  than  NP  ; 

But  GH,  LM  are  any  equimultiples  of  AB,  CD,  and  KO,  NP 
are  any  whatever  of  BE,  DF  ;  therefore  f,  as  AB  is  to  BE,  fo 
is  CD  to  DF.  If  then  magnitudes,  5cc.  Q^E.  D. 


PROP.  XIX.  THE  OR* 

IF  a  whole  magnitude  be  to  a  whole,  as  a  magnitude  SeeN. 

taken  from  the  firft,  is  to  a  magnitude  taken  from 
the  other  ;  the  remainder  fliall  be  to  the  remainder,  as 
the  whole  to  the  whole. 

Let  the  whole  AB,  be  to  the  whole  CD,  as  AE,  a  magnitude 
taken  from  AB,  to  CF,  a  magnitude  taken  from  CD  ;  the  re¬ 
mainder  EB  fliall  be  to  the  remainder  FD,  as  the  whole  AB  to 
Che  whole  CD. 

Becaufe  AB  is  to  CD,  as  AE  to  CF  5  likewife,  alternately  a,  a  16.  j, 

BA 


B 

El 

A 


V 


f  5.  Dcf.  5. 


D 

F- 


N 


/ 


144 


THE  ELEMENTS 


Book  V.  RA  js  to  AE,  as  DC  to  CF  :  And  becaufe,  if  mag- 
nitudes,  taken  jointly,  be  proportionals,  they  are 
b  l1’  s‘  alfo  proportionals  b  when  taken  feparately ;  there¬ 
fore,  as  BE  is  to  DF,  fo  is  EA  to  FC  ;  and  alter¬ 
nately,  as  BE  is  to  EA,  fo  is  DF  to  FC  :  But,  as  E- 
AE  to  CF,  fo  by  the  hypothecs,  is  AB  to  CD  y 
therefore  alfo  BE,  the  remainder,  fhall  be  to  the 
remainder  DF,  as  the  whole  AB  to  the  whole  CD  : 

Wherefore,  if  the  whole,  &c.  Q^E.  D. 

Cor.  If  the  whole  be  to  the  whole,  as  a  mag¬ 
nitude  taken  from  the  firft,  is  to  a  magnitude  taken  g  *£J 
from  the  other  ;  the  remainder  likewife  is  to  the 
remainder,  as  the  magnitude  taken  from  the  firft  to  that  taken 
from  the  other :  The  demonftration  is  contained  in  the  prece¬ 
ding. 


PROP.  E.  THE  OR. 

IF  four  magnitudes  be  proportionals,  they  are  alfo  pro¬ 
portionals  by  conversion,  that  is,  the  firft  is  to  its  ex- 
cefs  above  the  fecond,  as  the  third  to  its  excefs  above 
the  fourth. 


Let  AB  be  to  BE,  as  CD  to  DF  ;  then  BA  is  to 
AE,  as  DC  to  CF. 

Becaufe  AB  is  to  BE,  as  CD  to  DF,  by  divi- 
a  17. 5.  fion  a,  AE  is  to  EB,  as  CF  to  FD  j  and  by  inver- 
b  5*  fion  b,  BE  is  toEA,  as  DF  to  FC.  Wherefore,  by 
c  1  *  5‘  compofition  c,  BA  is  to  AE,  as  DC  is  to  CF :  If, 
therefore,  four,  &cc.  Q;.E.  D. 


PROP.  XX.  THEOR. 
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See  N.  T  F  there  be  three  magnitudes,  and  other  three,  which, 
-*•  taken  two  and  two,  have  the  fame  ratio ;  if  the  firft 
be  greater  than  the  third,  the  fourth  fhall  be  greater 
than  the  fixth  ;  and  if  equal,  equal ;  and  if  lefs,  lefs. 

Let 
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Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three,  BookV. 
which,  taken  two  and  two,  have  the  fame  ratio,  viz.  as  A  is  to 
B,  fo  is  D  to  E  ;  and  as  B  to  C,  fo  is  E  to 
F.  If  A  be  greater  than  C,  D  fliall  be  greater 
than  F  ;  and,  if  equal,  equal  j  and  if  lefs, 
lefs. 

Becaufe  A  is  greater  than  0,  and  B  is  any 
other  magnitude,  and  that  the  greater  has  to 
the  fame  magnitude  a  greater  ratio  than  the  lefs 
has  to  it a  ;  therefore  A  has  to  B  a  greater  ra¬ 
tio  than  C  has  to  B  :  But  as  D  is  to  E,  fo  is  A 
to  B  ;  therefore  b  D  has  to  E  a  greater  ratio 
than  C  to  B  ;  and  becaufe  B  is  to  G,  as  E  to  F, 
by  inverfion,  C  is  to  B,  as  F  is  to  E  ;  and  D 
was  fhown  to  have  to  E  a  greater  ratio  than  C  to 
B  ;  therefore  D  has  to  E  a  greater  ratio  thanF 
to  E  c  :  But  the  magnitude  which  has  a  greater 
ratio  than  another  to  the  fame  magnitude,  is  the  greater  of  the 
two  d  :  D  is  therefore  greater  than  F.  IO,  5, 

Secondly,  Let  A  be  equal  to  C  ;  D  fhall  be  equal  to  F :  Be¬ 
caufe  A  and  G  are  equal  to  one  an¬ 
other,  A  is  to  B,  as  C  is  to  B  f ; 

But  A  is  to  B,  as  D  to  E  ;  and  G  is 
to  B,  as  F  to  E  ;  wherefore  D  is  to 
E,  as  F  to  E  f ;  and  therefore  D  is 
equal  to  F  g. 

Next,  Let  A  be  lefs  than  C  ;  D 
fhall  be  lefs  than  F  :  For  C  is  great¬ 
er  than  A,  and,  as  was  fhown  in 
the  firll  cafe,  C  is  to  B,  as  F  to  E, 
and  in  like  manner  B  is  to  A,  as  E 
to  D  ;  therefore  F  is  greater  than 
D,  by  the  firft  cafe  ;  and  therefore 

D  is  lefs  than  F.  Therefore,  if  there  be  three,  &c.  E.  D 


PROP.  XXL  THEOR, 

IF  there  be  three  magnitudes,  and  other  three,  which  see  h» 
have  the  fame  ratio  taken  two  and  two,  but  in  a  crofs 
order ;  if  the  firft  magnitude  be  greater  than  the  third, 
the  fourth  fliall  be  greater  than  the  fixth  ;  and  if  equal, 
equal ;  and  if  lefs,  lefs, 
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Book  V.  Let  A,  B,  C  be  tliree  magnitudes,  and  D,  E,  F  other  three* 
which  have  the  fame  ratio,  taken  two  and  two,  but  in  a  crofs 
order,  viz.  as  A  is  to  B,  fo  is  E  to  F,  and  as  B 
is  to  C,  fo  is  D  to  E.  If  A  be  greater  than  C, 

D  fhalj  be  greater  than  F  ;  and  if  equal,  equal ; 
and  if  lefs,  lefs. 

Becaufe  A  is  greater  than  C,  and  B  is  any 
other  magnitude,  A  has  to  B  a  greater  ratio  a 
than  G  has  to  B  :  But  as  E  to  F,  fo  is  A  to  B  : 
therefore  h  E  has  to  F  a  greater  ratio  than  C  to 
B  :  And  becaufe  B  is  to  C,  as  D  to  E,  by  inver-  A* 
lion,  C  is  to  B,  as  E  to  D  :  And  E  was  fliown  £) 
to  have  to  F  a  greater  ratio  than  0  to  B  ;  there- 
c  Cor.  13.5.  fore  E  has  to  F  a  greater  ratio  than  E  to  D  c; 

but  the  magnitude  to  which  the  fame  has  a 
greater  ratio  than  it  has  to  another,  is  the  Idler 
of  the  two  d :  F  therefore  is  lefs  than  D  ;  that 
is,  D  is  greater  than  F. 

Secondly,  Let  A  be  equal  to  C  ;  I>  Ill  all  be  equal  to  F.  Be¬ 
caufe  A  and  C  are  equal,  A  is  e  to  B,  as  C  is  to  B :  But  A  is 
to  B,  as  E  to  F  ;  and  C  is  to  B, 
as  E  to  D  ;  wherefore  E  is  to  F 
as  E  to  D  F  and  therefore  D  is 
equal  to  F g  . 

Next,  Let  A  be  lefs  than  C  ; 

D  (hall  be  lefs  than  F  :  For  G 
is  greater  than  A,  and,  as  was 
fhowri,  C  is  to  B,  as  E  to  D, 
and  in  like  manner  B  is  to  A, 
as  F  to  E;  therefore  F  is  great¬ 
er  than  D,  by  cafe  fir  ft  ;  and 
therefore  D  is  lefs  than  F. 

Therefore,  if  there  be  three, 

&c.  O.  E.  I), 
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PROP.  XXII.  T  II  E  O  R. 

SeeN.  ¥F  there  be  any  number  of  magnitudes,  and  as  many 
J|_  others,  which,  taken  two  and  two  in  order,  have  the 
fame  ratio  ;  the  Frit  fhall  have  to  the  lafl  of  the  Frit 
magnitudes  the  fame  ratio  which  the  firft  of  the  others 
has  to  the  lafl.  N.  B.  This  is  nfually  cited  by  the  words 
45  ex  czqiiali”  or  &I  ex  cequoT 

' 1  .  '  ^  '  Firft, 
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Firft,  Let  there  be  three  magnitudes  A,  B,  C,  and  as  many 
others  D,  E,  F,  which  taken  two  and  two,  have  the  fame  ratio, 
that  is,  fuch  that  A  is  to  B  as  D  to  E  ;  and  as  B  is  to  C,  fo  is 
E  to  F;  A  fhall  be  to  C,  as  D  to  F. 

Take  of  A  and  D  any  equimultiples  whatever  G  and  H  ; 
and  of  B  and  E  any  equimultiples 
whatever  K  and  L;  and  of  C  and 
F  any  whatever  M  and  N:  Then, 
becaufe  A  is  to  B,  as  D  to  E,  and 
that  G,  H  are  equimultiples  of  A, 

D.,  and  K,  L  equimultiples  of  B,  A. 

E  j  as  G  is  to  K,  fo  is  a  H  to  L  : 

For  the  fame  reafon,  K  is  to  M, 
as  L  to  N :  and  becaufe  there  are 
three  magnitudes  G,  K,  M,  and 
other  three  H,  L,  N,  which,  two 
and  two,  have  the  fame  ratio  ;  if 
G  be  greater  than  M,  H  is  great¬ 
er  than  N  ;  and  if  equal,  equal  ; 
and  if  lefs,  lefs  h ;  and  G,  H  are 
any  equimultiples  whatever  of  A, 

D,  and  M,  N  are  any  equimul¬ 
tiples  whatever  of  C,  F  :  Therefore  c,  as  A  is  to  C,  fo  is  D 
to  F. 

Next,  Let  there  be  four  magnitudes,  A,  B,  C,  D,  and  other 
four,  E,F,G,H,  which  two  and  two  have  the 
fame  ratio,  viz.  as  A  is  to  B,  fo  is  E  to  F  ;  and 
as  B  to  C,  fo  F  to  G  ;  and  as  G  to  D,  fo  G  to 
H  :  A  fhall  be  to  D,  as  E  to  H. 


A.  B.  C.  D. 
E.  F.  G.  H. 


Becaufe  A,  B,  C  are  three  magnitudes,  and  E,  F,  G  other 
three,  which,  taken  two  and  two,  have  the  fame  ratio  ;  by  the 
foregoing  cafe,  A  is  to  C,  as  E  to*G  :  But  C  is  to  D,  as  G  is 
to  H  ;  wherefore  again,  by  the  firft  cafe,  A  is  to  D,  as  E  to 
H;  and  fo  on,  whatever  be  the  number  of  magnitudes.  There¬ 
fore,  if  there  be  any  number,  &c.  E.  D» 
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b  11. 5. 

e  4.  5. 

d  11.  5. 


PROP.  XXIII.  T  H  E  O  R. 

IF  there  be  any  number  of  magnitudes,  and  as  many 
others,  which,  taken  two  and  two,  in  a  crofs  order, 
have  the  fame  ratio  ;  the  firh  iliall  have  to  the  lad  of  the 
drd  magnitudes  the  fame  ratio  which  the  fil'd  of  the  o- 
thers  has  to  the,lad.  N.  B.  This  is  ufually  cited  by  the 
words,  “  ex  cequali  in  propoportione  perturbata  or  “  ex 
u  aquo  perturbato . 

Fird,  Let  there  be  three  magnitudes  A,  B,  C,  and  other 
three  D,  E,  F,  which,  taken  two  and  two,  in  a  crofs  order, 
have  the  fame  ratio,  that  is,  fuch  that  A  is  to  B,  as  E  to  F  ; 
and  as  B  is  to  C,  fo  is  D  to  E  :  A  is  to  C,  as  D  to  F. 

Take  of  A,  B,  D  any  equimultiples  whatever  G,  H,  K;  and 
of  C,  E,  F  any  equimultiples  whatever  L,  M,  N  :  And  becaufe 
G,  PI  are  equimultiples  of  A,  B, 
and  that  magnitudes  have  the 
fame  ratio  which  their  equimul¬ 
tiples  have  3 ;  as  A  is  to  B,  fo  is 
G  to  H  :  And  for  the  fame  rea- 

fon,  as  E  is  to  F,  fo  is  M  to  N  :  • 

But  as  A  is  to  B,  fo  is  E  to  F ;  A.E  C  D  E  F 
as  therefore  G  is  to  H,  fo  is  M  to  I  f  Y  T?L  Jsl  iSl 
N  And  becaufe  as  B  is  to  C, 
fo  is  D  to  E,  and  that  H,  K  are 
equimultiples  of  B,  D,  and  L,  M 
of  G,  E  ;  as  H  is  to  L,  fo  is  c  K 
to  M :  And  it  has  been  fhown 
that  G  is  to  H,  as  M  to  N:  Then, 
becaufe  there  are  three  magni¬ 
tudes  G,  H,  L,  and  other  three 
K,  M,  N  which  have  the  fame 
ratio  taken  two  and  two  in  a  crofs 
order  ;  if  G  be  greater  than  L, 

K  is  greater  than  N ;  and  if  equal,  equal;  and  iflefs,  lefs  d5 
and  G,  K  are  any  equimultiples  whatever  of  A,  D  ;  and  L,  N 
any  whatever  of  C,  F  ;  as,  therefore,  A  is  to  C,  fo  is  D  to  F. 

Next, 
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Next,  Let  there  be  four  magnitudes,  A,  B,  C,  D,  and  other 
four  E,  F,  G,  H,  which  taken  two  and  two 
in  a  crofs  order,  have  the  fame  ratio,  viz.  A 
to  B,  as  G  to  H  ;  B  to  C,  as  F  to  G ;  and 
C  to  D,  as  E  to  F  :  A  is  to  D,  as  E  to  H. 

Becaufe  A,  B,  C,  are  three  magnitudes,  and  F,  G,  H  other 
three,  which,  taken  two  and  two  in  a  crofs  order,  have  the 
fame  ratio  ;  by  the  .firft  cafe,  A  is  to  C,  as  F  to  H  :  But  C  is 
to  D,  as  E  is  to  F  ;  wherefore  again,  by  the  firft:  cafe,  A  is  to 
D,  as  E  to  H  :  And  fo  on  whatever  be  the  number  of  magni¬ 
tudes.  Therefore,  if  there  be  any  number,  &c.  CL  E.  D. 


A.  B.  C.  D. 
E.  F.  G.  H. 


PROP.  XXIV.  THE  OR. 

IF  the  firft  has  to  the  fccond  the  fame  ratio  which  the 
third  has  to  the  fourth  ;  and  the  fifth  to  the  fecond, 
the  fame  ratio  which  the  fixth  has  to  the  fourth  ;  the 
firft  and  fifth  together  fhall  have  to  the  fecond,  the  fame 
ratio  which  the  third  and  fixth  together  have  to  the 
fourth. 


G 


B 


H 


E  - 


Let  AB  the  firft,  have  to  C  the  fecond,  the  fame  ratio  which 
DE  the  third,  has  to  F  the  fourth  ;  and  let  BG  the  fifth,  have 
to  C  the  fecond,  the  fame  ratio  which  EH 
the  fixth,  has  to  F  the  fourth  :  AG,  the 
firft  and  fifth  together,  {hall  have  to  C  the 
fecond,  the  fame  ratio  which  DH,  the 
third  and  fixth  together,  has  to  F  the 
fourth. 

Becaufe  BG  is  to  C,  as  EH  to  F ;  by  in- 
verfion,  C  is  to  BG,  as  F  to  EH  :  And  be¬ 
caufe,  as  AB  is  to  C,  fo  is  DE  to  F  ;  and 
as  C  to  BG,  fo  F  to  EH  ;  ex  aequali  a,  AB 
is  to  BG,  as  DE  to  EH  :  And  becaufe 
thefe  magnitudes  are  proportionals,  they 
fhall  likewife  be  proportionals  when  taken 
jointly  b  ;  as  therefore  AG  is  to  GB,  fo  is 
DH  to  HE  ;  but  as  GB  to  C,  fo  is  HE  to  F.  Therefore,  ex 
aequali  a,  as  AG  is  to  C,  fo  is  DH  to  F.  Wherefore,  if  the 
firft,  Sec.  CL  E.  D. 

Cor.  1.  If  the  fame  hypothefis  be  made  as  in  the  propofi- 
tion,  the  excefs  of  the  firft  and  fifth  ftiall  be  to  the  fecond,  as 

K  3  >  ^  the 
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a  A.  &  14 
5. 


b  19.  5. 

e  A.  5. 


the  exeefs  of  the  third  andfixth  to  the  fourth  :  The  demonftra- 
tion  of  this  is  the  fame  with  that  of  the  propofition,  if  divifion 
be  ufed  inftead  of  compofition.  ' 

Cor.  2.  The  propofition  holds  true  of  two  ranks  of  magni¬ 
tudes,  whatever  be  their  number,  of  which  each  of  the  firft 
rank  has  to  the  fecond  magnitude  the  fame  ratio  that  the  correT 
fponding  one  of  the  fecond  rank  has  to  a  fourth  magnitude  ;  as 
is  manifeft. 

PROP.  XXV.  T  H  E  O  R. 


IF  four  magnitudes  of  the  fame  kind  are  proportionals, 
the  greateft  and  leaf!  of  them  together  are  greater 
than  the  other  two  together. 

I 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportionals, 
viz.  AB  to  CD,  as  E  to  F  ;  and  let  AB  be  the  greateft  of  them, 
and  confequently  F  the  leaft  a.  AB,  together  with  F,  are  great¬ 
er  than  CD,  together  with  E. 

Take  AG  equal  to  E,  and  CH  equal  to  F  :  Then  becaufe  as 
AB  is  to  CD,  fo  is  E  to  F,  and  that  AG  is  equal  to  E,  and  CH 
equal  to  F  ;  AB  is  to  CD,  as  AG  to  CH.  tj 
And  becaufe  AB  the  whole,  is  to  the 
whole  CD,  as  AG  is  to  CH,  likewife  the  (J 
remainder  GB  ftiall  be  to  the  remainder 
HD,  as  the  whole  AB  is  to  the  whole  b 
CD  :  But  AB  is  greater  than  CD,  there¬ 
fore  CGB  is  greater  than  HD  :  And  be¬ 
caufe  AG  is  equal  to  E,  and  CH  to  F  ; 

AG  and  F  together  are  equal  to  CH  and 
E  together.  If  therefore  to  the  unequal 
magnitudes  GB,  HD,  of  which  GB  is 
the  greater,  there  be  added  equal  magnitudes,  viz.  to  GB  the 
two  AG  and  F,  and  CH  and  E  to  HD  ;  AB  and  F  together 
are  greater  than  CD  and  E.  Therefore,  if  four  magnitudes, 
Sec.  Q\  E.  Do 

*  PROP.  F.  T  H  E  O  R.] 

RATIOS  which  are  compounded  of  the  fame  ratios, 
are  the  fame  with  one  another. 

Let 

•  r  1: 


Ssc  N. 


OF  EUCLID. 


A  B.  C. 
D,  E.  F. 


Let  A  be  to  B,  as  D  to  E  ;  and  B  to  C,  as  E  to  F  :  The  ra¬ 
tio  which  is  compounded  of  the  ratios  of  A 
to  B,  and  B  to  C,  which,  by  the  definition 
of  compound  ratio,  is  the  ratio  of  A  to  C,  is 
the  fame  with  the  ratio  of  D  to  F,  which,  bv 
the  fame  definition,  is  compounded  of  the 
ratios  of  D  to  E,  and  E  to  F. 

Becaufe  there  are  three  magnitudes  A.  B,  C,  and  three  others 
D,  E,  F,  which,  taken  two  and  two  in  order,  have  the  fame  ra¬ 
tio  ;  ex  aequali,  A  is  to  C,  as  D  to  t*  a. 

Next,  Let  A  be  to  B,  as  E  to  F,  and  B  to  C,  as  D  to  E  ; 
therefore,  ex  cequak  in proportions  perturbata  E 
A  is  to  C,  as  D  to  F  ;  that  is,  the  ratio  of  A  to 
C,  which  is  compounded  of  the  ratios  of  A  to 
B,  and  B  to  C,  is  the  fame  with  the  ratio  of  D 
to  F,  which  is  compounded  of  the  ratios  of  D 
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A.  B.  C. 
D.  E.  F. 


a  22<  5. 


h  13- 


_ *  _  _  JL 

to  E,  and  E  to  F :  And  in  like  manner  the  propofition  maybe 
demonilrated  whatever  be  the  number  of  ratios  in  either  cafe. 


P  ROP.  G.  THEO  R. 


IF  feveral  ratios  be  the  fame  with  feveral  ratios,  each  SecN* 
to  each ;  the  ratio  which  is  compounded  or  ratios 
which  are  the  fame  with  the  firft  ratios,  each  to  each,  is 
the  fame  with  the  ratio  compounded  of  ratios  which  are 
the  fame  with  the  other  ratios,  each  to  each. 

Let  A  be  to  B,  as  E  to  F  ;  and  C  to  D,  as  G  to  II :  And  let 
A  be  to  B,  as  K  to  L  ;  and  C  to  D,  as  L  to  M  :  Then  the  ra¬ 
tio  of  K  to  M,  by  the  definition 


of  compound  ratio,  is  compound  \  -p  r  to*  ft  tv/t 

eel  or  the  ratios  or  K  to  L,  and,  r  r  tt  ™ 

t  „  M  t*t  -  1  r  M  E.  F.  G.H.  N.  O.  P. 

E  to  M,  which  are  the  lame  with! 

the  ratios  of  A  to  B,  and  C  to  D.-/ - - - - 

And  as  E  to  F,  fo  let  N  be  to  O  ;  and  as  G  to  H,  fo  let  O  be 
to  P  ;  then  the  ratio  of  N  to  P  is  compounded  of  the  ratios  of 
N  to  O,  and  O  to  P,  which  are  the  fame  with  the  ratios  of  E  to  ‘ 
F,  and  G  to  H  :  And  it  is  to  be  fhewn  that  the  ratio  of  K  to  M, 
is  the  fame  with  the  ratio  of  N  to  P,  or  that  K  is  to  M,  as  N 
to  P. 

Becaufe  K  is  to  L,  as  (A  to  B,  that  is,  as  E  to  F,  that  is,  us) 
N  to  O;  and  as  L  to  M,  fo  is  (G  to  D,  and  fo  is  G  to  H, 

^  K  4  and. 
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fore,  iffeveral  ratios,  &tc.  Q^E.  D. 

S  22.  J. 


PROP.  H.  THEOR. 


IF  a  ratio  compounded  of  feveral  ratios  be  the  fame 
with  a  ratio  compounded  of  any  other  ratios,  and  if 
one  of  the  fird  ratios,  or  a  ratio  compounded  of  any  of 
the  fird,  be  the  fame  with  one  of  the  lad  ratios,  or  with 
the  ratio  compounded  of  any  of  the  lad  ;  then  the  ratio 
compounded  of  the  remaining  ratios  of  the  fird,  or  the 
remaining  ratio  of  the  fird,  if  but  one  remain,  is  the 
fame  with  the  ratio  compounded  of  thofe  remaining  of 
the  lad,  or  with  the  remaining  ratio  of  the  lad. 


i 


a  Definition 
of  com¬ 
pounded 
xario. 


bB.  $. 
C  22.  5* 


Let  the  firft  ratios  be  thofe  of  A  to  B,  B  to  C,  C  to  D, 
D  to  E,  and  E  to  F;  and  let  the  other  ratios  be  thofe  of  G  to 
H,  H  to  K,  K  to  L,  and  L  to  M  :  Alfo,  let  the  ratio  of  A  to 
F,  which  is  compounded  of a  the  fird 
ratios  be  the  fame  with  the  ratio  of  G 
to  M,  which  is  compounded  of  the 
other  ratios  :  And  befides,  let  the  ra¬ 
tio  of  A  to  D,  which  is  compounded  of  the  ratios  of  A  to  B, 
B  to  C,  C  to  D,  be  the  fame  with  the  ratio  of  G  to  K,  which  is 
compounded  of  the  ratios  of  G  to  H,  and  H  to  K  :  Then  the 
ratio  compounded  of  the  remaining  fird  ratios,  to  wit,  of  the 
ratios  of  D  to  E  and  E  to  F,  which  compounded  ratio  is  the 
ratio  of  D  to  F,  is  the  fame  with  the  ratio  of  K  to  M,  which  is 
compounded  of  the  remaining  ratios  of  K  to  L,  and  L  to  M  of 
the  other  ratios. 

Becaufe,  by  the  hypofhefis,  A  is  to  D,  as  G  to  K,  by  in-, 
verfion  b,  D  is  to  A,  as  K  to  G  ;  and  as  A  is  to  F,  fo  is  G  to 
therefore  c,  ex  aequali,  D  is  to  F,  as  K  to  M.  If  there¬ 
fore  a  ratio  which  is,  &.c.  Q^E.  D. 


A.  B.  C.  D.  E.  F. 
G.  H.  K.  L.  M. 
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PROP.  K. 


T  H  E  O  R. 


IF  there  be  any  number  of  ratios,  and  any  number  ofseeN. 

other  ratios  fuch,  that  the  ratio  compounded  of  ratios 
which  are  the  fame  with  the  firft  ratios,  each  to  each, 
is  the  fame  with  the  ratio  compounded  of  ratios  which 
are  the  fame,  each  to  each,  with  the  lad  ratios ;  and  if 
one  of  the  firft  ratios,  or  the  ratio  which  is  compounded 
of  ratios  which  are  the  fame  with  feveral  of  the  firft 
ratios,  each  to  each,  be  the  fame  with  one  of  the  lad 
ratios,  or  with  the  ratio  compounded  of  ratios  which  are 
the  fame,  each  to  each,  with  ieveral  of  the  laft  ratios  : 
Then  the  ratio  compounded  of  ratios  which  are  the  fame 
with  the  remaining  ratios  of  the  firft,  each  to  each,  or  the 
remaining  ratio  of  the  firll,  if  but  one  remain ;  is  the 
fame  with  the  ratio  compounded  of  ratios  which  are  the 
fame  with  thofe  remaining  of  the  laft,  each  to  each,  or 
with  the  remaining  ratio  of  the  laft. 


Let  the  ratios  of  A  to  B,  C  to  D,  E  to  F  be  tbe  firft  ratios ; 
and  the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P,  Qj:o  R, 
be  the  other  ratios  :  And  let  A  be  to  B,  as  S  to  T  ;  and  C  to 
D,  as  T  to  V,  and  E,  to  F,  as  V  to  X  :  Therefore,  by  the  de¬ 
finition  of  compound  ratio,  the  ratio  of  S  to  X  is  compounded 


h,  k,  1. 

A,  B  ;  C,  D  ;  E,  F. 

S,  T,  V,  X. 

G,  H;  K,  L;  M,  N  ;  O,  P  ;  Q^,  R. 

Y,  Z,  a,  b,  c,  d. 

e,  f,  g.  m,  n,  o,  p. 

of  the  ratios  of  S  to  T,  T  to  V,  and  V  to  X,  which  are  the 
fame  with  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  each  to  each; 
Alfo,  as  G  to  H,  fo  let  Y  be  to  Z  ;  and  K  to  L,  as  Z  to  a  ;  M 
to  N,  as  a  to  b,  O  to  P,  as  b  to  c  ;  and  Qj:o  R,  as  c  to  d ; 
Therefore,  by  the  fame  definition,  the  ratio  of  Y  to  d  is  com¬ 
pounded  of  the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and 

c  to 
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to  H,  K  to  L,  M  to  N,  O  to  P,  and  Qjto  R  :  Therefore,  by  the 
hypothefis,  S  is  to  X,  as  Y  to  d  :  Alfo,  let  the  ratio  of  A  to  B, 
that  is,  the  ratio  of  S  to  T,  which  is  one  of  the  fir  ft  ratios,  be 
the  fame  with  the  ratio  of  e  to  g,  which  is  compounded  of  the 
ratios  of  e  to  f,  and  f  to  g,  which,  by  the  hypothefis,  are  the 
fame  wfith  the  ratios  of  G  to  H,  and  K  to  L,  two  of  the  other 
ratios  ;  and  let  the  ratio  of  h  to  1  be  that  which  is  com¬ 
pounded  of  the  ratios  of  h  to  k,  and  k  to  1,  which  are  the  fame 
with  the  remaining  firft  ratios,  viz.  of  C  to  D,  and  E  to  F  j 
alfo,  let  the  ratio  of  m  to  p,  be  that  which  is  compounded  oi  the 
ratios  of  m  to  n,  n  to  o,  and  o  to  p,  which  are  the  fame,  each 
to  each,  with  the  remaining  other  ratios,  viz.  of  M  to  N,  O  to 
P,  and  Qjo  R  :  Then  the  ratio  of  h  to  1  is  the  fame  with  the 
ratio  of  m  to  p,  or  h  is  to  1,  as  m  to  p. 


h,  k,  1. 

A,  B  ;  C,  D;  E,F.  S,  T,  V,  X. 

G,  H  ;  K,  L;  M,  N  ;  O,  P  ;  Q^,  R.  Y,  Z,  a,  b,  c,  d. 
e,  f,  g.  m,  d,  o,  p. 


Becaufe  e  is  to  f,  as  (G  to  H,  that  is,  as)  Y  to  Z  ;  and  f  is 
to  g,  as  (K  to  L,  that  is,  as)  Z  to  a  ;  therefore,  ex  aequali,  e  is 
to  g,  as  Y  to  a :  And  by  the  hypothefis,  A  is  to  B,  that  is, 
S  to  T,  as  e  to  g  ;  wherefore  S  is  to  T,  as  Y  to  a  ;  and,  by  in- 
verfion,  T  is  to  S,  as  a  to  Y  ;  and  S  is  to  X,  as  Y  to  d  ;  there¬ 
fore,  ex  aequali,  T  is  to  X,  as  a  to  d  :  Alfo,  becaufe  h  is  to  k 
as  (G  to  D,  that  is,  as)  T  to  V  ;  and  k  is  to  1,  as  (E  to  F,  that 
is,  as)  V  to  X  ;  therefore,  ex  aequali,  h  is  to  1,  as  T  to  X  :  In 
like  manner,  it  may  be  demonftrated,  that  m  is  to  p,  as  a  to  d  : 
sn.j.  And  it  has  been  fhown,  that  T  is  to  X,  as  a  to  d  ;  therefore  a 
h  is  to  1,  as  m  to  p.  CL  E.  D. 

The  propofitions  G  and  K  are  ufually,  for  the  fake  of  brevity, 
exprefied  in  the  fame  terms  with  propofitions  F  and  PI :  And 
therefore  it  -was  proper  to  ihow  the  true  meaning  of  them  when 
they  are  fo  exprefied  ;  efpecially  fince  they  are  very  frequently 
made  ufe  of  by  geometers. 
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|| 

l. 

IMILAR  re£Hlineal  figures 
are  thofe  which  have  their 
feveral  angles  equal,  each  to 
each,  and  the  fides  about  the 
equal  angles  proportionals. 

“  Reciprocal  figures,  viz.  triangles  and  parallelograms,  are 
“  fuch  as  have  their  fides  about  two  of  their  angles  propor- 
“  tionals  in  fuch  manner,  that  a  fide  of  the  firft  figure  is  to 
“  a  fide  of  the  other,  as  the  remaining  fide  of  this  other  is  to 
“  the  remaining  fide  of  the  firft. ” 

m. 

A  ftraight  line  is  faid  to  be  cut  in  extreme  and  mean  ratio, 
when  the  whole  is  to  the  greater  fegment,  as  the  greater leg- 
ment  is  to  the  lefs. 

XV . 

Xhe  altitude  of  any  figure  is  the  ftraight 
line  drawn  from  its  vertex  perpendicular 
to  the  bafe. 


PROP, 
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k  $'  def.  5. 


PROP.  I,  THE  OR. 


^Riangles  and  parallelograms  of  the  fame  altitude 
are  one  to  another  as  their  bafes. 


Let  the  triangles  ABC,  ACD,  and  the  parallelograms  EC, 
CF  have  the  fame  altitude,  viz.  the  perpendicular  drawn  from 
the  point  A  to  BD  :  Then,  as  the  bafe  BC  is  to  the  bafe  CD, 
fo  is  the  triangle  ABC  to  the  triangle  ACD,  and  the  parallelo¬ 
gram  EC  to  the  parallelogram  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  take  any 
number  of  flraight  lines  BG,  GH,  each  equal  to  the  bafe  BC  ; 
and  DK,  KL,  any  number  of  them,  each  equal  to  the  bafe  CD ; 
and  join  AG,  AH,  AK,  AL  :  Then,  becaufe  CB,  BG,  GH 
are  all  equal,  the  triangles  AHG,  AGB,  ABC  are  all  equal  a : 
Therefore,  whatever  multiple  the  bafe  FC  is  of  the  bafe  BC, 
the  fame  multiple  is  the  triangle  AHC  of  the  triangle  ABC  ; 
For  the  fame  reafon,  whatever  multiple  the  bafe  LG  is  of  the 
bafe  CD,  the  fame  mul-  T' 

tiple  is  the  triangle  ALC  ^  ** 

of  the  triangle  ADC  :  / 

And  if  the  bafe  HC  be 
equal  to  the  bafe  CL,  the 
triangle  AHC  is  alfo 
equal  to  the  triangle 

ALC  a  ;  and  if  the  bafe  _ _ _ _ 

HC  be  greater  than  the  pr  r  n  r 
bafe  CL,  likewife  the 
triangle  AHC  is  greater  than  the  triangle  ALC  ;  and  if  lefs, 
lefs  :  Therefore,  hnce  there  are  four  magnitudes,  viz.  the  two 
bafes  BC,  CD,  and  the  two  triangles  ABC,  ACD  ;  and  of  the 
bafe  BC  and  the  triangle  ABC,  the  firft  and  third,  any  equi¬ 
multiples  whatever  have  been  taken,  viz.  the  bafe  HC  and  tri¬ 
angle  AHC  ;  and  of  the  bafe  CD  and  triangle  ACD,  the  fe- 
cond  and  fourth,  have  been  taken  any  equimultiples  whatever, 
viz.  the  bafe  CL  and  triangle  ALC  ;  and  that  it  has  been  fhown, 
that,  if  the  bafe  HC  be  greater  than  the  bafe  CL,  the  triangle 
AHC  is  greater  than  the  triangle  ALC  ;  and  if  equal,  equal  ; 
and  if  lefs,  lefs  :  Therefore  1>,  as  the  bafe  BC  is  to  the  bafe  CD, 
fo  is  the  triangle  ABC  to  the  triangle  ACD. 

And  becaufe  the  parallelogram  CE  is  double  of  the  triangle 

ABC 


OF  EUCLID. 


*51 


ABC  c  ,and  the  parallelogram  CF  double  of  the  triangle  ACD,  Bo°k  VI* 
and  that  magnitudes  have  the  fame  ratio  which  their  eqiiimul- 
tiples  have  d ;  as  the  triangle  ABC  is  to  the  triangle  ACD,  fo  ^4*'  5*. 
is  the  parallelogram  EC  to  the  parallelogram  CF  :  And  becaufe 
it  has  been  ihown,  that,  as  the  bafe  BC  is  to  the  bafe  CD,  fo  is 
the  triangle  ABC  to  the  triangle  ACD  ;  and  as  the  triangle 
ABC  is  to  the  triangle  ACD,  fo  is  the  parallelogram  EC  to  the 
parallelogram  CF  ;  therefore,  as  the  bafe  BC  is  to  the  bafe  CD, 
fo  is  e  the  parallelogram  EC  to  the  parallelogram  CF.  Where-  e  IX 
fore  triangles,  &c.  E.  D. 

Cor.  From  this  it.  is  plain,  that  triangles  and  parallelograms 
that  have  equal  altitudes,  are  one  to  another  as  their  bafes. 

Let  the  figures  be  placed  fo  as  to  have  their  bafes  in  the  fame 
ftraight  line  ;  and  having  drawn  perpendiculars  from  the  ver¬ 
tices  of  the  triangles  to  the  bafes,  the  ftraight  line  which  joins 
the  vertices  is  parallel  to  that  in  which  their  bafes  are  f ,  be-  f  33. 1. 
caufe  the  perpendiculars  are  both  equal  and  parallel  to  one 
another.  Then,  if  the  fame  confirmation  be  made  as  in  the  pro- 
pofition,  the  demohftration  will  be  the  fame. 


PROP.  II.  T  H  E  O  R. 

IF  a  ftraight  line  be  drawn  parallel  to  one  of  the  fides  See N* 
of  a  triangle,  it  fhall  cut  the  other  fides,  or  thofe  pro¬ 
duced,  proportionally  :  And  if  the  fides,  or  the  fides  pro¬ 
duced,  be  cut  proportionally,  the  ftraight  line  which  joins 
the  points  of  fedlion  fhall  be  parallel  to  the  remaining 
fide  of  the  triangle. 

Let  DE  be  drawn  parallel  to  BC,  one  of  the  fides  of  the  tri¬ 
angle  ABC  :  BD  is  to  DA,  as  CE  to  EA. 

Join  BE,  CD  ;  then  the  triangle  BDE  is  equal  to  the  tri¬ 
angle  CDE  a,  becaufe  they  are  on  the  fame  bafe  DE,  and  be-  as?.  1, 
tween  the  fame  parallels  DE,  BC  :  ADE  is  another  triangle, 
and  equal  magnitudes  have  to  the  fame,  the  fame  ratio  b  ;  there-  b  7.  5. 
fore,  as  the  triangle  BDE  to  the  triangle  ADE,  fo  is  the  tri¬ 
angle  CDE  to  the  triangle  ADE  ;  but  as  the  triangle  BDE  to 
the  triangle  ADE,  fo  is  CBD  to  DA,  becaufe  having  the  fame  c  1.  6. 
altitude,  viz.  the  perpendicular  drawn  from  the  point  E  to  AB, 
they  are  to  one  another  as  their  bafes  \  and  for  the  fame  reafon, 
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as  the  triangle  CDE  to  the  triangle  ADE,  fo  is  CE  to  EA. 
Therefore,  as  BD  to  DA,  fo  is  CE  to  EA  d  . 

Next,  Let  the  fides  AB,  AC  of  the  triangle  ABC,  or  thefe 


produced,  be  cut  proportionally  in  the  points  D,  E,  that  is,  fo 
that  BD  be.  to  DA,  as  CE  toEA,  and  join  DE  :  DE  is  paral¬ 
lel  to  BC. 

% 

The  fame  conftruclion  being  made,  Becaufe  as  BD  to  DA, 
fo  is  CE  to  EA  ;  and  as  BD  to  DA,  fo  is  the  triangle  BDE 
to  the  triangle  ADE  e ;  and  as  CE  to  EA,  fo  is  the  triangle 
CDE  to  the  triangle  ADE  ;  therefore  the  triangle  BDE  is  to 
the  triangle  ADE,  as  the  triangle  CDE  to  the  triangle  ADE  ; 
that  is,  the  triangles  BDE,  CDE  have  the  fame  ratio  to  the 
triangle  ADE  ;  and  therefore  f  the  triangle  BDE  is  equal  to 
the  triangle  CDE  :  and  they  are  on  the  fame  bafe  DE  ;  but 
equal  triangles  on  the  fame  bafe  are  between  the  fame  paral¬ 
lels  g  ;  therefore  DE  is  parallel  to  BC.  Wherefore,  if  a  ftraight 
line,  &c.  Q.  E.  D.  " 


PROP,  III.  THE  OR. 

IF  the  angle  of  a  triangle  be  divided  into  two  equal 
angles,  by  a  ftraight  line  which  alfo  cuts  the  bafe  ; 
the  fegments  of  the  bafe  (hall  have  the  fame  ratio  which 
the  other  ftdes  of  the  triangle  have  to  one  another  :  And 
if  the  fegments  of  the  bale  have  the  fame  ratio  which  the 
other  fides  of  the  triangle  have  to  one  *  another,  the 
ftraight  line  drawn  from  the  vertex  to  the  point  of  fee- 
tion,  divides  the  vertical  angle  into  two  equal  angles. 

Let  the  angle  BAC  of  any  triangle  A.BC  be  divided  into  two 
©qual  angles  by  the  ftraight  line  AD  :  BD  is  to  DC.asBAto  AC., 

Through' 
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Through  the  point  C  draw  CE  parallel  a  to  BA,  and  let  BA  Bo°k  vr* 

1  produced  meet  CE  in  E.  Becaufe  the  ftraight  line  AC  meets 

the  parallels  AD,  EC,  the  angle  ACE  is  equal  to  the  alternate  a  3I* I* 
angle  CAD  b:  But  CAD,  by  the  hypothefis,  is  equal  to  the  *>29.  r. 
angle  BAD  ;  wherefore  BAD  is  equal  to  the  angle  ACE.  A- 
gain,  becaufe  the  ftraight  line 
BAE  meets  the  parallels  AD, 

EC,  the  outward  angle  BAD 
is  equal  to  the  inward  and  op- 
pofite  angle  AEC  :  But  the 
angle  ACE  has  been  proved  e- 
qual  to  the  angle  BAD  ;  there¬ 
fore  alfo  ACE  is  equal  to  the 

angle  AEC,  and  confequently  g  J)  C 

the  fide  AE  is  equal  to  the 

fide  c  AC  :  And  becaufe  AD  is  drawn  parallel  to  one  of  the  c  6-  r. 
lides  of  the.  triangle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA  to 
AE  d  5  but  AE  is  equal  to  AC  ;  therefore,  as  BD  DO,  fo  is  d  6. 
BA  to  AC  e.  e  7-  5- 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD  ;  the 
angle  BAG  is  divided  into  two  equal  angles  by  the  ftraight  line 
AD. 

The  fame  conftru&ion  being  made  ;  becaufe,  as  BD  to  DC, 
fo  is  BA  to  AC  ;  and  as  BD  to  DC,  fo  is  BA  to  AE  d,  becaufe 
AD  is  parallel  to  EC  ;  therefore  BA  is  to  AC,  as  BA  to  AE  f  :  f  n.  5. 
Confequently  AC  is  equal  to  AE  g,  and  the  angle  AEC  is  there-  g  9.  5. 
fore  equal  to  the  angle  ACE  b  :  But  the  angle  AEC  is  equal  to  I15.  1. 
the  outward  and  oppofite  angle  BAD  5  and  the  angle  ACE  is 
equal  to  the  alternate  angle  CAD  b  :  Wherefore  alfo  the  angle 
BAD  is  equal  to  the  angle  CAD  :  Therefore  the  angle  BAC  is 
cut  into  two  equal  angles  by  the  ftraight  line  AD.  Therefore, 
if  the  angle,  &c.  E.  D. 
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PROP,  A.  T  H  E  O  R. 


JF  the  outward  angle  of  a  triangle  made  by  producing 
one  of  its  fides,  be  divided  into  two  equal  angles,  by 
a  ftraight  line  which  alfo  cuts  the  bafe  produced  ;  the 
fegments  betweeen  the  dividing  line  and  the  extremities 
of  the  bafe  have  the  fame  ratio  which  the  other  fides  of 
the  triangle  have  to  one  another  :  And  if  the  fegments 
of  the  bafe  produced,  have  the  fame  ratio  which  the  o- 
ther  fides  of  the  triangle  have,  the  ftraight  line  drawn 
from  the  vertex  to  the  point  of  fe£tion  divides  the  out¬ 
ward  angle  of  the  triangle  into  two  equal  angles. 


a  31.  I. 

\* 

b  29.  1. 
c  Hyp. 


d  6.  t. 
€  2.  6. 


i  11*  J. 

£  9-  5- 
h  r. 


Let  the  outward  angle  CAE  of  any  triangle  ABC  be  divided 
into  two  equal  angles  by  the  ftraight  line  AD  which  meets  the 
bate  produced  in  D  :  BD  is  to  DC,  as  BA  to  AC. 

Through  C  draw  CF  parallel  to  AD  a  ;  andbecaufe  the  ftraight 
line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  is  equal 
to  the  alternate  angle  CAD  h  :  But  CAD  is  equal  to  the  angle 
DAE  c  ;  therefore  alfo  DAE  is  equal  to  the  angle  ACF.  Again, 
becaufe  the  ftraight  line  FAE  meets  the  parallels  AD,  FC,  the 
outward  angle  DAE  is  e-  p 

qual  to  the  inward  and  op- 
polite  angle  CFA  :  But  the 
angle  ACF  has  been  proved 
equal  to  the  angle  DAE  j 
therefore  alfo  the  angle 
ACF  is  equal  to  the  angle 
CFA,  and  confequently  the 
fide  AF  is  equal  to  the  fide 
AC  d  :  And  becaufe  AD  is  parallel  to  FC,  a  fide  of  the  triangle 
BCF,  BD  is  to  DC,  as  BA  to  AF  e  ;  but  AF  is  equal  to  AC  ; 
as  therefore  BD  is  to  DC,  fo  is  BA  to  AC. 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD  ;  the 
angle  CAD  is  equal  to  the  angle  DAE. 

T  he  fame  conftruction  being  made,  becaufe  BD  is  to  DC, 
as  BA  to  AC  ;  and  that  BD  is  alfo  to  DC,  as  BA  to  AF  f  j 
therefore  BA.  is  to  AC,  as  BA  to  AF  g  ;  wherefore  AC  is  equal 
to  AF  b,  and  the  angle  AFC  equal h  to  the  angle  ACF :  But 

the 
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the  angle  AFC  is  equal  to  the  outward  angle  EAD,  and  the  Book  VI. 
angle  ACF  to  the  alternate  angle  CAD  ;  therefore  aifo  EAD  is 
equal  to  the  angle  CAD.  Wherefore,  if  the  outward,  &c. 

QhE.  D. 


PROP.  IV.  THEO  R. 


rT1HE  Titles  about  the  equal  angles  of  equiangular  tri- 
J|_  angles  are  proportionals ;  and  thofe  which  are  op- 
polite  to  the  equal  angles  are  homologous  Tides,  that  is, 
are  the  antecedents  or  conTequents  of  the  ratios. 

Let  ABC*  DCE  be  equiangular  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
DEC,  and  confequentlj  a  the  angle  BAG  equal  to  the  angle  a  33.  1. 
CDE.  The  Tides  about  the  equal  angles  of  the  triangles  ABC, 

DCE  are  proportionals  ;  and  thofe  are  the  homologous  lides 
which  are  oppolite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed,  fo  that  its  Tide  CE  may  be 
contiguous  to  BC,  and  in  the  fame  llraight  line  with  it  :  And 
becaufe  the  angles  ABC,  ACB  are  together  lefs  than  two  right 
angles  k,  ABC,  andDEC,  which  is  .y  b  17.  r. 

equal  to  ACB,  are  alfo  lefs  than  JU 
two  right  angles  ;  wherefore  BA, 

ED  produced  (hall  meet c ;  let  them 
be  produced  and  meet  in  the  point 
F  :  And  becaufe  the  angle  ABC  is 
equal  to  the  angle  DCE,  BF  is  pa¬ 
rallel  J  to  CD.  Again,  becaufe  the 
angle  ACB  is  equal  to  the  angle 
DEC,  AC  is  parallel  to  FE  d  : 

Therefore  FACD  is  a  parallelogram^  and  confequently  AF  is 
equal  to  CD,  and  AG  to  FD  e :  And  becaufe  AC  is  parallel  to  e  34.  r. 
FE,  one  of  the  lides  of  the  triangle  FBE,,  BA  is  to  AF,  as  BC 
to  CE  *  :  But  AF  is  equal  to  Cl)  ;  therefore  g,  as  BA  to  CDD  2-  E 
fo  is  BC  to  CE  •,  and  alternately,  as  AB  to  BC,  fo  is  DC  to^  7‘  *** 
CE  b  :  Again^  becaufe  CD  is  parallel  to  BF,  as  BC  to  CE,  fo  is 
FD  to  DE  f ;  but  FD  is  equal  to  AC  ;  therefore,  as  BC  to  CE, 
fo  is  AC  to  DE  :  And  alternately,  as  BC  to  CA,  fo  CE  to  DE  : 
Therefore,  becaufe  it  has  been  proved  that  AB  is  to  BC,  as  DC 
to  CE,  and  as  BC  to  CA,  fo  CE  to  ED.  ex  tequali  Jl,  BA  is  to  h  22.5, 
AG  as  CD  to  DE.  Therefore  the  fides,  Q.  E.  D. 
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PROP.  V.  THEOR. 

IF  the  fides  of  two  triangles,  about  each  of  their  angles, 
be  proportionals,  the  triangles  (hall  be  equiangular, 
and  have  their  equal  angles  oppofite  to  the  homologous 
fides. 

Let  the  triangles  ABC,  DEF  have  their  fides  proportionals, 
fo  that  AB  is  to  BC,  as  DE  to  EF  ;  and  BC  to  CA,  as  EF  to 
FD  ;  and  confequently,  ex  sequali,  BA  to  AC,  as  FID  to  DF  ; 
the  triangle  ABC  is  equiangular  to  the  triangle  DEF,  and  their 
equal  angles  are  oppofite  to  the  homologous  tides,  viz.  the  an¬ 
gle  ABC  equal  to  the  angle  DEF,  and  BCA  to  EF'D,  and  alfo 
BAG  to  EDF. 

a  23.  i.  At  the  points  E,  F,  in  the  flraigbt  lineEF,  make  a  the  angle 
FEG  equal  to  the  angle  ABC,  and  the  angle  EFQ  equal  to 
BCA ;  wherefore  the  remain¬ 
ing  angle  B  AC  is  equal  to  the 
b  32. 1.  remaining  angle  EGF  b,  and 
the  triangle  ABC  is  there¬ 
fore  equiangular  to  the  tri¬ 
angle  GEF;  and  confequent¬ 
ly  they  have  their  fides  op¬ 
pofite  to  the  equal  angles  pro- 
c  4,  6.  portionals  c.  Wherefore,  as 
AB  to  BC,  fo  is  GE  to  EF; 
d  11.  5.  but  as  AB  to  BC,  fo  is  DE  to  EF  ;  therefore  as  DE  to  EF,  fo  d 
GE  to  EF  :  Therefore  DE  and  GE  have  the  fame  ratio  to  EF, 
e  9  5.  and  confequently  are  equal  e  :  For  the  fame  reafon,  DF  is  equal 
to  f  G  :  And  becaufe,  in  the  triangles  DEF,  GEF',  DE  is  equal 
to  EG,  and  EF  common,  the  two  fides  DE,  EF  are  equal  to 
the  two  GE,  EF,  and  the  bafe  DF  is  equal  to  the  bafe  GF  ; 
f  8. 1,  therefore  the  angle  DEF  is  equal  f  to  the  angle  GEF,  and  the 
other  angles  to  the  other  angles  which  are  fubtended  by  the  e- 
S  4  1*  qua)  fides  g,  Wherefore  the  angle  DFE  is  equal  to  the  angle 
GFE,  and  EDF  to  EGF  :  And  becaufe  the  angle  DEF  is  equal 
to  the  angle  GEF,  and  GEF  to  the  angle  ABC  ;  therefore  the 
angle  ABC  is  equal  to  the  angle  DEF  :  For  the  fame  reafon, 
tiie  angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle  at  A 
to  the  angle  at  D.  Therefore  the  the  triangle  ABC  is  equiangular 
to  the  triangle  DEF,  Wherefore,  if  the  fides,  &c.  (X  E.  D. 
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5F  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  fides  about  the  equal 
angles  proportionals,  the  triangles  fhall  be  equiangular, 
and  fliall  have  thofe  angles .  equal  which  are  oppofite  to 
the  homologous  fides. 


Let  the  triangles  ARC,  DEF  have  the  angle  BAC  in  the  one 
equal  to  the  angle  EDF  in  the  other,  and  the  fides  about  thofe 
angles  proportionals  ;  that  is,  BA  to  AC,  as  ED  to  DF  ;  the 
triangles  ABC,  DEF  are  equiangular,  and  have  the  angle  ABC 
equal  to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  points  D,  F,  in  the  ftraight  line  DF,  make  athe  angle  a  *3- 
FDG  equal  to  either  of  the  angles  BAC,  EDF  ;  and  the  angle 
DFG  equal  to  the  angle 
ACB:  Wherefore  the  re¬ 
maining  angle  at  B  is  e- 
qual  to  the  remaining  o.ne 
at  G  b,  and  confequently 
the  triangle  ABC  is  equi¬ 
angular  to  the  triangle 
DGF  j  and  therefore  as 
BA  to  AC,  fo  is  c GD 
to  DF  :  But,  by  the  hy- 

pothelis,  as  BA  to  AC,  fo  is  ED  to  DF  ;  as  therefore  ED  to 


b  32.  i. 


c  4-  6. 


DF,  fo  is  d  GD  to  DF  ;  wherefore  ED  is  equal  e  to  DG  ;  and  d  ii.  5* 
DF  is  common  to  the  two  triangles  EDF,  GDF  :  Therefore  the  e  9.  5. 
two  fides  ED,  DF  are  equal  to  the  two  fides  GD,  DF  ;  and  the 
angle  EDF  is  equal  to  the  angle  GDF  ;  wherefore  the  bafe  EF 
is  equal  to  the  bafe  FG  f,  and  the  triangle  EDF  to  the  triangle  f  4.  1. 

>  GDF,  and  the  remaining  angles  to  the  remaining  angles,  each 
to  each,  which  are  fubtended  by  the  equal  fides  :  Therefore  the 
angle  DFG  is  equal  to  the  angle  DFE,  and  the  angle  at  G  to 
the  angle  at  E  :  But  the  angle  DFG  is  equal  to  the  angle  ACB  ; 
therefore  the  angle  ACB  is  equal  to  the  angle  DFE :  And  the 
angle  BAC  is  equal  to  the  angle  EDF  g ;  wherefore  alfo  there-  g  Hyp. 
maining  angle  at  B  is  equal  to  the  remaining  angle  at  E. 

E  Therefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEF. 
Wherefore,  if  two  triangles,  &c.  E.  D. 
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PROP.  VII,  T  H  E  O  R. 


IF  two  triangles  have  one  angle  of  the  one  equal  to. 

one  angle  of  the  other,  and  the  Tides  about  two  other 
angles  pi  oport-onals,  then,  if  each  of  the  remaining 
angles  be  either  lels,  or  not  lefs,  than  a  right  angle  ;  or 
if  one  of  them  be. a  right  angle  :  The  triangles  hull  be 
equiangular,  and  have  thofe  angles  equal  about  which 
the  Tides  are  proportionals. 


s  23.  1. 


b  32. 1. 
c  4*  6. 
d  II.  5. 

e  9.  5- 
f  5. 1. 

S  *3-  1. 


Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the  one 
equal  to  one  angle  in  the  other,  viz.  the  angle  BAG  to  the  an¬ 
gle  EDF,  and  the  Tides  about  two  other  angles  ABC,  DEF  pro¬ 
portionals,  fo  that  AB  is  to  BC,  as  DE  toEF  ;  and,  in  thefirfl: 
cafe,  let  each  of  the  remaining  angles  at  C,  F  be  lefs  than  a 
right  angle.  The  triangle  ABC  is  equiangular  to  the  triangle 
DEF,  viz.  the  angle  ABC  is  equal  to  the  angle  DEF,  and  the 
remaining  angle  at  C  to  the  remaining  angle  at  F. 

For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is 
greater  than  the  other:  let  ABC  be  the  greater,  and  at  the  ' 
point  B,  in  the  ftraight  line 
AB,  make  the  angle  ABG 
equal  to  the  angle3 DEF: 

And  becaufe  the  angle  at  A 
is  equal  to  the  angle  at  D, 
and  the  angle  ABG  to  the 
angle  DEF  ;  the  remaining 
angle  AGB  is  equal  b  to  the 
remaining  angle  DFE  :  Therefore  the  triangle  ABG  is  equi¬ 
angular  to  the  triangle  DEF ;  wherefore  c  as  AB  is  to  BG,fo  is 
DE  to  EF  ;  but  as  DE  to  EF,  fo.  by  hypothecs,  is  AB  to  BC ; 
therefore  as  AB  to  BC,  fo  is  AB  to  BG  d  ;  and  becaufe  AB 
has  the  fame  ratio  to  each  of  the  lines  BC,  BG  ;  BC  is  equal  e 
to  BG,  and  therefore  the  angle  BGC  is  equal  to  the  angle 
BCG  f :  But  the  angle  BCG  is,  by  hypothefis,  lefs  than  a  right 
angle  ;  therefore  alfo  the  angle  BGC  is  lefs  than  a  right  angle, 
and  the  adjacentangle  AGB  mull  be  greater  than  a  right  angle  g. 
But  it  was  proved  that  the  angle  AGB  is  equal  to  the  angle  at  F; 
therefore  the  angle  at  F  is  greater  than  a  right  angle  :  But, by  the 
hypothefis,  it  is  lefs  than  a  right  angle  ;  which  is  abfurd.  There¬ 
fore 


/ 
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fore  the  angles  ABC,  DEF  are  not  unequal,  that  is,  they  are  Bookvr. 
equal  :  And  the  angle  at  A  is  equal  to  the  angle  at  D  ;  where- 
fore  the  remaining  angle  at  C  is  equal  to  the  remaining  angle 
at  F  :  Therefore  the  triangle  ABC  is  equiangular  to  the  tri¬ 
angle  DEF. 

Next,  Let  each  of  the  angles  at  C,  F  be  not  lefs  than  aright 
angle  :  The  triangle  ABC  is  alfo  in  this  cafe  equiangular  to 
the  triangle  DEF. 

The  fame  conftrucbion 
being  made,  it  may  be  pro¬ 
ved  in  like  manner  that  BC 
is  equal  to  BG,  and  the 
angle  at  C  equal  to  the  an¬ 
gle  BGC  :  But  the  angle  B 
at  C  is  not  lefs  than  a  right 
angle  ;  therefore  the  angle 

BGC  is  not  lefs  than  a  right  angle :  Wherefore  two  angles  of 
tde  triangle  BGC  are  together  not  lefs  than  two  right  angles, 
which  is  impombleh  ;  and  therefore  the  triangle  ABC  may  be  h  17.  i, 
proved  to  be  equiangular  to  the  triangle  DEF,  as  in  the  firft 
cafe. 

Laftly,  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C, 
be  a  right  angle ;  in  this  cafe  like  wife  the  triangle  ABC  is  e- 
quiangular  to  the  triangle  DEF. 

For,  if  they  be  not  equian¬ 
gular,  make,  at  the  point  B 
of  the  ftiaight  line  AB,  the 
angle  ABG  equal  to  the  an¬ 
gle  DEF  ;  then  it  may  be 
proved,  as  in  the  firlf  cafe, 
that  BG  is  equal  to  BC  :  But 
the  angle  BCG  is  a  right  an¬ 
gle,  therefore  1  the  angle  BGC 
is  alfo  a  right  angle  whence 
two  of  the  angles  of  the  tri¬ 
angle  BGC  are  together  not 
lefs  than  two  right  angles, 
which  is  impofiible  h  ;  There¬ 
fore  the  triangle  ABC  is  e- 

quiangular  to  the  triangle  DEF.  Wherefore,  if  two  trian¬ 
gles,  &.c.  CL  E.  D, 


♦ 


PROP, 


1 66 
I 

Book  VI. 


SeeN. 


a  32.  1. 


b  4.  6: 
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PROP.  VIII.  THE  OR. 

JN  a  right  angled  triangle,  if  a  perpendicular  be  drawn 
from  the  right  angle  to  the  bafe  ;  the  triangles  on 
each  fide  of  it  are  fimilar  to  the  whole  triangle,  and  to 
one  another. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC  ;  and  from  the  point  A  let  AD  be  drawn  perpendicular 
to  the  bafe  EC  :  The  triangles  ABD,  ADC  are  fimilar  to  the 
whole  triangle  ABC,  and  to  one  another. 

Becaufe  the  angle  BAC  is  equal  to  the  angle  ADB,  each  of 
them  being  a  right  angle,  and  that  the  angle  at  B  is  common 
to  the  two  triangles  ABC, 

ABD  ;  the  remaining  angle 
ACB  is  equal  to  the  remaining 
angle  BAD  a  :  Therefore  the 
triangle  ABC  is  equiangular 
to  the  triangle  ABD,  and  the 
fides  about  their  equal  angles 
are  proportionals  b  ;  wherefore 
the  triangles  are  fimilar  c :  In 
the  like  manner  it  may  be  demonftrated,  that  the  triangle  ADC 
is  equiangular  and  fimilar  to  the  triangle  ABC  :  And  the  tri¬ 
angles  ABD,  ADC,  being  both  equiangular  and  fimilar  to 
ABC,  are  equiangular  and  fimilar  to  each  other.  Therefore, 
in  a  righ  angled,  & c.  Q.  E.  D. 

Cor.  From  this  it  is  manifeft,  that  the  perpendicular  drawn 
from  the  right  angle  of  a  right  angled  triangle  to  the  bafe,  is  a 
-mean  proportional  between  the  fegments  of  the  bafe  :  And  al- 
fo,  that  each  of  the  fides  is  a  mean  proportional  between  the 
bafe,  and  its  fegment  adjacent  to  that  fide  :  Becaufe  in  the  tri¬ 
angles  BDA,  ADC,  BD  is  to  DA,  as  DA  to  DC  b  ;  and  in  the 
triangles  ABC,  DBA,  BC  is  to  BA,  as  BA  to  BD  b;  and  in 
the  triangles  ABC,  ACD,  BC  is  to  CA,  as  CA  to  CD  b  . 

j  ^  » 
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Book  VI, 


PROP.  IX.  PRO  B. 


'ROM  a  given  ftraight  line  to  cut  off  any  part  re-  See  N. 
quired.  > 


Let  AB  be  the  given  ftraight  line  ;  it  is  required  to  cut  off 
any  part  from  it. 

From  the  point  A  draw  a  ftraight  line  AC  making  any  angle 
with  AB  ;  and  in  AC  take  any  point  D,  and  take  AC  the  fame 
multiple  of  AD,  that  AB  is  of  the  part 
which  is  to  be  cut  off  from  it  ;  join  BC, 
and  draw  DE  parallel  to  it  :  Then  AE  is 
the  part  required  to  be  cut  off. 

Becaufe  ED  is  parallel  to  one  of  the  fides 
of  the  triangle  ABC,  viz.  to  BC,  as  CD  is 
to  DA,  fo  is  a  BE  to  EA  ;  and,  by  corapo- 
lition  C  A  is  to  AD,  as  BA  to  AE  :  But 
CA  is  a  multiple  of  AD  ;  therefore  c  BA 
is  the  fame  multiple  of  AE:  Whatever  part 
therefore  AD  is  of  AC,  AE  is  the  fame 
part  of  AB  :  Wherefore,  from  the  ftraight 


a  i.  6. 
b  18.  5- 
c  D.  j. 


E  C 

line  AB  the  part  required  is  cut  off.  Which  was  to  be  done. 


PROP.  X.  PROB. 


TO  divide  a  given  ftraight  line  ftmilarly  to  a  given 
divided  ftraight  line,  that  is,  into  parts  that  ftiali 
have  the  fame  ratios  to  one  another  which  the  parts  of 
the  divided  given  ftraight  line  have. 

Let  AB  be  the  ftraight  line  given  to  be  divided,  and  AC  the 
divided  line  ;  it  is  required  to  divide  AB  ftmilarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E  ;  and  let  AB,  AC  be 
placed  fo  as  to  contain' any  angle,  and  join  BC,  and  through  the 
points  D,  E,  draw  a  DF,  EG  parallels  to  it ;  and  through  D  a  31. 
draw  DHK  parallel  to  AB  :  Therefore  each  of  the  figures  FH, 

HB,  is  a  parallelogram  j  wherefore  DH  is  equal  b  to  FG,  and  b  34- 

L  4  HR  * 
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Boot  vr.  HK  |-0  Qg  •  And  becaufe  HE  is  pa- 
*»*~r***J  raiiel  to  KC,  one  of  the  Tides  of  the 
triangle  DKC,  as  CE  to  ED,  to  is 
c  z.  6.  c  KH  to  HD  :  But  EH  is  equal  to 
BG,  and  HD  to  GF  ;  therefore,  as 
CE  to  ED,  fo  is  BG  to  GF:  Again, 
becaufe  FD  is  parallel  to  EG,  one  of 
the  tides  of  the  triangle  AGE,  as  ED  |j 
to  DA,  fo  is  GF  to  FA  :  But  it  has 
been  proved  that  CE  is  to  ED,  as 
BG  to  GF  ;  and  as  ED  to  DA,  fo  GF  to  FA  :  Therefore  the 
given  ftraight  line  AB  is  divided  fimilarly  to  AC.  Which  was 
to  be  done.  '  p 


PROP.  XI.  PROB. 


find  a  third  proportional  to  two  given  ftraight 
Hffes. 


a  31.  1. 

fo  z.  6. 


Let  AB,  AC  be  the  two  given  ftraight  lines,  and  let  them 
be  placed  fo  as  to  contain  any  angle  ;  it  is  * 
required  to  find  a  third  proportional  to  AB,  ^ 

AC. 

Produce  AB,  AC  to  the  points  D,  E  ; 
and  make  BD  equal  to  AC  ;  and  having 
joined  BC,  through  D,draw  DE  parallel  to 
it  a. 

Becaufe  BC  is  parallel  to  DE,  a  fide  of 
the  triangle  ADE,  AB  is  fo  to  BD,  as  AC  to 
CE  :  But  BD  is  equal  to  AC  ;  as  therefore 
AB  to  AC,  fo  is  AC  to  CE.  Wherefore  to  the  two  given 
ftraight  lines  AB,  AC  a  third  proportional  CE  is  found.  Which 
was  to  be  done. 


PROP.  XII.  PROB. 


r|  **0  find  a  fourth  proportional  to  three  given  ftraight 
lines. 


.id- 


Let  A,  B,  C  be  the  three  given  ftraight  lines  ;  it  is  required 
to  find  a  fourth  proportional  to  A,  B,  C9 

Take 
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Take  two  flraigbt  lines  DE,  DF,  containing  any  angle  EDF ;  Book  VI 


and  upon  thefe  make  DG 
equal  to  A,  GE  equal  to  B, 
and  DH  equal  to  C  ;  and 
liavingjoinedGH,  draw  EF 
parallel a  to  it  through  the 
point  E  :  And  beeaufe  GH 
is  parallel  to  EF,  one  of  the 
fides  of  the  triangle  DEF, 

DG  is  to  GE,  as  DH  to 
HF  b ;  but  DG  is  equal  to 
A,  GE  to  B,  and  DH  toC  ; 

therefore,  as  A  is  to  B,  fo  is  C  to  HF.  Wherefore  to  the 
three  given  llraight  lines,  A,  B,  C  a  fourth  proportional  Ht1  is 
found.  Which  was  to  be  done. 


a  31.  I. 


b  a.  6. 


PROP.  XIII.  PROB. 


TO  find  a  mean  proportional  between  two  given 
llraight  lines. 

Let  AB,  BC  be  the  two  given  llraight  lines  ;  it  is  required 
to  find  a  mean  proportional  between  them. 

Place  AB,  BC  in  a  llraight  line,  and  upon  AC  deferibe  the 
femicircle  ADC,  and  from  the  i) 

point  B  draw  a  BD  at  right  an¬ 
gles  to  AC,  and  join  AD,  DC. 

Beeaufe  the  angle  ADC  in  a 
femicircle  is  a  right  angle  b,  and 
beeaufe  in  the  right  angled  tri¬ 
angle  ADC,  DB  is  drawn  from 
the  right  angle  perpendicular  to  /x 
the  bafe,  DB  is  a  mean  propor¬ 
tional  between  AB,  BC  the  fegments  of  the  bafe  c  :  Therefore  c  Cor.  8. 6 
between  the  two  given  llraight  lines  AB,  BC,  a  mean  propor¬ 
tional  DB  is  found.  Which  was  to  be  done. 


a  11.  1. 


b  31-  3* 
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PROP.  XIV.  THE  OR. 


FQUAL  parallelograms  which  have  one  angle  of  the 

_ j  one  equal  to  one  angle  of  the  other,  have  their 

lides  about  the  equal  angles  reciprocally  proportional : 
And  parallelograms  that  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  and  their  Tides  about  the  e- 
qual  angles  reciprocally  proportional,  are  equal  to  one 
another. 


s  14.  I. 


fc  7.  5- 

c  1.  6. 


d  II.  5. 


tg.  5. 


Let  AB,  BC  be  equal  parallelograms,  which  have  the  angles 
at  B  equal,  and  let  the  fides  DB,  BE  be  placed  in  the  fame 
flraight  line  ;  wherefore  alfoFB,  BG  are  in  one  flraight  line  a  ; 
The  fides  of  the  parallelograms  AB,  BC  about  the  equal  angles, 
are  reciprocally  proportional  ;  that  is,  DB  is  to  BE,  as  GB  to 
BF. 

Complete  the  parallelogram  FE  ;  and  becaufe  the  parallelo¬ 
gram  AB  is  equal  to  BC,  and 
that  FE  is  another  parallelo¬ 
gram,  AB  is  to  FE,  as  BC  to 
FE  h :  But  as  AB  to  FE,  fo  is 
the  bafe  DB  to  BE  c  ;  and,  as 
BC  to  FE,  fo  is  the  bafe  GB  to 
BF  ;  therefore,  as  DB  to  BE, 
fo  is  GB  to  BF  d.  Wherefore, 
the  fides  of  the  parallelograms 
AB,  BC  about  their  equal  an¬ 
gles  are  reciprocally  proportional. 

But,  let  the  fides  about  the  equal  angles  be  reciprocally  pro¬ 
portional,  viz.  as  DB  to  BE,  fo  GB  to  BF  ;  the  parallelogram 
AB  is  equal  to  the  parallelogram  BC. 

Becaufe,  as  DB  to  BE,  fo  is  GB  to  BF  ;  and  as  DB  to  BE, 
fo  is  the  parallelogram  AB  to  the  parallelogram  FE  ;  and  as 
GB  to  BF,  fo  is  the  parallelogram  BC  to  the  parallelogram  FE; 
therefore  as  AB  to  FE,  fo  BG  to  FE  d :  Wherefore  the  paral¬ 
lelogram  AB  is  equal  e  to  the  parallelogram  BC.  Therefore 
equal  parallelograms,  Sec.  E.  D. 
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PROP.  XV.  THEOR. 

'STT*  QUAL  triangles  which  have  one  angle  of  the  one 
jj  j  equal  to  one  angle  of  the  other,  have  their  fides 
about  the  equal  angles  reciprocally  proportional :  And 
triangles  which  have  one  angle  in  the  one  equal  to  one 
angle  in  the  other,  and  their  fides  about  the  equal  angles 
reciprocally  proportional,  are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  triangles,  which  have  the  angle 
BAC  equal  to  the  angle  DAE  ;  the  fides  about  the  equal  angles 
of  the  triangles  are  reciprocally  proportional ;  that  is,  CA  is  to 
AD,  as  EA  to  AB. 

Let  the  triangles  be  placed  fo  that  their  fides  CA,  AD  be 
in  one  flraight  line;  wherefore  alfo  EA  and  AB  are  in  one 
llraight  line  a  ;  and  join  BD.  Becaufe  the  triangle  ABC  is  e-  a  14. 
qual  to  the  triangle  ADE,  and 


B 


C 


E 
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c  1.  6. 


d  II. 


that  ABD  is  another  triangle ; 
therefore  as  the  triangle  CAB  is  to 
the  triangle  BAD,  fo  is  triangle 
EAD  to  triangle  DAB  b :  But  as 
triangle  CAB  to  triangle  BAD,  fo 
is  the  bafe  CA  to  AD  c ;  and  as 
triangle  EAD  to  triangle  DAB,fo 
is  the  bafe  EA  to  AB  c ;  as  there¬ 
fore  C  A  to  AD,  fo  isEA  to  AB  d ; 
wherefore  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  are  reciprocally  proportional. 

But  let  the  fides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  be  reciprocally  proportional,  viz.  CA  to  AD,  as  EA  to 
AB  ;  the  triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  before  ;  becaufe,  as  CA  to  AD,  fo  is 
EA  to  AB  ;  and  as  CA  to  AD,  fo  is  triangle  ABC  to  triangle 
BAD  c  ;  and  as  EA  to  AB,  fo  is  triangle  EAD  to  triangle 
BAD  c  ;  therefore  d  as  triangle  BAC  to  triangle  BAD,  fo  is  tri¬ 
angle  EAD  to  triangle  BAD  ;  that  is,  the  trangles  BAC,  EAD 
have  the  fame  ratio  to  the  triangle  BAD  :  Wherefore  the  tri¬ 
angle  ABC  is  equal  e  to  the  triangle  ADE.  Therefore  equal  e  9.5. 
triangles,  &c.  E  D. 
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PROP.  XVI.  THEOR. 

IF  four  ftraight  lines  be  proportionals,  the  re&angle 
contained  by  the  extremes  is  equal  to  the  redlangle 
contained  by  the  means  :  And  if  the  rectangle  contained 
by  the  extremes  be  equal  to  the  redangle  contained  by 
the  means,  the  four  ftraight  lines  are  proportionals. 

Let  the  four  ftraight  lines,  AB,  CD,  E,  F  be  proportionals, 
viz.  as  AB  to  CD  fo  E  to  F ;  the  redangle  contained  by  AB, 
F  is  equal  to  the  redangle  contained  by  CD,  E. 

From  the  points  A,  C  draw  a  AG,  CH  at  right  angles  to 
AB,  CD  ;  and  make  AG  equal  to  F,  and  CH  equal  to  E,  and 
complete  the  parallelograms  EG,  DH  :  Becaufe,  as  AB  to  CD, 
fo  is  E  to  F ;  and  that  E  is  equal  to  CH,  and  F  to  AG  ;  AB 
is  to  CD,  as  CH  to  AG  :  Therefore  the  hides  of  the  paralle¬ 
lograms  BG,  DH  about  the  equal  angles  are  reciprocally  pro¬ 
portional  ;  but  parallelograms  which  have  their  fides  about  e- 
qual  angles  reciprocally  proportional,  are  equal  to  one  another  c  ; 
therefore  the  parallelogram  BG  is  equal  to  the  parallelogram 
DH  :  And  the  parallelogram 
BG  is  contained  by  the 
ftraight  lines  AB,F ;  becaufe 
AG  is  equal  to  F  ;  and  the 
parallelogram  DH  is  con¬ 
tained  by  CD  and  E  becaufe 
CH  is  equal  to  E :  There¬ 
fore  the  redangle  contained 
by  the  ftraight  lines  AB,  F 
is  equal  to  that  which  is  con¬ 
tained  by  CD  and  E. 

And  if  the  redangle  contained  by  the  ftraight  lines  AB,  F 
be  equal  to  that  which  is  contained  by  CD,  E  ;  thefe  four  lines 
are  proportionals,  viz.  AB  is  to  CD,  as  E  to  F. 

The  fame  conftrudion  being  -  made,  becaufe  the  redangle 
contained  by  the  ftraight  lines  AB,  F  is  equal  to  that  which  is 
contained  by  CD,  E,  and  that  the  redangle  1  G  is  contained  by 
AB,  F,  becaufe  AG  is  equal  to  F  ;  and  the  redangle  DH 
by  CD,  E,  becaufe  CHis  equal  to  E;  therefore  the  pararelogram 
BG  is  equal  to  the  parallelogram  DH  ;  and  they  are  equiangu- 

^  lar ; 


F 

G 


A  B  C  D 


OF  EUCLID. 


,  ’  :  x73 

lar :  But  the  fides  about  the  equal  angles  of  equal  parallelo-  Book  VI. 
grams  are  reciprocally  proportional  c  :  Wherefore,  as  AB  t*  CD,  ^ ■v^J 
fo  is  CH  to  AG  ;  and  CH  is  equal  to  E,  and  AG  to  F  :  As  c  14' 
therefore  AB  is  to  CD,  fo  E  to  F.  Wdierefore,  if  four,  &.c, 

CL  E.  D. 


PROP.  XVII.  T  H  E  O  R. 


IF  three  ftraight  lines  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  fquare  of 
the  mean:  And  if  the  rectangle  contained  by  the  ex¬ 
tremes  be  equal  to  the  fquare  of  the  mean,  the  three 
ftraight  lines  are  proportionals. 

Let  the  three  firaight  lines  A,  B,  C  be  proportionals,  viz.  as 
A  to  B,  fo  B  to  C  ;  the  rectangle  contained  by  A,  C  is  equal 
to  the  fquare  ofB. 

Take  D  equal  to  B  ;  and  becaufe  as  A  to  B,  fo  B  to  C  ,  and 
that  B  is  equal  to  D  ;  A  is  a  to  B,  as  D  to  C  :  But  if  four  a  7.  5, 

ftraight  lines  be  pro-  ^  _ _ 

portionals,  the  redan¬ 


gle  contained  by  the 
extremes  is  equal  to 
that  which  is  contained  s** 

ft 

by  the  means  b  :  There¬ 
fore  the  redangle  con¬ 
tained  by  A,  C  is  equal 
to  that  contained  by 
B,  D  :  But  the  rec¬ 
tangle  contained  by  R, 

D  is  the  fquare  of  B  ;  becaufe  B  is  equal  to  D  :  Therefore  the 
redangle  contained  by  A,  C  is  equal  to  the  fquare  of  B. 

And  if  the  redangle  contained  by  A,  C  be  equal  to  the 
fquare  of  B  ;  A  is  to  B,  as  B  to  C, 

Tke  fame  conflrudion  being  made,  becaufe  the  redangle 
contained  by  A,  C  is  equal  to  the  fquare  of  B,  and  the  fquare 
of  B  is  equal  to  the  redangle  contained  by  B,  D,  becaufe  B  is 
equal  to  L)  ;  therefore  the  redangle  contained  by  A,  C  is  equal 
to  that  contained  by  B,  D  :  But  if  the  redangle  contained  by 
the  extremes  be  equal  to  that  contained  by  the  means,  the  four 
ftraight  lines  are  propoitionals  b  ;  Therefore  A  is  to  B,  as  D  to 

C; 
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C  ;  but  B  is  equal  to  D  ;  wherefore  as  A  to  B,  fo  B  to  C 
Therefore,  if  three  ftraight  lines,  &,c.  CL  E.  D. 


PROP.  XVIII.  P  R  O  B. 


PON  a  given  flraight  line  to  defcribe  a  rectilineal 
figure  fimilar,  and  fimilarly  fituated  to  a  given 
rectilineal  figure. 

Let  AB  be  the  given  ftraight  line,  and  CDEF  the  given  rec¬ 
tilineal  figure  of  four  fides  ;  it  is  required  upon  the  given 
ftraight  line  AB  to  defcribe  a  re&ilineal  figure  fimilar,  and  fimi¬ 
larly  fituated  to  CDEF. 

Join  DF,  and  at  the  points  A,  B  in  the  ftraight  line  AB, 
make  3  the  angle  BAG  equal  to  the  angle  at  G,  and  the  angle 
ABG  equal  to  the  angle  CDF  ;  therefore  the  remaining  angle 
CFD  is  equal  to  the  remaining  angle  AGB  b:  Wherefore  the 
triangle  FCD  is  e- 
quiangular  to  the 
triangle  GAB  :  A- 
gain,  at  the  points 
G,  B  in  the  ftraight 
line  GB  make3  the 
angle  BGH  equal  to 
the  angle  DFE,  and 
the  angle  GBH  e- 
qual  toFDE ;  there¬ 
fore  the  remaining  angle  FED  is  equal  to  the  remaining  angle 
GHB,  and  the  triangle  FDE  equiangular  to  the  triangle  GBH  : 
'I  hen,  becaufe  the  angle  AGB  is  equal  to  the  angle  CFD,  and 
BGH  to  DbE,  the  whole  angle  AGE  is  equal  to  the  whole 
CFE  <  For  the  fame  reafon,  the  angle  ABH  is  equal  to  the  angle 
CDE  ;  alfo  the  angle  at  A  is  equal  to  the  angle  at  C,  and  the 
angle  GHB  to  FED :  Therefore  the  rectilineal  figure  ABHG  is 
equiangular  to  CDEF :  But  likewife  thefe  figures  have  their  fides 
about  the  equal  angles  proportionals :  Becaufe  the  triangles  GAB, 
FCD  being  equiangular,  BA  is  fto  AG,  as  DC  to  CF  ;  and 
becaufe  AG  is  to  GB,  as  CF  to  FD  ;  and  as  GB  to  GH,  fo, 
by  reafon  of  the  equiangular  triangles  BGH,  DFE,  is  FD  to 
FE  ;  therefore,  ex  cequali  d,  AG  is  to  GH,  as  CF  to  FE  :  In 
the  fame  manner  it  may  be  proved  that  AB  is  to  BH,  as  CD  to 
PE  :  And  GH  15  to  HB,  as  FE  to  ED  c.  Wherefore,  becaufe 
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the  rectilineal  figures  ABHG,  CDEF  are  equiangular,  and  have  Boole  Vt. 

their  fides  about  the  equal  angles  proportionals,  they  are  fimilar 

to  one  another  e.  ' .  _  e  x.  Det.  6, 

Next,  let  it  be  required  to  deferibe  upon  a  given  ftraight  line 
AB,  a  rectilineal  figure  fimilar,  and  fimilarly  fituated  to  the 
rectilineal  figure  CDKEF. 

join  DE,  ar.d  upon  the  given  ftraight  line  AB  deferibe  the 
reCtilineal  figure  ABHG  fimilar,  and  fimilarly  fituated  to  the 
quadrilateral  figure  CDEF,  by  the  former  cafe ;  and  at  the 
points  B,  H  in  the  ftraight  line  BH,  make  the  angle  HBL  e- 
qnal  to  the  angle  EDK,  and  the  angle  BHL  equal  to  the  angle 
DEK ;  therefore  the  remaining  angle  at  K  is  equal  to  the  re¬ 
maining  angle  at  L  :  And  becaufe  the  figures  ABHG,  CDEF 
are  fimilar,  the  angle  GHB  is  equal  to  the  angle  FED,  and 
BHL  is  equal  to  DEK  ;  wherefore  the  whole  angle  GHL  is 
equal  to  the  whole  angle  FEK  :  For  the  fame  reafon  the  angle 
ABL  is  equal  to  the  angle  CDK :  Therefore  the  five  fided  fi¬ 
gures  AGHLB,  CFEKD  are  equiangular  ;  and  becaufe  the  fi¬ 
gures  AGHB,  CFED  are  fimilar,  GH  is  to  HB,  asFE  to  ED; 
and  as  HB  to  HL,  fo  fs  ED  to  EK  c ;  therefore,  ex  aequali  d,  c  4-  6. 

GH  is  to  HL,  as  FE  to  EK  :  For  the  fame  reafon,  AB  is  to  BL  ^  22' 
as  CD  to  DK  :  And  BL  is  to  LH,  as  c  DK  to  KE,  becaufe  the 
triangles  BLFI,  DKE  are  equiangular  :  Therefore,  becaufe  the 
five  fided  figures  AGHLB,  CFEKD  are  equiangular,  and  have 
their  fides  about  the  equal  angles  proportionals,  they  are  fimilar 
to  one  another  :  And  in  the  fame  manner  a  reCtilineal  figure  of 
fix  or  more  fides  may  be  deferibed  upon  a  given  ftraight  line 
fimilar  to  one  given,  and  fo  on.  Which  was  to  be  done. 


PROP.  XIX.  T  H  E  O  R. 

SImilar  triangles  are  to  one  another  in  the  duplicate 
ratio  of  their  homologous  fides. 

Let  ABC,  DEF  be  fimilar  triangles,  having  the  angle  B  equal 
to  the  angle  E,  and  let  AB  be  to  BC,  as  DE  to  EF,  fothai  the 
fide  BC  is  homologous  to  EF  * :  the  triangle  ABC  has  to  the  a i2.Def.5. 
triangle  DEF,  the  duplicate  ratio  of  that  which  BC  has  toEF. 

Take  RG  a  third  proportional  to  BC,  EF  b,  fo  that  BC  is  to  b  11.  6. 
EF,  as  EF  to  BG,  and  join  GA  :  Then,  becaufe  as  AB  to  BC, 
fp  DE  to  EF  j  alternately  A3  is  to  I)E,  as  BC  to  EF:  But  c  j6.  5, 

as 


/ 


THE  ELEMENTS 


176 

Book  vr.  as  BG  to  EF,  fo  is  EF  to  BG  ;  therefore  das  AB  to  DE,  fo  is 
1 — ***>  EF  to  BG  :  Wherefore  the  lides  of  the  triangles  ABG,  D  F 
'5'  which  are  about  the  equal  angles,  are  reciprocally  proportional: 
Bir  tna  gles  which  have  the  lides  about  two  equal  angles  reci¬ 
procally  proportional 
are  equal  to  one  ano- 
«  i5-  6,  ther  e  :  Therefore  the 
triangle  ABG  is  equal 
to  the  tria  g'e  DEF: 

And  becaufe  as  BC  is 
to  EF,  fo  EF  to  BG; 
and  that  if  three 
ftraight  lines  be  pro¬ 
portionals,  the  firif  is 
i  io.Def.5.  f  t0  }iave  to  the  third  the  duplicate  ratio  of  that  which  it  has 
to  the  fecond  ;  BC  therefore  has  to  BG  the  duplicate  ratio  of 
g  r.  6.  that  which  BC  has  to  EF  :  But  as  BC  to  BG,  fo  is  X  the  tr  angle 
ABC  to  the  triangle  ABG.  Therefore  the  triangle  ABC  has  to 
the  triangle  ABG  the  duplicate  ratio  of  that  which  BC  has  to 
EF  :  But  the  triangleABGis  equal  to  the  triangle  DEF ;  where¬ 
fore  alfo  the  triangle  ABC  has  to  the  triangle  DEF  the  duplicate 
ratio  of  that  which  BC  has  to  EF.  Therefore  limilar  triangles, 
occ.  CL  E.  D. 

Cor.  From  this  it  is  manifeft,  that  if  three  ftraight  lines  be 
proportionals,  as  the  firlt  is  to  the  third,  fo  is  any  triangle  up¬ 
on  the  firft  to  a  limilar,  and  limilarly  deferibed  triangle  upon 
the  fecond. 

PROP.  XX.  T  H  E  O  R. 

SImilar  polygons  may  be  divided  into  the  fame  num¬ 
ber  of  limilar  triangles,  having  the  fan  e  ratio  to  one 
another  that  the  polygons  have;  and  the  polygons  have 
to  one  another  the  duplicate  ratio  of  that  which  their 
homologous  Tides  have. 

Let  ABCDE,  FGHKL  be  limilar  polygons,  and  let  AB  be 
the  homologous  lide  to  FG  :  The  polygons  ABCDE,  FGHKL 
may  be  divided  into  the  fame  number  of  fimilar  triangles, 
whereof  each  to  each  has  the  fame  ratio  which  the  polygons 
have  ;  and  the  polygon  ABCDE  has  to  the  polygon  FGHKL 
the  duplicate  ratio  of  that  which  the  lide  AB  has  to  the  lide  FG. 
Join  BE,  EC,  GL,  LH;  And  becaufe  the  polygon  ABCDE  is  » 

fimilar 
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limilar  to  the  polygon  FGHKL,  the  angle  BAE  is  equal  to  the  Book  VI. 
angle  GFL  a,  and  BA  is  to  AE,  as  GF  to  FL  a  :  Wherefore, 
becaufe  the  triangles  ABE,  FGL  have  an  angle  in  one  equal  a  I*  *** 
to  an  angle  in  the  other,  and  their  lides  about  thefe  equal  angles 
proportionals,  the  triangle  ABE  is  equiangular  b,  and  there-  5  5 
fore  limilar  to  the  triangle  FGL  c  5  wherefore  the  angle  ABE  c  4.  6. 
is  equal  to  the  angle  FGL :  And,  becaufe  the  polygons  are  fi- 
milar,  the  whole  angle  ABC  is  equal  a  to  the  whole  angle  FGH; 
therefore  the  remaining  angle  EBC  is  equal  to  the  remaining 
angle  LGH  :  And  becaufe  the  triangles  ABE,  FGL  are  limilar, 

EB  is  to  BA,  as  LG  to  GF  a;  and  alfo,  becaufe  the  polygons 
are  limilar.  AB  is  to  EC,  as  FG  to  GH  2  ;  therefore,  ex  as- 
quali  d,  EB  is  to  BC,  as  LG  to  GH  ;  that  is,  the  lides  about 
the  equal  angles  EBC,  LGH  are  proportionals  ;  therefore  d  d  22.  5. 
the  triangle  EBC  is  equiangular  to  the  triangle  LGH,  and 


limilar  triangles.  ‘  #  . 

Alfo  thefe  triangles  have.,  each  to  each,  the  fame  ratio  which 
the  polygons  have  to  one  another,  the  antecedents  being  ABE, 
EBC,  ECD,  and  the  confequents  FGL,  LGH,  LHK :  And 
the  polygon  ABCDE  has  to  the  polygon  FGHKL  the  dupli¬ 
cate  ratio  of  that  which  the  lide  AB  has  to  the  homologous 


fide  FG. 


Becaufe  the  triangle  ABE  is  fun  liar  to  the  triangle  FGL, 


ABE  has  to  FGL  the  duplicate  ratio  e  of  that  which  the  lide  e  19.  6. 
BE  has  to  the  fide  GL  :  For  the  fame  reafon,  the  triangle  BEC 
has  to  GLH  the  duplicate  ratio  of  that  which  BE  has  to  GL : 
Therefore,  as  the  triangle  ABE  to  the  triangle  FGL,  fo  f  is  the  f  n,  5* 
triangle  BEC  to  the  triangle  GLH.  Again,  becaufe  the  tri¬ 
angle  EBC  is  limilar  to  the  triangle  LGH,  EBC  has  to  LGH 
the  duplicate  ratio  of  that  which  the  fide  EC  has  to  the  lide 
LU.';  For  the  fame  reafon,  the  triangle  ECD  has  to  the  triangle 
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f  n.  5. 


therefore  the  triangle  EEC  to  the  triangle  LGH,  fo  is  f  the 
triangle  EC I)  to  the  triangle  LHK  :  But  it  has  been  proved  that 
the  triangle  EEC  is  likewife  to  the  triangle  LGH,  as  the  triangle 
ABE  to  the  triangle  FGL.  Therefore,  as  the  triangle  ABE  is 
to  the  triangle  FGL,  fo  is  triangle  EEC  to  triangle  LGH,  and 
triangle  ECD  to  triangle  LHK  :  And  therefore,  as  one  of  the 
antecedents  to  one  of  the  confequents,  fo  are  all  the  antecedents 
g  12.  5.  to  all  the  confequents  g.  Wherefore,  as  the  triangle  ABE  to  the 
triangle  FGL,  fo  is  the  polygon  ABCDE  to  the  polygon 
FGHKL  :  But  the  triangle  ABE  has  to  the  triangle  FGL,  the 
duplicate  ratio  of  that  which  the  fide  AB  has  to  the  homologous 
fide  FG.  Therefore  alfo  the  polygon  ABCDE  has  to  the  poly¬ 
gon  FGHKL  the  duplicate  ratio  of  that  which  AB  has  to  the 
homologous  fide  FG.  Wherefore  fimilar  polygons,  Sec.  CL  E.  D. 

Cor.  1.  In  like  manner,  it  may  be  proved,  that  fimilar  four 
fided  figures,  or  of  any  number  of  fides,  are  one  to  another  in 
the  duplicate  ratio  of  their  homologous  fides,  and  it  has  already 
been  proved  in  triangles.  Therefore,  univerfally,  fimilar  re£ii- 
lineal  figures  are  to  one  another  in  the  duplicate  ratio  of  their 
homologous  fides. 

Cor.  2.  And  if  to  AB,  FG,  two  of  the  homologous  fides, 
hio.  def.  5.  a  third  proportional  M  be  taken,  AB  has  hto  M  the  duplicate 
ratio  of  that  which  AB  lias  to  FG  :  But  the  four  fided  figure  or 
polygon  upon  AB  has  to  the  four  fided  figure  or  polygon  upon 
FG  likewife  the  duplicate  ratio  of  that  which  AB  lias  to  FG  : 
Therefore,  as  AB  is  to  M,  fo  is  the  figure  upon  AB  to  the  fi- 
i  Cor.  19.6.  gLire  uponFG,  which  was  alfo  proved  in  triangles  k  Therefore, 
univerfally,  it  is  manifefl,  that  if  three  firaight  lines  be  propor¬ 
tionals,  as  the  firfl  is  to  the  third,  fo  is  any  rectilineal  figure 
upon  the  firft,  to  a  fimilar  and  limilarly  defcribed  rc&ilineal  fi¬ 
gure  upon  the  fecond. 
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PROP.  XXI.  THEOR.  y'~' 

REctilineal  figures  which  are  fimilar  to  the  fame 
reCtilineal  figure,  are  alfo  fimilar  to  one  another. 

Let  each  of  the  reCtilineal  figures  A,  B  be  fimilar  to  the  rec¬ 
tilineal  figure  C  :  The  figure  A  is  fimilar  to  the  figure  B. 

Becaufe  A  is  fimilar  to  C,  they  are  equiangular,  and  alfo 
have  their  fides  about  the  equal  angles  proportionals  3  .  Again,  a  *•  ocf.  6. 
becaufe  B  is  fimilar  to 
C,  they  are  equiangu¬ 
lar,  and  have  their  fides 
about  the  equal  angles 
proportionals  ^There¬ 
fore  the  figures  A,  B 
are  each  of  them  equi¬ 
angular  to  C,  and  have  the  fides  about  the  equal  angles  of  each 
of  them  and  of  C  proportionals.  Wherefore  the  rectilineal  fi¬ 
gures  A  and  B  are  equiangular^  ,  and  have  their  fides  about  the  b  r.  Ax.  r. 
equal  angles  proportionals  c .  Therefore  A  is  fimilar  3  to  B,  c  ii.  5. 
QcE.  D. 

PROP.  XXII.  THEOR. 

IF  four  ftraight  lines  be  proportionals,  the  fimilar  rec- 
tilineal  figures  fimilarly  described  upon  them  fhall  al¬ 
fo  be  proportionals  ;  and  if  the  fimilar  reCtilineal  figures 
fimilarly  deferibed  Upon  four  ftraight  lines  be  propor¬ 
tionals,  thofe  ftraight  lines  lhall  be  proportionals. 

vf  ♦  .  '  it*  _  »■ 

Let  the  four  ftraight  lines  AB,  CD,  EF,  GH  be  propor¬ 
tionals,  viz.  AB  to  CD,  as  EF  to  GH,  and  upon  AB,  CD  let 
the  fimilar  rectilineal  figures  KAB,  LCD  be  fimilarly  deferibed  ;  c 

and  upon  EF,  GH  the  fimilar  reCtilineal  figures  MF,  NH  in  j 

like  manner  :  The  reCtilineal  figure  KAB  is  to  LCD,  as  MF 
toNH. 

To  AB,  CD.  take  a  third  proportional  a  X  ;  and  to  EF,  GH  a  I3:* 

a  third  proportional  O  :  And  becaufe  AB  is  to  CD.  as  EF  to 

GH,  and  that  CD  is  bto  X,  as  GH  to  O  ;  wherefore,  ex  se-  b  11.5. 

quail  c ,  as  AB  to  X,  fo  EF  to  O  :  But  as  AB  to  X,  fo  is  d  the  c  22-  5* 

M  2  reCtilineal  ^  a‘6Cor’ 
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Book  Vi.  rectilineal  KAB  to  the  re6tilineal  LCD,  and  as  EF  to  O,  fo  is 
d  the  re£tilineal  MF  to  the  rectilineal  NH:  Therefore,  as  KAB 
d  \Cor ■  to  LCD,  fo  I)  is  MF  to  NH. 

b°ii.  5.  And  if  the  reftilineal  KAB  be  to  LCD,  as  MF  to  NH ;  the 
ftraight  line  AB  is  to  CD,  as  EF  to  GH. 
e  ia.  Make  e  as  AB  to  CD,  foEF  to  PR,  and  upon  PR  defcribe  f  . 

f  18.  the  re£tilineal  figure  SRfimiliar  and  fimilarly  fituated  to  either 


of  the  figures  MF,  NH  :  Then,  becaufe  as  AB  to  CD,  fo  is  Eh 
to  PR,  and  that  upon  AB,  CD  are  defcribed  the  fimilar  and 
iimilarly  fituated  rectilineals  KAB,  LCD,  and  upon  EF,  PR, 
in  like  manner,  the  fimilar  rectilineals  MF,  SR  ;  KAB  is  to 
LCD,  as  MF  to  SR  ;  but,  by  the  hypothefis,  KAB  is  to  LCD, 
as  MF  to  NH  ;  and  therefore  the  rectilineal  MF  having  the 
lame  ratio  to  each  of  the  two  NH,  SR,  thefe  are  equal  g  to  one 
another :  They  are  alfo  fimilar,  and  fimilarly  fituated  ;  there¬ 
fore  GH  is  equal  to  PR  :  And  becaufe  as  AB  to  CD,  fo  is  EF 
to  PR,  and  that  PR  is  equal  to  GH  ;  AB  is  to  CD,  as  EF  to 
GH.  If  therefore  four  llraight  lines,  &c,  CL  E.  D. 

\  'I  i 


PROP.  XXIII.  T  H  E  O  R. 

See  N*  *|hT  Qfiangular  parallelograms  have  to  one  another 
a  a  the  ratio  which  is  compounded  of  the  ratios  of 
their  fides-  '  •  • 

Let  AC,  CF  be  equiangular  parallelograms,  having  the  angle 
BCD  equal  to  the  angle  ECG  :  The  ratio  of  the  parallelogram 
AC  to  the  parahelogram  CF,  is  the  fame  with  the  ratio  which 
is  compounded  of  the  ratios  of  their  fides. 


Let 
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Let  BC,  CG  be  placed  in  a  ftraight  line  ;  therefore  DC  and  hook  VI. 
CE  are  alfo  in  a  ftraight  line  a  ;  and  complete  the  parallelogram  { > 
DG  ;  and,  taking  any  ftraight  lihe  K,  make  b  as  BC  toCG,^14'1' 
fo  K  to  L  ;  and  as  DCvto  CE,  fo  make  bL  to  M  :  Therefore  b  Ia> 
the  ratios  of  K  to  L,  and  L  to  M,  are  the  fame  with  the  ratios 
of  the  fides,  viz.  of  BC  to  CG.  and  DC  to  CE.  But  the  ra¬ 
tio  of  K  to  M  is  that  which  is  laid  to  he  compounded  c  of  the  c  A.  def 
ratios  of  K  to  L,  and  L  to  M  :  Wherefore  alfo  K  has  to  M  the 
ratio  compounded  of  the  ratios 
of  the  fides  :  And  becaufe  as  BC 
to  CG,  fo  is  the  parallelogram 
AC  to  the  parallelogram  CH  d; 
but  as  BC  to  CG,  fo  is  K  to  L ; 
therefore  K  is  eto  L,  as  the  pa¬ 
rallelogram  AC  to  the  parallelo¬ 
gram  CH :  Again,  becaule  as  DC 
to  CE,  fo  is  the  parallelogram 
CH  to  the  parallelogram  CF ;  but 
as  DC  to  CE,  fo  is  L  to  M  ; 
wherefore  L  is  eto  M,  as  the  pa¬ 
rallelogram  CH  to  the  parallelogram  CF  :  Therefore,  fince  it 
has  been  proved,  that  as  K  to  L,  fo  is  the  parallelogram  AC  to 
the  parallelogram  CH  ;  and  as  L  to  M,  fo  the  parallelogram  CH 
to  ihe  parallelogram  CF ;  ex  sequali  f,  K  is  to  M,  as  the  pa-  £22.5, 
rallelogram  AC  to  the  parallelogram  CF  :  But  K  has  to  M  the 
ratio  which  is  compounded  of  the  ratios  of  the  fides  ;  therefore 
alfo  the  parallelogram  AC  has  to  the  parallelogram  CF  the  ra¬ 
tio  which  is  compounded  of  the  ratios  of  the  fides.  Wherefore 
equiangular  parallelograms,  See.  fX  E.  D. 


PROP.  XXIV.  THEOR. 

TPIE  parallelograms  about  the  diameter  of  any  pa*seeN» 
rallelogram,  are  ftmilar  to.  the  whole,  and  to  one 
another. 


Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC;  and  EG,  HK  the  parallelograms  about  the  diameter:  The 
parallelograms  EG,  HK  are  iimilar  both  to  the  whole  parallelo¬ 
gram  ABCD,  and  to  one  another. 

Becaufe  DC,  GF  are  parallels,  the  angle  ADC  is  equal  a  to  a  29. 
the  angle  AGF  :  For  the  fame  reafon,  becaufe  BC,  EF  are  pa- 

M  3  -  rallels, 
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Book  VI.  rallels,  the  angle  ABC  is  equal  to  the  angle  AEF  :  And  each 
0f  the  angles  BCD,  EFG  is  equal  to  the  oppolite  angle  DAB  l>, 
k  Im  and  therefore  are  equal  to  one  another,  wherefore  the  paral¬ 
lelograms  ABCD,  AEFG  are  equiangular  :  And  becaufe  the 
angle  ABC  is  equal  to  the  angle  AEF",  and  the  angle  BAG 
common  to  the  two  triangles  BAG,  EAF,  they  are  equiangu- 
c  4.  6.  lar  to  one  another  ;  therefore  e  as  AB 
to  BC,  fo  is  AE  to  EF  :  And  becaufe 
the  oppofite  fides  of  parallelograms 
are  equal  to  one  another  b,  AB  is  c  to 
AD,  as  AE  to  AG  ;  and  DC  to  CB 
as  GF  to  FE  ;  and  alfo  CD  to  DA 
as  FG  to  GA  :  Therefore  the  fides  of 
the  parallelograms  ABCD,  AEFG  a- 
bout  the  equal  angles  are  proportion¬ 
als  ;  and  they  are  therefore  fimilar  to  , 
e  1.  def.  6.  one  another  e:  For  the  fame  reafon,  the"  parallelogram  ABCD 
is  fimilar  to  the  parallelogram  FHCK.  Wherefore  each  of  the 
parallelograms  GE,  KH  is  fimilar  to  DB  :  But  rectilineal  fi¬ 
gures  which  are  fimilar  to  the  fame  rectilineal  figure,  are  alfo 
fimilar  to  one  another  f  ;  therefore  the  parallelogram  GE  is  fi~ 
milar  to  KH.  Wherefore  the  parallelograms,  &c.  CL  E.  D. 


i  si.  6. 


PROF.  XXV.  PROS. 

SeeN.  nPO  defcribe  a  rectilineal  figure  which  fliall  be  limt- 
-*•  lar  to  one,  and  equal  to  another  given  redilineal 
figure. 


Let  ABC  be  the  given  redilineal  figure,  to  which  the  figure 
to  be  defcribed  is  required  to  be  fimilar,  and  D  that  to  which 
it  mult  be  equal.  It  is  required  to  defcribe  a  redilineal  figure 
fimilar  to  ABC,  and  equal  to  D. 

aCor. 45.1.  Upon  the  firaight  line  BC  defcribe3 the  parallelogram  BE 
equal  to  the  figure  ABC  ;  alfo  upon  CE  defciibe  3  the  paralle¬ 
logram  CM  equal  to  D,  and  having  the  angle  FCE  equal 
to  the  angle  CBL:  Therefore  BC  and  CF  are  in  a  firaight 
l)f  20  T*  line  b,  as  alfo  LE  and  EM  :  Between  BC  and  CF  find  ca  mean 
c  1 ,  o4’  '  proportional  GH,  and  upon  GH  defcribe  d  the  redilineal  fi- 
d  r8.  6.  gure  KGH  fimilar  and  fimilarly  fituated  to  the  figure  ABC  : 

And  becaufe  BC  is  to  GH  as  GH  to  CF,  and  if  three  ftraighi 
ca.  Cor.  lines  be  proportionals,  as  the  firfi  is  to  the  third,  fo  is  ethe 

so.  c>.  k  L  7  '  r 

h  gure 
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figure  upon  the  firft  to  the  fimilar  and  fimilarly  defcribed  fi-  Book  VI' 
gure  upoii  the  fecond ;  therefore  as  BC  to  CF,  fo  is  the  re&i- 
lineal  figure  ABC  to  KGH  :  Rut  as  BC  to  CF,  fo  is  f  the  pa-  f  1.  c. 
rallelogram  BE  to  the  parallelogram  EF  :  Therefore  as  the  rec¬ 
tilineal  figure  ABC  is  to  KGH,  fo  is  the  parallelogram  BE  to 
the  parallelogram  EF  g:  And  the  rectilineal  figure  ABC  is  equal  g  n. 


A 


to  the  parallelogram  BE  ;  therefore  the  rectilineal  figure  KGH 
is  equal  h  to  the  parallelogram  EF  :  But  EF  is  equal  to  the  fi-  h  14.  5. 
gure  D  ;  wherefore  alio  KGH  is  equal  to  D  ;  and  it  is  fimilar 
to  ABC.  Therefore  the  rectilineal  figure  KGH  has  been  de¬ 
fcribed  fimilar  to  the  figure  ABC,  and  equal  to  D.  Which 
was  to  be  dene. 


PROP.  XXVI.  T  H  E  O  R. 


1’F two  fimilar  parallelograms  have  a  common  angle,  and 
_l.be  fimilarly  fuuated;  they  are  about  the  fame  diameter. 

Let  the  parallelograms  ABCD,  AEFG  be  fimilar  and  fimi¬ 
larly  fuuated,  and  have  the  angle  DAB  common.  ABCD  and 
AEFG  are  about  the  fame  diameter. 

For,  if  not,  let,  if  poffible  the 
parallelogram  BD  have  its  dia¬ 
meter  AH  C  in  a  different  flraight 


line  from  AF  the  diameter  of  the 
parallelogram  EG,  and  let  GF 
meet  AHC  in  H  ;  and  through 
H  draw  HK  parallel  to  AD  or 
BC:  Therefore  the  parallelograms 
ABCD,  AKHG  being  about  the 
fame  diameter,  they  are  fimilar 

to  one  another  a :  Wherefore  as  DA  to  AB,  fo  is  bGA  to  AK:  a  24  6. 
But  becaufe  ABCD  and  AEFG  'are  fimilar  parallelograms,  ^  6* 
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See  N. 


as  DA  is  to  AB,  fo  is  GA  to  AE  ;  therefore  c  as  GA  to  AE,  fo 
GA  to  AK  ;  wherefore  GA  has  the  fame  ratio  to  each  of  the 
Ilraight  lines  AE,  AK  ;  and  confequently  AK  is  equal  d  to  AE, 
the  lels  to  the  greater,  which  is  impoflible  :  Therefore  ABCD 
and  AKHG  are  not  about  the  fame  diameter  ;  wherefore  ABCD 
and  AEFG  muff  be  about  the  fame  diameter.  Therefore,  if 
two  fimilar,  &c.  CL  E.  D. 

4  To  underiland  the  three  following  propofitions  more  eafily 
s  it  is  to  be  obferved, 

‘  1.  That  a  parallelogram  is  faid  to  be  applied  to  a  Ilraight 
line,  when  it  is  defcribed  upon  it  as  one  of  its  lides.  Ex.  gr. 
the  parallelogram  AC  is  faid  to  be  applied  to  the  ilraight  line 
AB. 

4  2.  But  a  parallelogram  AE  is  faid  to  be  applied  to  a  ilraight 
line  AB,  deficient  by  a  parallelogram,  when  AD  tke  bafe  of 
AE  is  lefs  than  AB,  and  there¬ 
fore  AE  is  lefs  than  the  paral¬ 
lelogram  AC  defcribed  upon 
AB  in  the  fame  angle,  and  be¬ 
tween  the  fame  parallels,  by 
the  parallelogram  DC  ;  and 
DC  is  therefore  called  the  de¬ 
fect  of  AE. 

4  3.  And  a  parallelogram  AG  is  faid  to  be  applied  to  a  ilraight 
line  AB,  exceeding  by  a  parallelogram,  when  AF  the  bafe  of 
AG  is  greater  than  AB,  and  therefore  AG  exceeds  AC  the 
parallelogram  defcribed  upon  AB  in  the  fame  angle,  and  be¬ 
tween  the  fame  parallels,  by  the  parallelogram  EG.’ 
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PROP.  XXVII.  THEOR, 

all  parallelograms  applied  to  the  fame  ilraight 
line,  and  deficient  by  parallelograms,  fimilar  and 
fimilarly  fituated  to  that  which  is  defcribed  upon  the 
half  of  the  line  ;  that  whifh  is  applied  to  the  half,  and 
is  fimilar  to  its  defect,  is  the  greateft. 

Let  AB  be  a  ilraight  line  divided  into  two  equal  parts  in  C, 
and  let  the  parallelogram  AD  be  applied  to  the  half  AC, 
which  is  therefore  deficient  from  the  parallelogram  upon  the 
whole  line  AB  by  the  parallelogram  CE  upon  the  other  half 
CB  :  Of  all  tljf  parallelograms  applied  to  any  other  parts  of 

AB, 


/ 


OF  EUCLID, 


*84 


AB,  and  deficient  by  parallelograms  that  are  fimilar,  and  fimi- 
larly  fituated  to  CE,  AD  is  the  greatefl. 

Let  AF  be  any  parallelogram  applied  to  AK,  any  other  part 
of  AB  than  the  half,  fo  as  to  be  deficient  from  the  parallelo¬ 
gram  upon  the  whole  line  AB  by  the  parallelogram  KH  fimi¬ 
lar,  and  fimilarly  fituated  to  CE  ;  AD  is  greater  than  AF. 

Firft,  let  AK  the  bafe  of  AF,  be  greater  than  AC  the  half  of 
AB  ;  and  becaufe  CE  is  fimilar  to  the 
parallelogram  KH,  they  are  about  the 
fame  diameter  a :  Draw  their  diame¬ 
ter  DB,  and  complete  the  fcheme  :  Be¬ 
caufe  the  par.  l  elogram  CF  is  equal 
b  to  FE,  add  KH  to  both,  therefore  G 
the  whole  CH  is  equal  to  the  whole 
KE  :  But  CH  is  equal  G  to  CG,  be¬ 
caufe  the  bafe  AC  is  equal  to  the  bafe 
CB  ;  therefore  CG  is  equal  to  KE  : 

To  each  of  thefe  add  CF  :  then  the 


Eook  VI. 


d  r, 


A  C  X 


a  26.  6. 


b  43-  I 


c  36. 1 a 


G  T  M  H 


whole  AF  is  equal  to  the  gnomon  CHL  ;  Therefore  CE,  or  the 
parallelogram  AD,  is  greater  than  the  parallelogram  AF. 

Next,  let  AK  the  bafe  of  AF, 
be  lefs  than  AC,  and,  the  fame 
conftruclion  being  made,  the  paral¬ 
lelogram  DH  is  equal  to  DG  G,  for 
HM  is  equal  to  MG  d,  becaufe  BC 
is  equal  to  CA  ;  wherefore  DH  is 
greater  than  LG  :  Bift  DH  is  equal  b 
to  DK  ;  therefore  DK  is  greater  than 
LG  :  To  each  of  thefe  add  AL  ;  then 
the  whole  AD  is  greater  than  the 
whole  AF.  Therefore  of  all  paralle¬ 
lograms  applied,  &c.  E.  D. 
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9  10.  I. 

fe  1 8.  6. 


c  25.  6. 


d  31.  6. 


* 

TO  a  given  ftraight  line  to  apply  a  parallelogram  e- 
qual  to  a  given  re&ilineal  figure,  and  deficient  by 
a  parallelogram  fimilar  to  a  given  parallelogram  :  But  the 
given  redtihneal  figure  to  which  the  parallelogram  to  be 
applied  is  to  be  equal,  mull:  not  be  greater  than  the  pa¬ 
rallelogram  applied  to  half  of  the  given  line,  having  its 
clefebt  fimilar  to  the  defect  of  that  which  is  to  be  ap¬ 
plied  ;  that  is,  to  the  given  parallelogram. 

/  ■  _  '  ,J  ; h  1  •  '  y 

Let  AB  be  the  given  ftraight  line,  and  G  the  given  rectili¬ 
neal  figure,  to  which  the  parallelogram  to  be  applied  is  requi¬ 
red  to  be  equal,  which  figure  muft  not  be  greater  than  the  pa¬ 
rallelogram  applied  to  the  half  of  the  line  having  its  defeat  from 
that  upon  the  whole  line  fimilar  to  the  defect  of  that  which  is 
to  be  applied ;  and  let  D  be  the  parallelogram  to  w'hicli  this 
defe6t  is  required  to  be  fimilar.  It  is  required  to  apply  a  pa¬ 
rallelogram  to  the  ftraight 
line  AB,  which  fhall  be  equal 
to  the  figure  C,  and  be  defi¬ 
cient  from  the  parallelogram 
upon  the  whole  line  by  a  pa¬ 
rallelogram  fimilar  to  D. 

Divide  AB  into  two  equal 
parts  a  in  the  point  E,  and 
upon  EB  defcribe  the  paral¬ 
lelogram  EEFG  fimilar  b  and 
fimilarly  fituated  to  D,  and 
complete  the  parallelogram 
AG,  which  muft  either  be  e- 
qual  to  C,  or  greater  than  it, 
by  the  determination  :  And  if 

AG  be  equal  to  C,  then  what  was  required  is  already  done  : 
For,  upon  the  ftraight  line  AB,  the  parallelogram  AG  is  applied 
equal  to  the  figure  C,  and  deficient  by  the  parallelogram  EF 
fimilar  to  D  :  But,  if  AG  be  not  equal  to  C,  it  is  greater  than 
it ;  and  EF1  is  equal  to  AG  ;  therefore  EF  alfo  is  greater  than 
C.  Make c  the  parallelogram  KLMN  equal  to  the  excefs  of 
EF  above  C,  and  fimilar  and  fimilarly  fituated  to  D  ;  but  D  is 
fimilar  to  EF,  therefore  d  alfo  KM  is  fimilar  to  EF  :  Let  KL 

be 
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be  the  homologous  fide  to  EG,  and  LM  to  GF  :  And  becaufe  Boole  vr. 
EF  is  equal  to  C  and  KM  together,  EF  is  greater  than  KM  ; 
therefore  the  ftraight  line  EG  is  greater  than  KL,  and  GF  than 
LM  :  Make  GX  equal  to  LK,  and  GO  equal  to  LM,  and  com¬ 
plete  the  parallelogram  XGOP  :  Therefore  XO  is  equal  and 
fimilar  to  KM  ;  but  KM  is  fimilar  to  EF  ;  wherefore  alfo  XO 
is  fimilar  to  EF,  and  therefore  XO  and  EF  are  about  the  fame 
diameter  e :  Let  GPB  be  their  diameter,  and  complete  the  e  26.  6. 
fcheme  :  Then  becaufe  EF  is  equal  to  G  and  KM  together,  and 
XO  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other,  the 
remainder,  viz.  the  gnomon  ERO,  is  equal  to  the  remainder  C : 

And  becaufe  OR  is  equal f  to  XS,  by  adding  SR  to  each,  the  f  34- 1* 
whole  OB  is  equal  to  the  whole  XB  :  But  XB  is  equal  K  to  TE,  g  3*5*  1* 
becaufe  the  bafe  AE  is  equal  to  the  bafe  EB  ;  wherefore  alfo 
TE  is  equal  to  OB  :  Add  XS  to  each,  then  the  whole  TS  is 
equal  to  the  whole,  viz.  to  the  gnomon  ERO  :  But  it  has  been 
proved  that  the  gnomon  ERO  is  equal  to  C,  and  therefore  alfo 
TS  is  equal  to  C.  Wherefore  the  parallelogram  TS,  equal  to 
the  given  re&ilineal  figure  C,  is  applied  to  the  given  ftraight 
line  AB  deficient  by  the  parallelogram  SR,  fimilar  to  the  given 
pne  D,  becaufe  SB.  is  fimilar  to  EF  K  Which  was  to  be  done,  b  24.  6. 


PROP.  XXIX.  PROB, 


TO  a  given  ftraight  line  to  apply  a  parallelogram  e-  See  N# 
qual  to  a  given  rectilineal  figure,  exceeding  by  a 
parallelogram  fimilar  to  another  given. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  redilineal 
figure  to  which  the  parallelogram  to  be  applied  is  required  to  be 
equal,  and  D  the  parallelogram  to  which  the  excefs  of  the  one 
to  be  applied  above  that  upon  the  given  line  is  required  to  be 
fimilar.  It  is  required  to  apply  a  parallelogram  to  the  given 
ftraight  line  AB  which  fhall  be  equal  to  the  figure  C,  exceeding 
by  a  parallelogram  fimilar  to  D. 

Divide  AB  into  two  equal  parts  in  the  point  E,  and  upon 

EB  defcribea  the  parallelogram  EL  fimilar,  and  fimilarly  fitua-  a  18. 6. 

ted 


\ 


Book  VI.  ted  to  D  :  And  make  h  the  parallelogram  GH  equal  to  EL  and 
,  C  together,  and  fimilar,  and  fimilarly  fituated  to  D  ;  wherefore 

“ lib'  GH  is  fimilar  to  EL  c  :  Let  KH  be  the  fide  homologous  to  FL, 
and  KG  to  FE  :  And  becaufe  the  parallelogram  GH  is  greater 
than  EL,  therefore  the  fide  KH  is  greater  than  FL,  and  KG 
than  FE  :  Produce  FL  and  FE,  and  make  FLM  equal  to  KH, 
and  FEN  to  KG,  and  complete  the  parallelogram  MN.  MN  is 
therefore  equal  and 
fimilar  to  GH  ;  but 
GH  is  fimilar  to  E*L ; 
wherefore  MN  is  fi¬ 
milar  toEL,andcon- 
fequently  EL  and 
MN  are  about  the 
d  zC.  6.  fame  diameter  d  : 

D  raw  thei  r  d  i  a  m  e  ter 
FX,  and  complete 
the  fcheme.  There¬ 
fore,  fince  GH  is  e- 
qual  to  EL  and  C  to¬ 
gether,  and  that  GH 
is  equal  toMN;  MN 
is  equal  to  EL  and  C  :  Take  away  the  common  part  EL  ; 
then  the  remainder,  viz.  the  pomon  NOL  is  eousl  to  C.  And 
e  36.  1.  becaufe  AE  is  equal  to  EB,  the  parallelogram  AN  is  equal  eto 

f  43*  I*  the  parallelogram  NB,  that  is,  to  BM  k  Add  NO  to  each  ; 

therefore  the  whole,  viz.  the.  parallelogram  AX,  is  equal  to  the 
gnomon  NOL.  But  the  gnomon  NOL  is  equal  to  C  ;  therefore 
'  alfo  AX'  is  equal  to  C.  Wherefore  to  the  flraight  line  AB 
there  is  applied  the  parallelogram  AX  equal  tc  the  given  recti- 
lineal  C,  exceeding  by  the  parallelogram  PO,  which  is  fimilar 
g24.  6.  to  D,  becaufe  PO  is  fimilar  to  EL  g.  Which  was  to  be  done. 


PROP.  XXX.  PROS. 

npO  cut  a  given  flraight  line  in  extreme  and  mean 
I  ratio. 

v 

Let  AB  be  the  given  flraight  line  ;  it  is  required  to  cut  it  in 
extreme  and  mean  ratio. 

Upon 
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Upon  AB  defcribe  a  the  fquare  BC,  and  to  AC  apply  the  Book  VI. 
parallelogram  CD  equal  to  BC,  exceeding  by  the  figure  AD  fi-  W**"Y'**"! 
milar  to,  BCb:But  BC  is  a  fquare, 
therefore  alfo  AD  is  a  fquare  ;  and  be- 
caufe  BC  is  equal  to  CD,  by  taking  the 
common  part  CE,  from  each,  the  re¬ 
mainder  BF  is  equal  to  the  remainder 
AD :  And  thefe  figures  are  equiangular, 
therefore  their  fides  about  the  equal 
angles  are  reciprocally  proportional  c  : 

Wherefore,  as  FE  to  ED,fo  AE  to  EB  : 

But  FE  is  equal  to  AC  d,  that  is  to  AB ; 
and  ED  is  equal  to  AE  :  Therefore  as 
BA  to  AE,  fo  is  AE  to  EB :  But  AB  is 
greater  than  AE ;  wherefore  AE  is 
greater  than  EB  e :  Therefore  the  firaight  line  AB  is  cut  in  ex-  e  14.  5. 
treme  and  mean  ratio  in  E  k  Which  was  to  be  dene.  f  ^ 

Otherwife, 

Let  AB  be  the  given  firaight  line  ;  it  is  required  to  cut  it  in 
extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  fo  that  the  rectangle  contained  by 

AB,  BC  be  equal  to  the  fquare  of  AC  g  :  -* - S  rx*  % * 

Then,  becaufe  the  rectangle  AB,  BC  is  e-  ^  C  R 
qual  to  the  fquare  of  AC,  as  R  A  to  AC,  fo 

is  AG  to  CB  h:  Therefore  AB  is  cut  in  extreme  and  mean  ra-  h  j 7 ,  6 
tio  in  C  k  Which  was  to  be  done. 


PROP.  XXXX.  THE  OR. 

JN  right  angled  triangles,  the  rectilineal  figure  defcri-  see  • , 
bed  upon  the  lide  oppofite  to  the  right  angle,  is  e- 
qual  to  the  fimilar,  and  iimilarly  deferibed  figures  upon 
the  Tides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAG  :  The  rectilineal  figure  deferibed  upon  BC  is  equal  to  the 
fimilar,  and  fimilarly  deferibed  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD  ;  therefore,  becaufe  in  the  right 
angled  triangle  ABC,  AD  is  drawn  from  the  right  angle  at  A 
perpendicular  to  the  bafe  BC,  the  triangles  ABD,  ADC  are  ii- 
milar  to  the  whole  triangle  ABC,  and  to  one  another  a,  and  a  8.0. 

becaufe 


a  i.. 

b  29,  6, 


c 14,  6. 
d  34.  r . 
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b  4.  6. 


c  a  Cor. 

30.  6. 


d  B.  5. 


e  24  5. 
f  A.  5. 


See  N. 


a  27.  r. 


becaufe  the  triangle  ABC  is  fimilar  to  ADB,  as  CB  to  BA,  fa 
is  BA  to  BD  b  ;  and  becaufe  thefe  three  ltraight  lines  are  pro¬ 
portionals,  as  the  firft  to  the  third,  fo  is  the  figure  upon  the 
firft  to  the  fimilar,  and  fimilarly  deferibed  figure  upon  the  fe* 
cond  c  :  Therefore  as  CB  to 
BD,  fo  is  the  figure  upon 
CB  to  the  fimilar  and  fimi- 
larly  deferibed  figure  upon 
BA :  And,  mverfely  d^as  DB 
to  BC,  fo  is  the  figure  upon 
BA  to  that  upon  BC  :  For 
the  fame  reafon,  as  DC  to 
CB,  fo  is  the  figure  upon  C  A 
to  that  upon  CB.  Wherefore 
as  BD  and  DC  together  to  BC,  fo  are  the  figures  upon  BA,  AC 
to  that  upon  BC  e  ;  But  BD  and  DC  together  are  equal  to  BC. 
Therefore  the  figure  deferibed  on  BC  is  equal  f  to  the  fimilajr 
and  fimilarly  deferibed  figures  on  BA,  AC.  Wherefore,  in 
right  angled  triangles,  &lc.  CL  E.  D. 


PROP.  XXXII.  THE  O  R. 

IF  two  triangles  which  have  two  fides  of  the  one  pro¬ 
portional  to  two  fides  of  the  other,  be  joined  at  one 
angle,  fo  as  to  have  their  homologous  fides  parallel  to 
one  another;  the  remaining  fides  fhall  be  in  a  ltraight 
line. 


Let  ABC,  DCE  be  two  triangles  which  have  the  two  fides 
BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to  AC,  as 
CD  to  DE  ;  and  let  AB  be  parallel  to  DC,  and  AC  to  DE, 
BC  and  CE  are  in  a  ltraight  line. 

Becaufe  AB  is  parallel  to 
DC,  and  the  ltraight  line 
AC  meets  them,  the  al¬ 
ternate  anglesBAC,  ACD 
are  equal  a ;  for  the  fame 
reafon,  the  angle  CDE  is 
equal  to  the  angle  ACD  ; 
wherefore  alfo  BAG  is  e- 
qual  to  CDE ;  And  becaufe 


the 


the  triangles  ABC,  DCE  have  one  angle  at  A  equal  to  one  at  Bo°k  Vf. 
D,  and  the  fides  about  thefe  angles  proportionals,  viz.  BA  to 
AC,  as  CD  to  DE,the  triangle  ABC  is  equiangular  bto  DCE:  b  6.6. 
Therefore  the  angle  ABC  is  equal  to  the  angle  DCE  :  And  the 
angle  BAG  was  proved  to  be  equal  to  ACD  :  Therefore  the 
whole  angle  ACE  is  equal  to  the  two  angles  ABC,  BAC  ;  add 
the  common  angle  ACB,  then  the  angles  ACE,  ACB  are  e- 
qual  to  the  angles  ABC,  BAC,  ACB  :  But  ABC,  BAC,  ACB 
are  equal  to  two  right  angles  c ;  therefore  alfo  the  angles  ACE,  c  32.  r. 
ACB  are  equal  to  two  right  angles  :  And  fince  at  the  point 
C,  in  the  ftraight  line  AC,  the  two  ftraight  lines  BC,  CE, 
which  are  on  the  oppolite  iides  of  it,  make  the  adjacent  angles 
ACE,  ACB  equal  to  two  right  angles;  therefore  dBC  and  d  14.  i. 
CE  are  in  a  ftraight  line.  Wherefore,  if  two  triangles,  &x. 

E.  D. 


PROP.  !XXXIII.  T  PI  E  O  R. 


IN  equal  circles,  angles,  whether  at  the  centres  or  cir-  seeN. 

cumferences,  have  the  fame  ratio  which  the  circum¬ 
ferences  on  which  they  Band  have  to  one  another :  So 
alfo  have  the  fe&ors. 

Let  ABC,  DEF  be  equal  circles  ;  and  at  their  centres  the 
angles  BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  cir¬ 
cumferences  ;  as  the  circumference  BC  to  the  circumference 
EF,  fo  is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 
BAC  to  the  angle  EDF ;  and  alfo  the  fe6tor  BGC  to  the  fedtor 
EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to 
BC,  and  any  number  whatever  FM,  MN  each  equal  to  EF  : 

And  join  GK,  GL,  HM,  HN.  Becanfe  the  circumferences 
BC,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL 
are  alfo  all  equal  a :  Therefore  what  multiple  foever  the  circum-  a  27.  3. 
ference  BL  is  of  the  circumference  BC,  the  fame  multiple  is 
the  angle  BGL  of  the  angle  BGC  :  For  the  fame  reafon,  what¬ 
ever  multiple  the  circumference  EN  is  of  the  circumference 
EF,  the  fame  multiple  is  the  angle  EHN  of  the  angle  EHF  : 

And 


ip: 
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BookVl.  And  if  the  circumference  BL  be  equal  to  the  circumference 
EN,  the  angle  BGL  is  alfo  equal  a  to  the  angle  EHN  ;  and 
a  27*  3.  if  the  circumference  BL  be  greater  than  EN,  likewife  the  angle 
BGL  is  greater  than  EHN  ;  and  if  lefs,  lefs  :  There  being  then 
four  magnitudes,  the  two  circumferences  ,BC,  EF,  and  the 
two  angles  BGC,  EHF  ;  of  the  circumference  BC,  and  of  the 
angle  BGC,  have  been  taken  any  equimultiples  whatever,  viz„ 
the  circumference  BL,  and  the  angle  BGL  ;  and  of  the  circum¬ 
ference  EF,  and  of  the  angle  EHF,  any  equimultiples  what- 


*  j.f 

<?.  ?,o.  3. 


ever,  viz.  the  circumference  EN,  and  the  angle  EHN  And 
it  has  been  proved,  that,  if  the  circumference  BL  be  greater 
than  EN,  the  angle  BGL  is  greater  than  EHN ;  and  if  c~ 
qual,  equal  ;  and  if  lefs,  lefs:  As  therefore  the  circumference 
h  5.  dtf.  5.  BC  to  the  circumference  EF,  fob  is  the  angle  BGC  to  the 
angle  EHF :  But  as  the  angle  BGC  is  to  the  angle  EHF,  fo  is 
c  the  angle  BAC  to  the  angle  EDF,  for  each  is  double  of 
each  d:  Therefore,  as  the  circumference  BC  is  to  EF,  fo  is  the 
angle  BGG  to  the  angle  EHF,  and  the  angle  BAC  to  the  an  die 
EDF. 

Alfo,  as  the  circumference  BC  to  EF,  fo  is  the  feeder  BGC 
to  the  fedlor  EHF.  Join  BC,  CK,  and  in  the  circumferences 
BC,  CK  take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK 
Then,  becaufe  in  the  triangles  GBC,  GCK  the  two  ildes  BG, 
GC  are  equal  to  the  two  CG,  GK,  and  that  they  contain  e- 
qnal  angles  ;  the  bafe  BC  is  equal  e  to— the  bafe  CK,  and  the 
triangle  GBC  to  the  triangle  GCK  :  And  becaufe  the  circum¬ 
ference  BC  is  equal  to  the  circumference  CK,  the  remaining 
part  of  the  whole  circumference  of  the  circle  A.BC,  is  equal  to 
the  remaining  part  of  the  whole  circumference  of  the  fame 
circle  :  Wherefore  the  angle  BXC  is  equal  to  the  angle  COK  a  : 
(  n.  def.  3.  and  the  fegment  BXC  is  therefore  frmilar  to  the  fegmenC  COK  f ; 


C  A.  I. 


‘  P  ' 


\ 
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and  they  are  upon  equal  ftraight  lines  BC,  CK  :  Butiimilar  feg-  Book  VI. 
meats  of  circles  upon  equal  ftraight  lines,  are  equal  g  to  one  ano- 
ther:  Therefore  the  fegmentBXGis  equal  to  the  fegment  COK  :  s 
And  the  triangle  BGC  is  equal  to  the  triangle  CGK  ;  therefore 
the  whole,  the  fedtor  BGC,  is  equal  to  the  whole,  the  fedtor 
CGK  :  For  the  fame  reafon,  the  fedtor  KGL  is  equal  to  each  of 
the  fedtors  BGC,  CGK  :  In  the  fame  manner,  the  fedtors  EHF, 

FHM,  MHN  may  be  proved  equal  to  one  another:  Therefore, 
what  multiple  foever  the. circumference  BL  is  of  the  circumfe¬ 
rence  BG,  the  fame  multiple  is  the  fedtor  BGL  of  the  fedtor 
BGC  :  For  the  fame  reafon,  whatever  multiple  the  circumfe¬ 
rence  EN  is  of  EF,  the  fame  multiple  is  the  fedtor  EHN  of  the 
fedtor  EHF  :  And  if  the  circumference  BL  be  equal  to  EN,  the 


fedtor  BGL  is  equal  to  the  fedtor  EHN  ;  and  if  the  circumfe¬ 
rence  BL  be  greater  than  EN,  the  fedtor  BGL  is  greater  than 
the  fedtor  EHN  ;  and  if  lefs,  lefs  :  Since,  then,  there  are  four 
magnitudes,  the  two  circumferences  BC,  EF,  and  the  two  fec- 
tors  BGC,  EHF,  and  of  the  circumference  BC,  and  fedtor 
BGC,  the  circumference  BL  and  fedtor  BGL  are  any  equal 
multiples  whatever ;  and  of  the  circumference  EF,  and  fedtor 
EHF,  the  circumference  EN  and  fedtor  EHN,  are  any  equi¬ 
multiples  whatever  ;  and  that  it  has  been  proved,  if  the  circum¬ 
ference  BL  be  greater  than  EN,  the  fedtor  BGL  is  greater  than 
the  fedtor  EHN  ;  and  if  equal,  equal ;  and  if  lefs,  lefs.  There¬ 
fore  b,  as  the  circumference  BG  is  to  the  circumference  EF,  fo  b  5.  def  5. 
is  the  fedtor  BGC  to  the  fedtor  EHF.  Wherefore,  in  equal  cir¬ 
cles,  &c.  Q.  E.  D. 
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PROP.  B.  THEOR, 


F  an  angle  of  a  triangle  be  bife&ed  by  a  flraight  line, 
which  likewife  cuts  the  bafe  ;  the  re&angle  contained 
by  the  Tides  of  the  triangle  is  equal  to  the  re&angle  con¬ 
tained  by  the  fegments  of  the  bafe,  together  with  the 
fquare  of  the  flraight  line  bifedling  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bifecled 
by  the  flraight  line  AD;  the  rectangle  BA,  AC  is  equal  to  the 
rectangle  BD,  DC,  together  with  the  fquare  of  AD. 

Defcribe  the  circle  a  ACB  about  the  triangle,  and  produce 
AD  to  the  circumference  in  E, 
and  join  EC  :  Then  becaufe  the 
angle  BAD  is  equal  to  the  angle 
CAE,  and  the  angle  ABD  to  the 
angle  b  AEC,  for  they  are  in  the 
fame  fegment ;  the  triangles  ABD, 

AEC  are  equiangular  to  one  an¬ 
other:  Therefore  as  BA  to  AD, 
fo  iscEA  to  AC,  and  confe- 
quently  >the  retdangle  BA,  AC  is 
equal  d  to  the  rectangle  EA,  AD, 
that  is  e,  to  the  rectangle  ED,  DA, 

together  with  the  fquare  of  AD  :  But  the  re&angle  ED,  DA 
is  equal  to  the  re£tangle  f  BD,  DC.  Therefore  the  re&angle 
BA,  AC  is  equal  to  the  rectangle  BD,  DC,  together  with  the 
fquare  of  AD.  Wherefore,  if  an  angle,  &c.  Qh  E.  D. 


PROP.  C.  THEOR. 

\  • 

IF  from  any  angle  of  a  triangle  a  flraight  line  be  drawn 
perpendicular  to  the  bafe  ;  the  rectangle  contained  by 
the  Tides  of  the  triangle  is  equal  to  the  rectangle  con¬ 
tained  by  the  perpendicular  and  the  diameter  of  the  cir¬ 
cle  deferibed  about  the  triangle. 

/ 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular  from  the 
angle  A  to  the  bafe  BC  ;  the  re£tangle  BA,  AC  is  equal  to  the 
rectangle  contained  by  AD  and  the  diameter  of  the  circle  de¬ 
feribed  about  the  triangle. 


Defcribe 
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a54- 

*>31.3- 

C2I.  3. 
d  4.  6, 
c  16.  6, 


Defcribe  a  the  circle  ACB  a-  Book  vr. 

bout  the  triangle,  and  draw  its 
diameter  AE,  and  join  EC  :  Be¬ 
cause  the  right  angle  BDA  is  e- 
qual b  to  the  angle  EC  A  in  a  fe- 
micircle,  and  the  angle  ABD  to 
the  angle  AEC  in  the  fame  leg- 
ment  c ;  thetriangles  ABD,  AEC 
are  equiangular  :  Therefore  as 
d  BA  to  AD*  is  EA  to  AC  ; 
and  confequently  the  reCtangle 
BA,  AC  is  equal  e  to  the  rectan¬ 
gle  EA,  AD.  If  therefore  from  an  angle,  See.  Q^E.  D. 

PROP.  D.  THE  OR. 

s 

r  |  "'HE  reCtangle  contained  by  the  diagonals  of  a  qua-  SeeN* 

JL  drilateral  inferibed  in  a  circle,  is  equal  to  both  the 
re&ailgles  contained  by  its  oppofite  fides. 

Let  ABCD  be  any  quadrilateral  inferibed  in  a  circle,  and 
join  AC,  BD  ;  the  reCtangle  contained  by  AC,  BD  is  equal  to 
the  two  reCtangles  contained  by  AB,  CD,  and  by  AD,  BC*. 

Make  the  angle  ABE  equal  to  the  angle  DBC  ;  add  to  each 
of  thefe  the  common  angle  EBD,  then  the  angle  ABD  is  e- 
qual  to  the  angle  EBC  :  And  the  angle  BDA  is  equal1  to  the  a  21.  3, 
angle  BCE,  becaufe  they  are  in  the  fame  fegment  5  therefore 
the  triangle  ABD  is  equiangular  to 

the  triangle  BCE:  Wherefore b  as  \  b  4.  6. 

BC  is  to  CE,  fo  is  BD  to  D  A  ;  and 
confequently  the  reCtangle  BC,  AD 
is  equal  c  to  the  reCtangle  BD,  CE  : 

Again,  becaufe  the  angle  ABE  is 
equal  to  the  angle  DBC,  and  the 
angle  aBAE  to  the  angle  BDC, 
the  triangle  ABE  is  equiangular  to 
the  triangle  BCD  :  As  therefore  BA 
to  AE,  fo  is  BD  to  DC  ;  where¬ 
fore  the  reCtangle  BA,  DC  is  equal  to  the  reCtangle  BD,  AE  : 

But  the  reCtangle  BC,  AD  has  been  fhewn  equal  to  the  reCtan¬ 
gle  BD,  CE  ;  therefore  the  whole  reCtangle  AC,  BD  d  is  equal  d  1. 
to  the  reCtangle  AB,  DC,  together  wdth  the  reCtangle  AD, 

BC.  Therefore  the  reCtangle,  &tc.  CL  E.  D. 

N  2  THE 

*  This  is  a  Lemma  of  Cl.  Ptolomseus,  in  page  9.  tf  his  faysthn 
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DEFINITIONS. 


I. 

Solid  is  that  which  hath  length,  breadth,  and  thicknefs* 

II. 


That  which  bounds  a  folid  is  a  fnperficies. 

III. 

A  ftraight  line  is  perpendicular,  or  at  right  angles  to  a  plane  * 
when  it  makes  right  angles  with  every  ftraight  line  meeting 
it  in  that  plane. 

IV. 

A  plane  is  perpendicular  to  a  plane,  when  the  ftraight  lines 
drawn  in  one  of  the  planes  perpendicularly  to  the  common 
fection  of  the  two  planes,  are  perpendicular  to  the  other 
plane. 

V. 

The  inclination  of  a  ftraight  line  to  a  plane  is  the  acute  angle 
contained  by  that  ftraight  line,  and  another  drawn  from  the 
point  in  which  the  firil  line  meets  the  plane,  to  the  point  in 
which  a  perpendicular  to  the  plane  drawn  from  any  point  of 
the  firft  line  above  the  plane,  meets  the  fame  plane. 

'  VI. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  contain¬ 
ed  by  two  ftraight  lines  drawn  from  any  the  fame  point  of 
their  common  fe£tion  at  right  angles  to  it,  one  upon  one 
plane,  and  the  other  upon  the  other  plane. 


VII.  Two 


i97 

Book  XI. 


OF  EUCLID. 

VII. 

Two  planes  are  faicl  to  have  the  fame,  or  a  like  inclination  to 
one  another,  which  two  other  planes  have,  when  the  faid 
angles  of  inclination  are  equal  to  one  another. 

VIII. 

Parallel  planes  are  fuch  which  do  not  meet  one  another  though 
produced. 

IX. 

A  folid  angle  is  that  which  is  made  by  the  meeting  of  more  See  N, 
than  two  plane  angles,  which  are  not  in  the  fame  plane,  in 
one  point. 

X. 

1  The  tenth  definition  is  omitted  for  reafons  given  in  the  notes.’  See  N. 

XL 

Similar  folid  figures  are  fuch  as  have  all  their  folid  angles  equal,  SeeN. 
each  to  each,  and  which  are  contained  by  the  fame  number 
of  fimilar  planes. 

XII. 

A  pyramid  is  a  folid  figure  contained  by  planes  that  are  con- 
ftituted  betwixt  one  plane  and  one  point  above  it  in  which 
they  meet. 

•XIII. 

A  prifm  is  a  folid  figure  contained  by  plane  figures  of  which 
two  that  are  oppofite  are  equal,  fimilar,  and  parallel  to  one 
another  ;  and  tne  others  parallelograms. 

XIV. 

A  fphere  is  a  folid  figure  deferibed  by  the  revolution  of  a  femi- 
circle  about  its  diameter,  which  remains  unmoved. 

XV. 

The  axis  of  a  fphere  is  the  fixed  ftraight  line  about  which  the 
femicircle  revolves. 

XVL 

The  centre  of  a  fphere  is  the  fame  with  that  of  the  femicircle. 

XVII. 

The  diameter  of  a  fphere  is  any  ftraight  line  which  pafles  thro* 
the  centre,  and  is  terminated  both  ways  by  the  fuperficies  of 
the  fphere. 

XVIII. 

A  cone  is  a  folid  figure  deferibed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containing  the  right 
angle,  which  fide  remains  fixed. 

If  the  fixed  fide  be  equal  to  the  other  fide  containing  the  right 
angle,  the  cone  is  called  a  right  angled  cone  ;  if  it  be  lefs 
than  the  other  fide,  an  obtufe  angled,  and  if  greater,  an  acute 
angled  cone. 

N  3 
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Book  xr.  '  XIX. 

The  axis  of  a  cone  is  the  fixed  ilraight  line  about  which  the 
triangle  revolves. 

XX. 

The  bafe  of  a  cone  is  the  circle  deferibed  by  that  fide  containi¬ 
ng  the  right  angle,  which  revolves. 

XXI. 

A  cylinder  is  a  folid  figure  deferibed  by  the  revolution  of  a 
right  aisled  parallelogram  about  one  of  its  fides  which  re¬ 
mains  fixed. 

XXII. 

The  axis  of  a  cylinder  is  the  fixed  Ilraight  line  about  which  the 
parallelogram  revolves. 

XXIII. 

The  bafes  of  a  cylinder  are  the  circles  deferibed  by  the  two  re¬ 
volving  oppofite  fides  of  the  parallelogram. 

XXIV. 

Similar  cones  and  cylinders  are  thofe  which  have  their  axes  and 
the  diameters  of  their  bafes  proportionals. 

XXV. 

A  cube  is  a  folid  figure  contained  by  fix  equal  fquares. 

XXVL 

A  tetrahedron  is  a  folid  figure  contained  by  four  equal  and  e- 
quilateral  triangles. 

XXVIL 

An  o&ahedron  is  a  folid  figure  contained  by  eight  equal  and 
equilateral  triangles. 

XXVIII. 

A  dodecahedron  is  a  folid  figure  contained  by  twelve  equal 
pentagons  which  are  equilateral  and  equiangular. 

XXIX. 

An  icofahedron  is  a  folid  figure  contained  by  twenty  equal  and 
equilateral  triangles. 

DEF.  A. 

A  parallelepiped  is  a  folid  figure  contained  by  fix  quadrilateral 
figures*  whereof  every  oppofite  two  are  parallel. 
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Book  XI. 


ONE  part  of  a  ftraight  line  cannot  be  in  a  plane,  and  See  n. 
another  part  above  it. 

If  it  be  poffible,  let  AB,  part  of  the  llraight  line  ABC,  be  in 
the  plane,  and  the  part  BC  above  it ;  And  iince  the  llraight 
line  AB  is  in  the  plane,  it  can  be 
produced  in  that  plane  :  Let  it  be 
produced  to  D  .  And  let  any  plane 
pafs  through  the  llraight  line  AD, 
and  be  turned  about  it  until  it 
pafs  thro’  the  point  C  ;  and  be- 
caufe  the  points  B,  C  are  in  this  plane,  the  llraight  line  BC  is 
in  it  a :  Therefore  there  are  two  llraight  lines  ABC,  ABD  in  a  7.  def.  r. 
the  fame  plane  that  have  a  common  fegment  AB,  which  is  im- 
pollible  b.  Therefore,  one  part,  $ec.  E.  D,  b  Cor.n.i, 


P  R  O  P.  II.  T  H  E  O  R. 

TWO  llraight  lines  which  cut  oije  another  are  in  See  N 
one  plane,  and  three  llraight  lines  which  meet  one 
another  are  in  one  plane. 


Let  two  llraight  lines  AB,  CD,  cut  one  another  in  E  ;  AB, 
CD  are  one  plane  :  And  three  llraight  lines  EC,  CB,  BE 
which  meet  one  another,  are  in  one  plane. 

Let  any  plane  pafs  through  the  llraight 
line  EB,  and  let  the  plane  be  turned  a- 
bout  EB,  produced,  if  necellary,  until  it 
pafs  through  the  point  C  :  Then  becaufe 
the  points  E,  C  are  in  this  plane,  the 
llraight  line  EC  is  in  it  a :  For  the  fame 
reafon,  the  llraight  line  BC  is  in  the 
fame  ;  and,  by  the  hypothelis,  EB  is  in 
it :  Therefore  the  three  llraight  lines  EC, 

CB,BE  are  in  one  plane:  But  in  the  plane 
in  which  EC,  EB  are,  in  the  fame  are  b 
CD,  AB  :  Therefore  AB,  CD  are  in 
pne  plane.  Wherefore  two  llraight  lines,  &c.  Q.  E.  D. 


a  7.  def. 


b  I .  ii. 
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See  N. 


a  io.  Ax.  I. 

See  N. 


a  15.  I. 
b  4‘  t» 


PR.  OP.  III.  THE  OR. 

T  F  two  planes  cut  one  another,  their  common  fedtion 
is  a  ftraight  line. 

Let  two  planes  AB,  BC,  cut  one  another,  and  let  the  line 
DB  be  their  common  fedtion  ;  DB  is  a 
Ilraight  line  :  If  it  be  not,  from  the  point 
D  to  B,  draw,  in  the  plane  AB,  the 
ilraight  line  DEB,  and  in  the  plane  BC 
the ftraight  line  DFB :  Then  two  Ilraight 
lines  DEB,  DFB  have  the  fame  extremi¬ 
ties;  and  therefore  include  a  fpace  be¬ 
twixt  them  ;  which  is  impollible  a  :  There¬ 
fore  BD  the  common  fe£tion  of  the  planes 
AB,  BC  cannot  but  be  a  ilraight  line. 

Wherefore,  if  two  planes,  Stc.  CL  E.  D. 

PROP.  IV.  T  H  E  O  R. 

*  % 

IF  a  ftraight  line  Hand  at  right  angles  to  each  of  two 
ftraight  lines  in  the  point  of  their  inter  fedftion,  it-ftiall 
alfo  be  at  right  angles  to  the  plane  which  pafies  through 
them,  that  is,  to  the  plane  in  which  they  are. 

Let  the  ftraight  line  EF  Hand  at  right  angles  to  each  of  the 
ftraight  lines  AB,  CD  in  E,  the  point  of  their  interfedlion  :  EF 
is  alfo  at  right  angles  to  the  plane  pafling  through  AB,  CD. 

Take  the  Ilraight  lines  AE,  EB,  CE,  ED  all  equal  to  one  an¬ 
other  ;  and  through  E  draw,  in  the  plane  in  which  are  AB,  CD, 
any  ftraight  line  GEH  ;  and  join  AD,  CB  ;  then,  from  any 
point  F  in  EF,  draw  FA,  FG,  FD,  FC,  FH,  FB:  And  becaufe 
the  two  ftraight  lines  AE,  ED  are  equal  to  the  two  BE,  EC, 
and  that  they  contain  equal  angles  a  AED,  BEC,  the  bafe  AD 
is  equal  b  to  the  bafe  BC,  and  the  angle  DAE  to  the  angle 
EBC  :  And  the  angle  AEG  is  equal  to  the  angle  BEH  a  ;  there¬ 
fore  the  triangles  AEG,  BEH  have  two  angles  of  one  equal 
to  two  angles  of  the  other,  each  to  each,  and  the  fides  AE, 
EB,  adjacent  to  the  equal  angles,  equal  to  one  another  ;  where¬ 
fore  they  ftiall  have  their  other  lides  equal  c ;  GE  is  therefore 

equal 


0 
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equal  to  EH,  and  AG  to  BH:  Andbecaufe  AE  is  equal  toEB,  Book  Xf. 
and  FE  common  and  at  right  angles  to  them,  the  bafe  AF  is 
equal  b  to  the  bafe  FB  ;  for  the  fame  reafon,  CF  is  equal  to 
FD  :  And  becaufe  AD  is  equal  to  BC,  and  AF  to  FB,  the  two  4‘ 
fides  FA,  AD  are  equal  to  the  two 
FB,  BC,  each  to  each  ;  and  the  bafe 
DF  was  proved  equal  to  the  bafe  FC ; 
therefore  the  angle  FAD  is  equal  ‘Ho 
the  angle  FBC  :  Again,  it  was  proved 
that  GA  is  equal  to  BH,  and  alfo  AF 
to  FB  ;  FA,  then,  and  AG,  are  equal 
to  FB  and  BH,  and  the  angle  FAG 
has  been  proved  equal  to  the  angle 
F'BH  ;  therefore  the  bafe  GF  is  equal 
h  to  the  bafe  FH  :  Again,  becaufe  it 
was  proved,  that  GE  is  equal  to  EH, 
and  EF  is  common  ;  GE,  EF  are  e- 
qual  to  HE,  EF ;  and  the  bafe  GF 
is  equal  to  the  bafe  FH  ;  therefore  the  angle  GEF  is  equal  d 
to  the  angle  HEF  ;  and  confequently  each  of  thefe  angles  is  a 
right  e  angle.  Therefore  FE  makes  right  angles  with  GH,  e  10.  def.r. 
that  is,  with  any  ftraight  line  drawn  through  E  in  the  plane 
palling  through  AB,  CD.  In  like  manner,  it  may  be  proved, 
that  FE  makes  right  angles  with  every  ftraight  line  which  meets 
it  in  that  plane.  But  a  ftraight  line  is  at  right  angles  to  a  plane 
when  itmakes  right  angles  with  every  ftraight  line  which  meets 
it  in  that  plane  f  :  Therefore  EF  is  at  right  angles  to  the  plane  f  5  (je£  Ir 
in  which  are  AB,  CD.  Wherefore,  if  a  ftraight  line,  &c. 

CLE.  D. 

.  / 

PROP.  V.  THE  OR. 

IF  three  ftraight  lines  meet  all  in  one  point,  andagccN 
ftraight  line  {lands  at  right  angles  to  each  of  them  in 
that  point ;  thefe  three  ftraight  lines  are  in  one  and  the 
fame  plane. 

Let  the  ftraight  line  AB  ftand  at  right  angles  to  each  of  the 
ftraight  lines  BC,  BD,  BE,  in  B  the  point  where  they  meet ; 

BC,  BD,  BE  are  in  one  and  the  fame  plane. 

If  not,  let,  if  it  be  poftible,  BD  and  BE  be  in  one  plane,  and 
BC  be  above  it  ;  and  let  a  plane  pafs  through  AB,  BC  the 
common  fe&ion  of  which  with  the  plane,  in  which  BD  and  BE 

are, 
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Book  XL  are,  fhall  be  a  ftraight  a  line  ;  let  this  be  BF :  Therefore  the  three 
ftraight  lines  AB,  BG,  BF  are  all  in  one  plane,  viz.  that  which 
3  3- 5I*  pafles  through  AB,  BG  ;  and  becaufe  AB  Hands  at  right  angles 
to  each  of  the  ftraight  lines  BD,  BE,  it  is  alfo  at  right  angles 
h  4.ii.  b  t0  the  p]ane  palling  through  them  ;  and  therefore  makes 
p3.  def.  ii.  j-ight  angles  c  with  every  ftraight 
line  meeting  it  in  that  plane ;  but 
BF  which  is  in  that  plane  meets  it : 

Therefore  the  angle  ABF  is  a  right 
angle  ;  but  the  angle  ABC,  by  the 
hypotbefis,  is  alfo  a  right  angle ; 
therefore  the  angle  ABF  is  equal 
to  the  angle  ABC,  and  they  are 
both  in  the  fame  plane,  -which  is 
impoflihle  :  Therefore  the  ftraight 
line  BG  is  not  above  the  plane  in 
which  are  BD  and  BE:  Wherefore  the  three  ftraight  lines  BC, 
BD,  BE  are  in  one  and  the  fame  plane.  Therefore,  if  three 
ftraight  lines,  &c.  CL  E.  D. 

PROP.  VI.  T  H  E  O  R. 

IF  two  ftraight  lines  be  at  right  angles  to  the  fame 
plane,  they  lhall  be  parallel  to  one  another. 

Let  the  ftraight  lines  AB,  CD  be  at  right  angles  to  the  fame 
plane  ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 
ftraight  line  BD,  to  which  draw  DE  at  right  angles,  in  the 
fame  plane ;  and  make  DE  equal  to  AB, 
and  join  BE,  AE,  AD.  Then,  becaufe 
AB  is  perpendicular  to  the  plane,  it 
3  3.def.  ii.  fhall  make  right3  angles  with  every 
ftraight  line  which  meets  it,  and  is  in 
that  plane  :  But  BD,  BE,  which  are  in 
that  plane,  do  each  of  them  meet  AB. 

Therefore  each  of  the  angles  ABD, 

ABE  is  a  right  angle:  For  the  fame  rea- 
fon,  each  of  the  angles  CDB,  CDE  is 
a  right  angle :  And  becaufe  AB  is  equal 
to  DE,  and  BD  common,  the  two 
ftdes  AB,  BD  are  equal  to  the  two 

ED,  DB  ;  and  they  contain  right  angles  ;  therefore  the  bafe 
AD  is  equal  b  to  the  bafe  BE  ;  Again,  becaufe  AB  is  equal 

.  ‘  •  '  t® 
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to  DE,  and  BE  to  AD  ;  AB,  BE  are  equal  to  ED,  DA  ;  and,  Book  xr. 
in  the  triangles  ABE,  EDA,  the  bafe  AE  is  common  $  there-  '*-*~r**J 
fore  the  angle  ABE  is  equal  c  to  the  angle  EDA  :  But  ABE  is  c  8  i. 
a  right  angle  ;  therefore  EDA  is  alfo  a  right  angle,  ana  ED 
perpendicular  to  DA:  But  it  is  alfo  perpendicular  to  each  of 
the  two  BD,  DC  :  Wherefore  ED  is  at  right  angles  to  each  of 
the  three  ftraight  lines  BD,  DA,  DC  in  the  point  in  which 
they  meet :  Therefore  thefe  three  ltraight  lines  are  all  in  the 
fame  plane  d :  But  AB  is  in  the  plane  in  which  are  BD,  DA,  d  5.  n„ 
becaufe  any  three  ftraight  lines  which  meet  one  another  are  in 
one  plane  e  :  Therefore  AB,  BD,  DC  are  in  one  plane  :  And  e  2.  11. 
each  of  the  angles  ABD,  BDC  is  a  right  angle  ;  therefore  AB  is 
parallel  f  to  CD.  W  herefore,  if  two  ftraight  lines,  &c.  Q.  E.  D.  f  28.  r. 


PROP.  VII.  THEOR. 


IF  two  ftraight  lipes  be  parallel,  the  ftraight  line  drawn  $eeN. 

from  any  point  in  the  one  to  any  point  in  the  other, 
is  in  the  fame  plane  with  the  parallels. 

Let  AB,  CD  be  parallel  ftraight  lines,  and  take  any  point 
E  in  the  one.  and  the  point  F  in  the  other :  The  ftraight  line 
which  joins  E  and  F  is  in  the  fame  plane  with  the  parallels. 

If  not,  ler  it  be,  if  poflible,  above  the  plane,  as  EGF  ;  and 
in  the  plane  ABCD  in  which  the 
parallels  are,  draw  the  ftraight 
line  EHF  from  E  to  F  ;  andiince 
EGF  alfo  is  a  ftraight  line,  the 
two  ftraight  lines  EHF,  EGF 
include  a  fpace  between  them, 
which  is  impoftible  a.  Therefore 
the  ftraight  line  joining  the 
points  E,  F  is  not  above  the 

plane  in  which  the  parallels  AB,  CD  are,  and  is  therefore  in 
that  plane.  Wherefore,  if  two  ftraight  lines,  &c.  (L  E,  D. 


PROP.  VIII.  THEOR. 

IF  two  ftraight  lines  be  parallel,  and  one  of  them  is  at  See  n. 

right  angles  to  a  plane ;  the  other  alfo  fhall  be  at 
right  angles  to  the  fame  plane. 

* 
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Book  XL  Let  AB,  CD  be  two  parallel  ftraight  lines,  and  let  one  of 
them  AB  be  at  right  angles  to  a  plane  ;  the  other  CD  is  at  right 
angles  to  the  fame  plane. 

Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and  join 
g  jrr  jj.  BD  :  Therefore Z  AB,  Cl  \  BD  are  in  one  plane.  In  the  plane 
to  which  AB  is  at  right  angles,  draw  DE  at  right  angles 
to  BD,  ana  make  DE  equal  to  AB.  and  join  BE,  AE,  AD, 
And  becaufe  AB  is  perpendicular  to  the  plane,  it  is  perpen¬ 
dicular  to  every  ftraight  line  which  meets  it,  and  is  in  ihat 
as.def.  11.  plane  a :  Therefore  cvch  of  the  angles  .ABD,  ABE,  is  a  right 
angle:  And  becaufe  the  ftraight  line  BD  meets  the  parallel 
ftraight  lines  AB,  CD,  the  angles  ABD,  CDB  are  together 
equal  b  to  two  right  angles:  And  ABD  is  a  right  angle; 
therefore  alfo  CDB  is  a  right  angle,  and  CD  perpendicular  to 
BD  :  And  becauie  AB  is  equal  to  DE,  and  BD  common,  the 
two  AB,  BD  are  equal  to  the  two  ED, 

DB,  and  the  angle  ABD  is  equal  to 
the  angle  EDB,  becaufe  each  of  them 
is  a  right  angle  ;  therefore  the  bafe  AD 
is  equal  c  to  the  bafe  BE  :  Again,  be¬ 
caufe  AB  is  equal  to  DE,  and  BE  to 
AD  ;  the  two  AB,  BE  are  equal  to  the 
two  ED,  DA  ;  and  the  bafe  AE  is  com¬ 
mon  to  the  triangles  ABE,  EDA ; 
d£.  r.  wherefore  the  angle  ABE  is  equal  d  to 
the  angle  EDA:  And  ABE  is  a  right 
angle  ;  and  therefore  EDA  is  a  right 
angle,  and  ED  perpendicular  to  DA  : 

But  it  is  alfo  perpendicular  to  BD  ;  therefore  ED  is  perpendi- 
C4*  it.  cular  eto  the  plane  which  pafles  through  BL>,  DA,  and  fhall  f 
f&dcf.  11.  make  right  angles  with  every  ftraight  line  meeting  it  in  that 
plane:  But  DC  is  in  the  planes  palling  through  BD,  DA,  be¬ 
caufe  all  three  are  in  the  plane  in  which  are  the  parallels  AB, 
CD  :  Wherefore  ED  is  at  right  angles  to  DC  ;  and  therefore 
CD  is  at  right  angles  to  DE  :  But  CD  is  alfo  at  right  angles  to 
DB  ;  CD  then  is  at  right  angles  to  the  two  ftraight  lines  DE, 
DB  in  the  point  of  their  interfeclion  D  ;  and  therefore  is  at 
right  angles  eto  the  plane  palling  through  DE,  DB,  which  is 
the  fame  plane  to  which  AB  is  at  right  angles.  Therefore,  if 
two  ftraight  lines,  £cc.  E.  D. 
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Book  XT. 


PROP.  IX.  THEOR. 


TWO  ftraight  lines  which  are  each  of  them  parallel 
to  the  fame  ftraight  line,  and  not  in  the  fame  plane 
with  it,  are  parallel  to  one  another. 


Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the 
fame  plane  with  it;  AB  lhall  be  parallel  to  CD. 

In  EF  take  'any  point  G,  from  which  draw,  in  the  plane 
palling  through  EF,  AB,  the  ftraight  line  GH  at  right  angles  to 
EF  ;  and  in  the  plane  palling  through  EF,  CD,  draw  GK  at 
right  angles  to  the  fame  EF.  And 
becaule  EF  is  perpendicular  both 
to  GH  and  GK,  EF  is  perpendi¬ 
cular  a  to  the  plane  HGK  palling 
throu  gh  them :  And  EF  is  parallel 
to  AB  ;  therefore  ^AB  is  at  right 
angleshto  the  plane  HGK.  Forthe 


a  4.  if. 


b  8.  11. 


angles  to  the  plane  HGK.  There¬ 
fore  AB,  CD  are  each  of  them  at  right  angles  to  the  plane 
HGK.  But  if  two  ftraight  lines  are  at  right  angles  to  the  fame 
plane,  they  fhail  be  parallel c  to  one  another.  Therefore  AB  is  c  6.  xx. 
parallel  to  CD.  Wherefore  two  ftraight  lines,  &c.  QL  E.  D. 


PROP.  X,  THEOR. 

IF  two  ftraight  lines  meeting  one  another  be  parallel 
to  tw'o  others  that  meet  one  another,  and  are  not  in 
the  fame  plane  with  the  firll  two  ;  the  firft  two  and  the 
other  two  fhail  contain  equal  angles. 

Let  the  two  ftraight  lines  AB,  BC  which  meet  one  another 
be  parallel  to  the  two  ftraight  lines  DE,  EF  that  meet  one  ano¬ 
ther,  and  are  not  in  the  fame  plane  with  AB,  BC.  The  angle 
ABC  is  equal  to  the  angle  DEF. 

Take  BA,  BC,  ED,  EF  all  equal  to  one  another  5  and  join 

AD, 
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AD,  CF,  BE,  AC,  DF  :  Becaufe  BA  is  equal  and  parallel  to' 
ED,  therefore  AD  is  a  both  equal  and  .  ts 
parallel  to  BE.  For  the  fame  reafon, 

CF  is  equal  and  parallel  to  BE.  There¬ 
fore  AD  and  CF  are  each  of  them  e-  A, 
qual  and  parallel  to  BE.  But  ftraight 
lines  that  are  parallel  to  the  fame  ftraight 
line,  and  not  in  the  fame  plane  with  it, 
are  parallel  b  to  one  another.  Therefore 
AD  is  parallel  to  CF  ;  and  it  is  equal  c 
to  it,  and  AC,  DF  join  them  towards 
the  fame  parts  5  and  therefore  a  AC  is 
equal  and  parallel  to  DF.  And  be- 
caufe  AB,  BC  are  equal  to  DEj  EF,  and  the  bafe  AC  to  the 
bafe  DF ;  the  angle  ABC  is  equal  d  to  the  angle  DEF.  There¬ 
fore,  if  two  ftraight  lines,  Sec.  Q.  E.  D. 

PROP.  XI.  PROB. 

O  draw  a  flraight  line  perpendicular  to  a  plane, 
from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BR  ;  it  is  required 
to  draw  from  the  point  A  a  ftraight  line  perpendicular  to  the 
plane  BH. 

In  the  plane  draw  any  ftraight  line  BC,  and  from  the  point 
A  draw  a  AD  perpendicular  to  BC.  If  then  AD  be  alfo  per¬ 
pendicular  to  the  plane  BH,  the  thing  required  is  already 
done  ;  but  if  it  be  not,  from  the 
point  D  draw in  the  plane  BH, 
the  ftraight  line  DE  at  right  an¬ 
gles  to  BC  ;  and  from  the  point 
A  draw  AF  perpendicular  to 
DE  ;  and  through  F  draw  CGH 
parallel  to  BC  :  And  becaufe  BC 
is  at  right  angles  to  ED  and  DA, 

BC  is  at  right  angles  d  to  the  plane 
pafling  through  ED,  DA.  And 
GH  is  parallel  to  BC  ;  but,  if 
two  ftraight  lines  be  parallel,  one  of  which  is  at  right  angles  to 
a  plane,  the  other  {hall  be  at  right  c  angles  to  the  lame  plane  ; 
wherefore  GH  is  at  right  angles  to  the  plane  through  ED,  DA, 
.and  is  perpendicular  1  to  every  ftraight  line  meeting  it  in  that 
plane.  But  AF,  which  is  in  the  plane  through  ED,  DA,  meets 

it. : 
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it:  Therefore  GH  is  perpendicular  to  AF  ;  and  consequently  Book  XL 
AF  is  perpendicular  to  GH ;  and  AF  is  perpendicular  to  DE: 
Therefore  AF  is  perpendicular  to  each  of  the  ftraight  lines  GH, 

DE.  But  if  a  ftraight  line  ftands  at  right  angles  to  each  of 
two  ftraight  lines  in  the  point  of  their  interfeHion,  it  fliall  alfo 
be  at  right  angles  to  the  plane  pafling  through  them.  But  the 
plane  pafling  through  ED,  GH  is  the  plane  BH  ;  therefore  AF 
is  perpendicular  to  the  plane  BH  ;  therefore,  from  the  given 
point  A,  above  the  plane  BH,  the  ftraight  line  AF  is  drawn 
perpendicular  to  that  plane  :  Which  was  to  be  done. 


PROP.  XII.  P  R  O  B. 

TO  eredt  a  ftraight  line  at  right  angles  to  a  given 
plane,  from  a  point  given  in  the  plane. 

Let  A  be  the  point  given  in  the  plane  ;  it  is  required  to  ere£t 
a  ftraight  line  from  the  point  A  at  right 
angles  to  the  plane. 

From  any  point  B  above  the  plane 
draw  a  BC  perpendicular  to  it  ;  and 
from  A  draw  b  AD  parallel  to  BC.  Be- 
caufe,  therefore,  AD,  CB  are  two  pa¬ 
rallel  ftraight  lines,  and  one  of  them 
BC  is  at  right  angles’to  the  given  plane, 
the  other  AD  is  alfo  at  right  angles  to 
it  c.  Therefore  a  ftraight  line  has  been  eredled  at  right  angles  c  3.  lr> 
to  a  given  plane  from  a  point  given  in  it.  Which  was  to  be  done. 


I)  B 


PROP.  XIII.  THEOR; 

FROM  the  fame  point  in  a  given  plane,  there  cannot 
be  two  ftraight  lines  at  right  angles  to  the  plane, 
upon  the  fame  fide  of  it :  And  there  can  be  but  one  per¬ 
pendicular  to  a  plane  from  a  point  above  the  plane. 

/ 

For,  if  it  be  poflible,  let  the  two  ftraight  lines  AC,  AB,  be  at 
right  angles  to  a  given  plane  from  the  fame  point  A  in  the  plane, 
and  upon  the  fame  ftde  of  it ;  and  let  a  plane  pafs  through  BA, 
AC  ;  the  common  fedtion  of  this  with  the  given  plane  is  a 

ftraight 


2o8 


THE  ELEMENTS 


Book  XI.  ftraight  aline  paffing  through  A  :  Let  DAE  be  their  common 
feidion  :  Therefore  the  ftraight  lines  AB,  AC,  DAE  are  in  one 
a  IX*  plane  :  And  becaufe  CA  is  at  right  angles  to  the  given  plane,  it 
ffiall  make  right  angles  with  every 
ftraight  line  meeting  it  in  that  plane. 

But  DAE,  which  is  in  that  plane, 
meets  C  A;  therefore  CAE  is  a  right 
angle.  For  the  fame  reafon  BAE 
is  a  right  angle.  Wherefore  the  an¬ 
gle  CAE  is  equal  to  the  angle  BAE; 
and  they  are  in  one  plane,  which  is 
impoffible.  Alfo,  from  a  point  above  a  plane,  there  can  be  but 
one  perpendicular  to  that  plane  ;  for,  if  there  could  be  two, 
b  6.  ii.  *  they  would  be  parallel  bto  one  another,  which  is  abfurd.  There¬ 
fore,  from  the  fame  point,  &.c.  CL  E.  D. 


PROP.  XIV.  THE  OR. 


LANES  to  which  the  fame  ftraight  line  is  perpendi¬ 
cular,  are  parallel  to  one  another. 

Let  the  ftraight  line  AB  be  perpendicular  to  each  of  the 
planes  CD,  EF  ;  thefe  planes  ^re  parallel  to  one  another. 

If  not,  they  lhall  meet  one  another  when  produced  ;  let  them 
meet ;  their  common  fe£tion  ihall  be 
a  ftraight  line  GH,  in  which  take  any 
point  K,  and  join  AK,  BK  :  Then, 
becaufe  AB  is  perpendicular  to  the 
a  3.  def.  11.  plane  EF,  it  is  perpendicular  a  to  the 

ftraight  line  BK  which  is  in  that  plane.  L 
Therefore  ABK  is  a  right  angle.  For ' 
the  fame  reafon,  BAK  is  a  right  angle; 
wherefore  the  two  angles  ABK,  BAK 
of  the  triangle  ABK  are  equal  to  two 
bi7.  1.  right  angles,  which  is  impoffible  b  ; 

Therefore  the  planes  CD,  EF,  though 
produced,  do  not  meet  one  another  ; 
o  j  f  ir  ^lat  *s>  fbey  are  parallel  c.  There¬ 
fore  planes,  &c.  O.  E.  D. 
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PROP.  XV.  THEOR. 


i 


F  two  ftraight  lines  meeting  one  another,  be  parallel  See  n. 
to  two  ftraight  lines  which  meet  one  another,  but 
are  not  in  the  lame  plane  with  the  firft  two  ;  the  plane 
which  pafles  through  thefe  is  parallel  to  the  plane  palling 
through  the  others. 

Let  AB,  BC,  two  ftraight  lines  meeting  one  another,  be  pa- 
rallel  to  DE,  EF  that  meet  one  another,  but  are  not  in  the 
fame  plane  with  AB,  BC  ?  The  planes  through  AB,  BC,  and 
DE,  EF  ftiall  not  meet,  though  produced. 

From  the  point  B  draw  BG  perpendicular  3  to  the  planeaII<II 
which  pafles  through, DE,  EF,  and  let  it  meet  that  plane  in 
G  ;  and  through  G  draw  GH  parallel  b  to  ED,  and  GK  pa-b^i.  x 
rallel  to  EF :  And  becaufe  BG  is  perpendicular  to  the  plane 
through  DE,  EF,  it  {hall 


c  3.  def.  Ho 
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% 

D 
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make  right  angles  with  every 
ftraightlinemeeting  it  in  that 
plane  c.  But  the  ftraight  lines 
GH,  GK  in  that  plane  meet 
it :  Therefore  each  of  the  an¬ 
gles  BGH,  BGK  is  a  right 
angle  :  And  becaufe  BA  is 

parallel d  to  GH  (tor  each  of  Jtt  '^4  ^  IJ# 

them  is  parallel  to  DE,  and 

they  are  not  both  in  the  fame  plane  with  it)  the  angles  GBA, 

BGH  are  together  equal  e  to  two  right  angles  :  And  BGH  is  a  c 
right  angle  ;  therefore  alfo  GBA  is  a  right  angle,  andGB  per¬ 
pendicular  to  BA  :  For  the  fame  reafon,  GB  is  perpendicular  to 
BC  :  Since  therefore  the  ftraight  line  GB  ft  and  s  at  right  angles 
to  the  two  ftraight  lines  BA,  BC,  that  cut  one  another  in  B  ; 

GB  is  perpendicular  f  to  the  plane  through  BA,  BC  :  And  it  is  f  4.  n 
perpendicular  to  the  plane  through  DE,  EF  ;  therefore  BG  is 
perpendicular  to  each  of  the  planes  through  AB,  BC,  and  DE, 

EF  :  But  planes  to  which  the  fame  ftraight  line  is  perpendicular, 
are  parallel  gto  one  another  :  Therefore  the  plane  through  AB,^ 

BC  is  parallel  to  the  plane  through  DE,  EF.  Wherefore,  if3 
two  ftraight  lines,  &c.  Q^E.  D. 
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PROP.  XVI.  THE  OR. 

I  1  ^  ’ 

IF  two  parallel  planes  be  cut  by  another  plane,  their 
common  fe&ions  with  it  are  parallels. 

Let  the  parallel  planes,  AB,  CD  be  cut  by  the  plane  EFHG, 
and  let  their  common  fe£bons  with  it  be  EF,  GH  :  EF  is  paral¬ 
lel  to  GH 

For,  if  it  is  not,  EF,  GH  lhall  meet,  if  produced,  either  on 
the  lide  of  FH,  or  EG  :  Firlt,  let  them  be  produced  on  the  fide 
of  PH,  and  meet  in  the  point  K  :  Therefore,  fince  EFK  is  in 
the  plane  AB,  every  point  in 
EFK  is  in  that  plane ;  and  K 
is  a  point  in  EFK  ;  therefore 
K  is  in  the  plane  AB  :  For 
the  fame  reafon  K  is  alfo  in 
the  plane  CD :  Wherefore  the 
planes  AB,  CD  produced 
meet  one  another  ;  but  they 
do  not  meet,  fince  they  are 
parallel  by  the  hypothefis  : 

Therefore  the  firaight  lines 
EF,  GH  do  not  meet  when 

produced  on  the  fide  of  FH  :  In  the  fame  manner  it  may  be 
proved,  that  EF,  GH  do  not  meet  when  produced  on  the  fide 
of  EG  :  But  firaight  lines  which  are  in  the  fame  plane  and  do 
not  meet,  though  produced  either  way,  are  parallel :  Therefore 
EF  is  parallel  tq  GH.  Wherefore,  if  two  parallel  planes,  &c. 
Q^E.  D. 


PROP.  XVII.  THEOR, 

IF  two  firaight  lines  be  cut  by  parallel  planes,  they  lhall 
be  cut  in  the  fame  ratio. 

m 

Let  the  firaight  lines  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,  in  the  points  A,  E,  B  ;  C,  F,  D  :  As  AE  is  to 
EB,  fois  CF  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in  the 
point  X  ;  and  join  EX,  XF  :  Becaufe  the  two  parallel  planes  > 
EL,  MN  are  cut  by  the  plane  EBDX,  the  common  fe£tions 

EX, 
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EX,  BD,  are  parallel  a,  For  the  fame  reafon,  becaufe  the  two 


parallel  planes  GH,  KL  are  cut 
by  the  plane  AXFC,  the  com¬ 
mon  feclions  AC,  XF are  paral¬ 
lel  :  And  becaufe  EX  is  paral¬ 
lel  to  BD,  a  fide  of  the  triangle 
ABD,  as  AE  to  EB,fo  is  b  AX 
toXD.  Again,  becaufe  XF  is 
parallel  to  AC,  a  fide  of  the 
triangle  ADC,  as  AX  to  XD, 
fo  is  CF  to  FD  :  And  it  was 
proved  that  AX  is  to  XD,  as 
AE  to  EB  ;  Therefore  c,  as 
AE  to  EB,  fo  is  CF  to  FD. 
Wherefore,  iftwo  ft  raight  lines, 

§tc.  CL  E.  D. 
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PROP.  XVIII.  T  H  E  O  R. 

IF  a  ftraight  line  be  at  right  angles  to  a  plane,  every 
plane  which  paffes  through  it  fhall  be  at  right  angles 
to  that  plane. 

..  •  i . 

Let  the  ftraight  line  AB  be  at  right  angles  to  a  plane  CK  ; 
every  plane  which  paffes  through  AB  fhall  be  at  right  angles  to 
the  plane  CK. 

Let  any  plane  DE  pafs  through  AB,  and  let  CE  be  the  com¬ 
mon  fedtion  of  the  planes  DE,  CK ;  take  any  point  F  in  CE, 
from  which  draw  FG  in  the 
plane  DE  at  right  angles  to 
CE  :  And  becaufe  AB  is  per¬ 
pendicular  to  the  plane  CK, 
therefore  it  is  alfo  perpendi¬ 
cular  to  every  ftraight  line  in 
that  plane  meeting  it  a  :  And 
confequently  it  is  perpendicu¬ 
lar  to  CE  :  Wherefore  ABF 
is  a  right  angle  ;  but  GFB  is 
likewife  a  right  angle  ;  therefore  AB  i^  parallel  b  to  FG.  And  b  aS.  i, 
AB  is  at  right  angles  to  the  plane  CK  ;  therefore  FG  is  alfo  at 
right  angles  to  the  fame  plane  c.  But  one  plane  is  at  right  an-  c  8.  is 
gles  to  another  plane  when  the* ftraight  lines  drawn  in  one  of  the 
at  right  angles  to  their  common  fe£tion,  are  alfo  at  right 

O  2  angles. 
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a  4.  def.  11. 


b  13.  11. 


angles  to  the  other  plane  d  ;  and  any  ftraight  line  FG  in  the 
plane  DE,  which  is  at  right  angles  to  CE  the  common  fedlion 
of  the  planes,  has  been  proved  to  be  perpendicular  to  the  other 
plane  CK  ;  therefore  the  plane  DE  is  at  right  angles  to  the 
plane  CK.  In  like  manner,  it  may  be  proved  that  all  the  planes 
which  pafs  through  AB  are  at  right  angles  to  the  plane  CK. 
Therefore,  if  a  ftraight  line,  Sec.  (k  E.  D. 


PROP.  XIX.  T  H  E  O  R. 

IF  two  planes  cutting  one  another  be  each  of  them 
perpendicular  to  a  third  plane  ;  their  common  fedlion 
fhall  be  perpendicular  to  the  fame  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to 
a  third  plane,  and  let  BD  be  the  common  feftion  of  the  firft 
two  ;  BD  is  perpendicular  to  the  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  the 
ftraight  line  DE  at  right  angles  to  AD  the  common  fedtion  of 
the  plane  AB  with  the  third  plane  ;  and  in  the  plane  BC  draw 
DF  at  right  angles  to  CD  the  common  fe&ion  of  the  plane  BC 
with  the  third  plane.  And  becaufe  the 
plane  AB  is  perpendicular  to  the  third 
plane,  and  DE  is  drawn  in  the  plane  AB 
at  right  angles  to  AD  their  common 
feCtion,  DE  is  perpendicular  to  the 
third  plane  a.  In  the  fame  manner  it 
may  be  proved  that  DF  is  perpendicu¬ 
lar  to  the  third  plane.  Wherefore, 
from  the  point  D  two  ftraight  lines 
ftand  at  right  angles  to  the  third  plane, 
upon  the  fame  fide  of  it,  which  is  im- 
poftible  b  :  Therefore,  from  the  point 
D  there  cannot  be  any  ftraight  line  at 
right  angles  to  the  third  plane,  except 

BD  the  common  feclion  of  the  planes  AB,  BC.  BD  therefore 
is  perpendicular  to  the  third  plane.  Wherefore,  if  two  planes, 
&.c,  (k  E.  D. 
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PROP.  XX.  THEOR, 

TF  a  folid  angle  be  contained  by  three  plane  angles, 
any  two  of  them  are  greater  than  the  third. 

Let  the  folid  angle  at  A  be  contained  by  the  three  plane  an¬ 
gles  RAC,  CAD,  DAB.  Any  two  of  them  are  greater  than 
the  third. 

If  the  angles  BAG,  CAD,  DAB  be  all  equal,  it  is  evident 
that  any  two  of  them  are  greater  than  the  third.  But  if  they 
are  not,  let  BAC  be  that  angle  which  is  not  lefs  than  either  of 
the  other  two,  and  is  greater  than  one  of  them  DAB  ;  and  at 
the  point  A  in  the  ftraight  line  AB,  make,  in  the  plane  which 
paffes  through  BA,  AC,  the  angle  BAE  equal  a  to  the  angle 
DAB  ;  and  make  AE  equal  to  AD,  and  through  E  draw 
BEC  cutting  AE,  AC  in  the  points 
B,  C,  and  join  DR,  DC,  3,  And  be- 
caufe  DA  is  equal  to  AE,  and  AB  is 
common,  the  two  DA,  AB  are  equal 
to  the  two  EA,  AB,  and  the  angle 
DAB  is  equal  to  the  angle  EAB  ; 

Therefore  the  bafe  DB  is  equal  b  to 
the  bafe  BE.  And  hecaufe  BD,  DC 
are  greater  c  than  CB,  and  one  of 
them  BD  has  been  proved  equal  to  BE  a  part  of  CB,  therefore 
the  other  DC  is  greater  than  the  remaining  part  EC.  And  bc- 
caufe  DA  is  equal  to  AE,  and  AC  common,  but  the  bafe  DC 
greater  than  the  bafe  EC  ;  therefore  the  angle  DAC  is  greater  d 
than  the  angle  EAG  ;  and,  by  the  confl ruction,  the  angle  DAB 
is  equal  to  the  angle  BAE  ;  wherefore  the  angles  DAB,  DAC 
are  together  greater  than  BAE,  ExAC,  that  is,  than  the  angle 
BAC.  But  BAC  is  not  lefs  than  either  of  the  angles  DAB, 
DAC  ;  therefore  BAG,  with  either  of  them,  is  greater  than  the 
other.  Wherefore,  if  a  folid  angle,  &c.  Q^E.  D. 

PROP.  XXL  TFxEOR. 

E*  VERY  folid  angle  is  contained  by  plane  angles  which 
j  together  are  lefs  than  four  right  angles. 

Firft,  Let  the  folid  angle  at  A  be  contained  by  three  plane 
Angles  BAC,  CAD,  DAB.  Thefe  three  together  are  lefs  than, 
four  right  angles. 

O  3  Take 


See  N. 
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b  3.2.  i- 


Take  in  each  of  the  ftraight  lines  AB,  AC,' AD  any  points 
B,  C,  D,  and  join  BC,  CD,  DB  :  Then,  becaufe  the  folid  angle 
at  B  is  contained  by  the  three  plane  angles  CBA,  ABD,DBC, 
any  two  of  them  are  greater  3  than  the  third  j  therefore  the 
angles  CBA,  ABD  are  greater  than  the  angle  DBG  :  For  the 
fame  reafon,  the  angles  RCA,  ACD  are  greater  than  the  angle 
DCB;  and  the  angles  CDA,  ADR  greater  than  BDC:  Where¬ 
fore  the  fix  angles  CBA,  ABD,  BCA,  ACD,  CDA,  ADB 
are  greater  than  the  three  angles  DBC, 

BCD,  CDB  :  But  the  three  angles 
DBC,  BCD,  CDB  are  equal  to  two 
right  angles  h  :  Therefore  the  fix  an¬ 
gles  CBA,  ABD,  BCA,  ACD, CDA, 

ADB  are  greater  than  two  right  an¬ 
gles  :  And  becaufe  the  three  angles  of 
each  of  the  triangles  ABC,  ACD, 

APB  are  eqnal  to  two  right  angle<y, 
therefore  the  nine  angles  of  thefe  three  triangles,  viz.  the  angles 


CBA,  BAG,  ACB,  ACD,  CDA.  DAC,  ADB,  DBA,  BAD 
are  equal  to  fix  right  angles  :  Of  thefe  the  fix  angles  CBA, 
ACB,  ACD,  CDA,  ADB,  DBA  are  greater  than  two  right 
angles  :  Therefore  the  remaining  three  angles  BAC,  DAC, 
BAD,  which  contain  the  folid  angle  at  A,  are  lefs  than  four 
right  angles* 

Next,  let  the  folid  angle  at  A  be  contained  by  any  number 
of  plane  angles  BAC,  CAD,  DAE,  EAF,  FAB  ;  thefe  toge¬ 
ther  are  lefs  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a  plane,  and 
let  the  common  fedtion  of  it  with  thole 
planes  be  BC,  CD,  DE,  EF,  FB  :  And 
becaufe  the  folid  angle  at  B  is  contain¬ 
ed  by  three  plane  angles  CBA,  ABF, 

FBC,  of  which  any  two  are  greater  a 
than  the  third,  the  angles  CBA,  ABF 
are  greater  than  the  angle  FBC  ;  For 
the  lame  reafon,  the  two  plane  angles 
at  each  of  the  points  G,  D,  E,  F,  viz. 
the  angles  which  are  at  the  bafes  of  the 
triangles  having  the  common  vertex 
A,  arc  greater  than  the  third  angle  at 
the  fame  point,  which  is  one  of  the 
angles  of  the  polygon  BCDEF:  There¬ 
fore  all  the  angles  at  the  bafes  of  the  triangles  are  together 

greater 


A 


OF  EUCLID. 


215 


greater  than  all  the  angles  of  the  polygon  :  And  becaufe  all  the  Book  xr. 
angles  of  the  triangles  are  together  equal  to  twice  as  many 
right  angles  as  there  are  triangles  b ;  that  is,  as  there  are  fides  b  33. 1. 
in  the  polygon  BCDEF ;  and  that  all  the  angles  of  the  polygon, 
together  with  four  right  angles,  are  likewife  equal  to  twice  as 
many  right  angles  as  there  are  fides  in  the  polygon  c  ;  there-  c  r.  Cor. 
fore  all  the  angles  of  the  triangles  are  equal  to  all  the  angles  3**  *• 
of  the  polygon  together  with  four  right  angles.  But  all  the 
angles  at  the  bafes  of  the  triangles  are  greater  than  all  the  angles 
of  the  polygon,  as  has  been  proved.  Wherefore  the  remaining 
angles  of  the  triangles,  viz.  thofe  at  the  vertex,  which  contain 
the  folid  angle  at  A,  are  lefs  than  four  right  angles.  There¬ 
fore  every  folid  angle,  &.c.  CL  E.  D. 


PROP.  XXIl.  THE  OR. 


IF  every  two  of  three  plane  angles  be  greater  than  the  see 
third,  and  if  the  ftraight  lines  which  contain  them  be 
all  equal ;  a  triangle  may  be  made  of  the  ftraight  lines 
that  join  the  extremities  of  thofe  equal  ftraight  lines. 

Let  ABC,  DEF,  GHK  be  three  plane  angles,  whereof  every 
two  are  greater  than  the  third,  and  are  contained  by  the  equal 
flraight  lines  AB,  BC,  DE,  EF,  GH,  BK  ;  if  their  extremities 
be  joined  by  the  ftraight  lines  AC,  DF,  GK,  a  triangle  may  be 
made  of  three  ftraight  lines  equal  to  AC,  DF,  GK  j  that  is, 
every  two  of  them  are  together  greater  than  the  third. 

If  the  angles  at  B,  E,  H  are  equal :  AC,  DF,  GK  are  alfo 
equal  %  and  any  two  of  them  greater  than  the  third  :  But  if  a  4.  j, 
the  angles  are  not  all  equal,  let  the  angle  ABC  be  not  lefs. than 
either  of  the  two  at  E,  H  ;  therefore  the  ftraight  line  AC 
is  not  lefs  than  either  of  the  other  two  DF,  GK  b;  and  it  is  b  4.  Cor. 
plain  that  AC,  together  with  either  of  the  other  two,  muft  be  24  r* 
greater  than  the  third  :  Alfo  DF  with  GK  aTe  greater  than 
AC;  For,  at  the  point  B  in  the  ftraight  line  AB  makec  the  c  23.  1. 
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angle  ABL  equal  to  the  angle  GHK,  and  make  BL  equal  to 
one  of  the  ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK,  and  join 
AL,  LC  :  Then  becaufe  AB,  BL  are  equal  to  GH,  HK,  and 
the  angle  ABL  to  the  angle  GHK,  the  bafe  AL  is  equal  to 
the  bale  GK  :  And  becaufe  the  angles  at  E,  H  are  greater  than 
the  angle  ABC,  of  which  the  angle  at  H  is  equal  to  ABL,  there¬ 
fore  the  remaining  angle  at  E  is  greater  than  the  angle  LBC  : 


And  becaufe  the  two  tides  LB,  BC  are  equal  to  the  two  DE, 
EF,  and  that  the  angle  DEF  is  greater  than  the  angle  LBC, 
the  bafe  DF  is  greater  d  than  the  bafe  LC  :  And  it  has  been 
proved  that  GK  is  equal  to  AL  ;  therefore  DF  and  GK  are 
greater  than  AL  and  LC  :  But  AL  and  LC  are  greater  e  than 
AC  ;  much  more  then  are  DF  and  GK  greater  than  AC. 
Wherefore  every  two  of  thefe  ftraight  lines  AC,  DF,  GK  are 
greater  than  the  third;  and,  therefore,  a  triangle  may  be  made  f, 
the  fides  of  which  fhall  be  equal  to  AG,  DF,  GK.  CL  E.  D. 


PROP.  XXIII.  PROB. 

HpQ  Make  a  folid  angle  which  fhall  be  contained  by 
j[  three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  all  three  together  lefs  than 
four  right  angles. 

Let  the  three  given. plane  angles  be  ABC,  DEF,  GHK,  any 
two  of  which  are  greater  than  the  third,  and  all  of  them  toge¬ 
ther  lefs  than  four  right  angles.  It  is  required  to  make  a  folid 
angle  contained  by  three  plane  angles  equqj.  to  ABC,  DEF, 
GHK,  each  to  each. 
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From  the  ftraight  lines  containing  the  angles,  cut  off  AB, 

BC,  DE,  EF,  GH,  HK,  all  equal  to  one  another  ;  and  join 
AC,  DF,  GK  :  Then  a  triangle  may  be  made  a  of  three  ftraight  a  II# 


B  ST 

E 


A.  C 

D  Z___ _ .jAF 

lines  equal  to  AC,  DF,  GK.  Let  this  be  the  triangle  LMN  b,  «>  *»  *•  . 
fo  that  AC  be  equal  to  LM,  DF  to  MM,  and  GK  to  LN  ;  and 
about  the  triangle  LMN  defcribe  c  a  circle,  and  find  its  centres  c 
X,  which  will  either  be  within  the  triangle,  or  in  one  of  its 
fides,  or  without  it. 

Firft,  Let  the  centre  X  be  within  the  triangle,  and  join 
LX,  MX,  NX  :  AB  is  greater  than  LX  :  If  not,  AB  muff  ei¬ 
ther  be  equal  to,  or  lefs  than  LX  ;  firft,  let  it  be  equal :  ihen 
becaufe  AB  is  equal  to  LX,  and  that  AB  is  alfo  equal  to  BC, 
and  LX.  to  XM,  AB  and  BC  are  equal  to  LX  and  XM,  each 
to  each  ;  and  the  bafe  AC  is,  by  conftrudfion,  equal  to  the 
bafe  LM  ;  wherefore  the  angle  ABC  is  equal  to  the  angle 
LXM  For  the  fame  reafon,  the  angle  DEF  is  equal  to  the  ^  g 
angle  MXN,  and  the  angle  GHK 
to  the  angle  NXL  :  Therefore  the 
three  angles  ABC,  DEF,  GHK  are 
equal  to  the  three  angles  LXM, 

MXN,  NXL:  But  the  three  angles 
LXM,  MXN,  NXL  are  equal  to 
four  right  angles  e  :  therefore  alfo 
the  three  angles  ABC,  DEF,  GHK 
are  equal  to  four  right  angles  :  But, 
by  the  hypothefis,  they  are  lefs 
than  four  right  angles,  which  is 
abfurd  ;  therefore  AB  is  not  equal 
to  LX  :  But  neither  can  AB  be 

lefs  than  LX  :  For,  if  poflible,  let  it  be  lefs,  and  upon  the 
ftraight  line  LM.  on  the  fide  of  it  on  which  is  the  centre  X, 
defcribe  the  triangle  LOM,  the  fides  LO,  OM  of  which  are 
equal  to  AB,  BC  $  and  becaufe  the  bafe  LM  is  equal  to  the 

ba& 
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Book  XI.  bafe  AC,  the  angle  LOM  is  equal  to  the  angle  ABC  d :  And 
AB,  that  is,  LO,  by  the  hypothecs,  is  lefs  than  LX  ;  where¬ 
fore  LO,  OM  fall  within  the  triangle  LXM  ;  for,  if  they  fell 
upon  its  fides,  or  without  it,  they 
would  be  equal  to,  or  greater  than 
LX,  XM  f  :  Therefore  the  angle 
LOM,  that  is,  the  angle  ABC,  is 
greater  than  the  angle  LXM  f :  In 
the  fame  manner  it  may  be  proved 
that  the  angle  DEF  is  greater  than 
the  angle  MXN,  and  the  angle 
GHK  greater  than  the  angle  NXL. 

Therefore  the  three  angles  ABC, 

DEF,  GHK  are  greater  than  the 
three  angles  LXM,  MXN,  NXL; 
that  is,  than  four  right  angles  :  But 
the  fame  angles  ABC,  DEF,  GHK  are  lefs  than  four  right 
angles ;  which  is  abfurd  :  Therefore  AB  is  not  lefs  than  LX, 
and  it  has  been  proved  that  it  is  not  equal  to  LX  ;  wherefore 
AB  is  greater  than  LX. 

Next,  Let  the  centre  X  of  the  circle  fall  in  one  of  the  lides 
of  the  triangle,  viz.  in  MN,  and 
join  XL  :  In  this  cafe  alfo  AB  is 
greater  than  LX.  If  not,  AB  is 
either  equal  to  LX,  or  lefs  than  it: 

Firft,  let  it  be  equal  to  XL  :  There¬ 
fore  AB  and  BG,  that  is,  DE,  and 
EF,  are  equal  to  MX  and  XL,  that 
is,  to  MN :  But, by  the  conftrudlion, 

MN  is  equal  to  DF ;  therefore  DE, 

EF  are  equal  to  DF,  which  is  im- 
t  i.  polTible  f :  Wherefore  AB  is  not  e- 
qual  to  LX;  nor  is  it  lefs  ;  for  then, 

\  much  more,  an  abfurdity  would, 

follow  :  Therefore  AB  is  greater  than  LX. 

But,  let  the  centre  X  of  the  circle  fall  without  the  triangle 
LMN,  and  join  LX,  MX,  NX.  In  this  cafe  likewife  AB  is 
greater  than  LX  :  If  not,  it  is  either  equal  to,  or  lefs  than  LX: 
Firft,  let  it  be  equal ;  it  may  be  proved  in  the  fame  manner, 
as  in  the  firft  cafe,  that  the  angle  ABC  is  equal  to  the  angle 
MXL,  and  GHK  to  LXN  ;  therefore  the  whole  angle  MXN 
is  equal  to  the  two  angles,  ABC,  GHK  :  But  ABC  and  GHK 
are  together  greater  than  the  angle  DEF ;  therefore  alfo 
the  angle  MXN  is  greater  than  DEF,  And  becaufe  DE, 

EF 
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I  are  eqmal  to  MX,  XN,  and  the  bafe  DF  to  the  bafe 
MN,  the  angle  MXN  is  equal  d  to  the  angle  DEF  :  And  it  has 
been  proved,  that  it  is  greater  than  DEF,  which  is  abfurd. 
Therefore  AB  is  not  equal  to  LX.  Nor  yet  is  it  lefs ;  for  then, 
as  has  been  proved  in  the  firfl  cafe,  the  angle  ABC  is  greater 
than  the  angle  MXL,  and  the  angle  GHK  greater  than  the 
angle  LXN.  At  the  point  B  in  the  ftraight  line  CB  make  the 
angle  CBP  equal  to  the  angle  GHK,  and  make  BP  equal  to 


HK,  and  join  CP,  AP.  And  becaufe  CB  is  equal  to  GH; 
CB,  BP  are  equal  to  GH,  HK,  each  to  each,  and  they  con¬ 
tain  equal  angles  ;  wherefore  the  bafe  CP  is  equal  to  the  bafe 
GK,  that  is,  to  LN.  And  in  the  ifofceles  triangles  ABC,  MXL, 
becaufe  the  angle  ABC  is  greater  than  the  angle  MXL,  there¬ 
fore  the  angle  MLX  at  the  bafe  is  greater  g  than  the  angle 
ACB  at  the  bate.  For  the  fame  reafon,  becaufe  the  angle  GHK, 
or  CBP,  is  greater  than  the  angle 
LXN,  the  angle  XLN  is  greater 
than  the  angle  CBP.  Therefore  the 
whole  angle  MLX  is  greater  than 
the  whole  angle  ACP.  And  becaufe 
ML,  LN  are  equal  to  AC,  CP, 
each  to  each,  but  the  angle  MLN 
is  greater  than  the  angle  ACP,  the 
bafe  MN  is  greater  h  than  the  bafe 
AP.  And  MN  is  equal  to  DF  ; 
therefore  alfo  DF  is  greater  than 
AP.  Again,  becaufe  DE,  EF  are 
equal  to  AB,  BP,  but  the  bafe  DF 
greater  than  the  bafe  AP,  the  an¬ 
gle  DEF  is  greater  k  than  the  angle 
ABP.  And  ABP  is  equal  to  the  two  Fugles  ABC,  CBP,  fhat 
is,  to  the  two  angles  ABC,  GHK ;  therefore  the  angle  DEF  is 
greater  than  the  two  angles  ABC,  GHK ;  but  it  is  alfo  lefs 
than  thefe  which  is  impofilble.  Therefore  AB  is  not  lefs  than 
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LX  ;  and  it  has  been  proved  that  it  is  not  equal  to  it ;  there- 
fore  AB  is  greater  than  LX. 

From  the  point  X  eredt  aXR  at  right  angles  to  the  plane 
of  the  circle  LMN.  And  becaufe  it  has  been  proved  in  all  the 
cafes,  that  AB  is  greater  than  LX,  find  a  fquare  equal  to  the 
excefs  of  the  fquare  of  AB  above 
the  fquare  of  LX,  and  make  RX 
equal  to  its  fide,  and  join  RL,  RM, 

RN.  Becaufe  RX  is  perpendicular 
to  th^  plane  of  the  circle  LMN,  it 
is  perpendicular  to  each  of  the 
flraight  lines  LX,  MX,  NX.  And 
becaufe  LX  is  equal  to  MX,  and 
XR  common,  and  at  right  angles 
to  each  of  them,  the  bafe  RL  is  e- 
qual  to  the  bafeRM.  For  the  fame 
reafon,  RN  is  equal  to  eadh  of  the 
two  RL,  RM.  Therefore  the  three 
flraight  lines  RL,  RM,  RN  are  all 
equal.  And  becaufe  the  fquare  of 
XR  is  equal  to  the  excefs  of  the  fquare  of  AB  above  the  fquare 
of  LX  ;  therefore  the  fquare  of  AB  is  equal  to  the  fquares  of 
LX,  XR.  But  the  fquare  of  RLis  equal  cto  the  fame  fquares, 
becaufe  LXR  is  a  right  angle.  Therefore  the  fquare  of  AB 
is  equal  to  the  fquare  of  RL,  and  the  flraight  line  AB  to  RL. 
But  each  of  the  flraight  lines  BC,  DE,  EF,  GH,  HK  is  equal 
to  AB,  and  each  of  the  two  RM,  RN  is  equal  to  RL.  Where¬ 
fore  AB,  BC,  DE,  EF,  GH,  HK  are  each  of  them  equal  to 
each  of  the  flraight  lines  RL,  RM,  RN.  And  becaufe  RL, 
RM,  are  equal  to  AB,  BC,  and  the  bafe  LM  to  the  bafe  AC  ; 
the  angle  LRM  is  equal  d  to  the  angle  ABC.  For  the  fame 
reafon,  the  angle  MRN  is  equal  to  the  angle  DEF,  and  NRL 
to  GHK.  Therefore  there  is  made  a  folid  angle  at  R,  which 
is  contained  by  three  plane  angles  LRM,  MRN,  NRL,  which 
are  equal  to  the  three  given  plane  angles  ABC,  DEF,  GHK, 
each  to  each.  Which  was  to  be  done. 
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IF  each  of  two  folid  angles  be  contained  by  three  plane  seeN. 

angles  equal  to  one  another,  each  to  each  ;  the  planes 
in  which  the  equal  angles  are,  have  the  fame  inclination 
to  one  another. 


Let  there  be  two  folid  angles  at  the  points  A,  B  ;  and  let 
the  angle  at  A  be  contained  by  the  three  plane  angles  CAD, 

CAE,  EAD  ;  and  the  angle  at  B  by  the  three  plane  angles 
FBG,  FBH,  HBG  ;  of  which  the  angle  CAD  is  equal  to  the 
angle  FBG,  and  CAE  to  FBH,  and  EAD  to  HBG  :  The 
planes  in  which  the  equal  angles  are,  have  the  fame  inclination 
to  one  another. 

In  the  ftraight  line  AC  take  any  point  K,  and  in  the  plane 
CAD  from  K  draw  the  ftraight  line  KD  at  right  angles  to  AC, 
and  in  the  plane  CAE  ^  £ 

the  ftraight  line  KL 
at  right  angles  to  the 
fame  AC  :  Therefore 

the  angle  DKL  is  the  1C  / _ |L\  - x*1  \  a  6.def.  ti* 

inclination  a  of  the 

plane  CAD  to  the  W  1  V  I  bi¬ 
plane  CAE  :  In  BF  '  1  7  -L  - 

take  BM  equal  toAK, 
and  from  the  point  M 

draw,  in  the  planes  FBG,  FBH,  the  ftraight  lines  MG,  MN 
at  right  angles  to  BF  ;  therefore  the  angle  GMN  is  the  in¬ 
clination  a  of  the  plane  FBG  to  the  plane  FBH :  Join  LD* 

NG  ;  and  becaufe  in  the  triangles  KAD,  MBG,  the  angles 
KAD,  MBG  are  equal,  as  alfo  the  right  angles  AKD,  BMG, 
and  that  the  ftdes  AK,  BM,  adjacent  to  the  equal  angles,  are 
equal  to  one  another  ;  therefore  KD  is  equal  b  to  MG,  and  b  a 6.  I. 
AD  to  BG  :  For  the  fame  reafon,  in  the  triangles  KAL, 

MBN,  KL  is  equal  to  MN,  and  AL  to  BN :  And  in  the 
triangles  LAD,  NRG,  LA,  AD  are  equal  to  NB,  BG,  and 
they  contain  equal  angles  ;  therefore  the  bafe  LD  is  equal  c  c  4.  i, 
to  the  bafe  NG.  Laftly,  in  the  triangles  KLD,  MNG, 
the  fides  DK,  KL  are  equal  to  GM,  MN,  and  the  bafe  LD  to 
the  bafe  NG  ;  therefore  the  angle  DKL  is  equal  d  to  the  angle  d  S  1 
GMN  :  But  the  angle  DKL  is  the  inclination  of  the  plane 
CAD  to  the  plane  CAE,  and  the  angle  GMN  is  the  inclina¬ 
tion  . 
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Book  xi.  tion  of  the  plane  FBG  to  the  plane  FBH,  which  planes  have 
therefore  the  fame  inclination  a  to  one  another:  And  in  the 

3  7‘  e  '  I1‘  fame  manner  it  may  be  demonftrated,  th^t  the  other  planes  ii^ 
which  the  equal  angles  are,  have  the  fame  inclination  to  one 
another.  Therefore,  if  two  folid  angles,  &cc.  CL  E.  D. 

PROP.  B.  T  FI  E  O  R. 

£ceN.  TF  two  folid  angles  be  contained,  each  by  three  plane 
angles  which  are  equal  to  one  another,  each  to  each, 
and  alike  fituated  ;  thefe  folid  angles  are  equal  to  one 
another. 

Let  there  be  two  folid  angles  at  A  and  B,  of  which  the  folid 
angle  at  A  is  contained  by  the  three  plane  angles  CAD,  CAE, 
EAD  ;  and  that  at  B,  by  the  three  plane  angles  FBG,  FBH, 
HBG  ;  of  which  CAD  is  equal  to  FBG  ;  CAE  to  FBH  ;  and 
EAD  to  HBG:  The  folid  angle  at  A  is  equal  to  the  folid  aigle 
at  B. 

Let  the  folid  angle  at  A  be  applied  to  the  folid  angle  at  B  ; 
and,  firft,  the  plane  angle  CAD  being  applied  to  the  plane 
angle  FBG,  fo  as  the  point  A  may  coincide  with  the  point  B, 
and  the  ftraight  line  AC  with  BF  ;  then  AD  coincides  with 

BG,  becaufe  the  angle  CAD 
is  equal  to  the  angle  FBG  : 

And  becaufe  the  inclination  of 
the  plane  CAE  to  the  plane 

1  A.  ii,  CAD  is  equal  a  to  the  inclina¬ 
tion  of  the  plane  FBH  to  the 
plane  FBG,  the  plane  CAE 
coincides  with  the  plane  FBH, 
becaufe  the  planes  CAD,  FBG  coincide  with  one  another  :  And 
becaufe  the  ftraight  lines  AC,  BF  coincide,  and  that  the  angle 
CAE  is  equal  to  the  angle  FBH  ;  therefore  AE  coincides  with 

BH,  and  AD  coincides  with  BG  ;  wherefore  the  plane  EAD 
coincides  with  the  plane  HBG  :  Therefore  the  folid  angle  A 
coincides  with  the  folid  angle  B,  and  confeqently  they  are  e» 

h  8„  A,  ?,  qual  b  to  one  another.  CL  E.  D. 

.  i 
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PROP.  C.  THE  OR. 


SOLID  figures  contained  by  the  fame  number  of  e-  see  n. 

qual  and  fimilar  planes  alike  fituated,  and  having 
none  of  their  folid  angles  contained  by  more  than  three 
plane  angles  ;  are  equal  and  fimilar  to  one  another. 

Let  AG,  KQ^be  two  folid  figures  contained  by  the  fame 
number  of  fimilar  and  equal  planes,  alike  fituated,  viz.  let  the 
plane  AC  be  fimilar  and  equal  to  the  plane  KM,  the  plane 
AF  to  KP  ;  BG  to  LQj  GD  to  QN  ;  DE  to  NO  ;  and  laflly, 

FH  fimilar  and  equal  to  PR  :  The  folid  figure  AG  is  equal  and 
fimilar  to  the  folid  figure  KQ^ 

Becaufe  the  folid  angle  at  A  is  contained  by  the  three  plane 
angles  BAD,  BAE,  EAD,  which,  by  the  hypothefis,  are  e- 
qual  to  the  plane  angles  LKN,  LKO,  OKN,  which  contain 
the  folid  angle  at  K,  each  to  each  ;  therefore  the  folid  angle 
at  A  is  equal  a  to  the  folid  angle  at  K  :  In  the  fame  manner,  a  B.  ir» 
the  other  folid  angles  of  the  figures  are  equal  to  one  another. 

If,  then,  the  folid  figure  AG  be  applied  to  the  folid  figure  KQ^, 
fiift,  the  plane  fi- 
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plane  figure  KM ; 
the  flraight  line  jpj 
AB  coinciding 
with  KL,  the  fi¬ 
gure  AC  muff 
coincide  with  the 

figure  KM,  becaufe  they  are  equal  and  fimilar ;  Therefore  the 
flraight  lines  AD,  DC,  CB  coincide  with  KN,  NM,  ML, 
each  with  each  ;  and  the  points  A,  D,  C,  B,  with  the  points 
K,  N,  M,  L  :  And  the  folid  angle  at  A  coincides  with  a  the 
folid  angle  at  K  ;  wherefore  the  plane  AF  coincides  with  the 
pla*e  KP,  and  the  figure  AF  with  the  figure  KP,  becaufe  they 
are  equal  and  fimilar  to  one  another :  Therefore  the  flraight 
lines  AE,  EF,  FB,  coincide  with  KO,  OP,  PL  ;  and  the  points 
E,  F,  with  the  points  O,  P.  In  the  fame  manner,  the  figure 
AH  coincides  with  the  figure  KR,  and  the  flraight  line  DH 
with  NR,  and  the  point  H  with  the  point  R  :  And  becaufe  the 
folid  angle  at  B  is  equal  to  the  folid  angle  at  L,  it  may  be  pro- 
yed?  in  the  fame  manner,  that  the  figure  BG  coincides  with 
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the  figure  LQ^,  and  the  flraight  line  CG  with  MQ^,  and  the 
point  G  with  the  point  Q^:  Since,  therefore  all  the  planes 
and  fides  of  the  foil'd  figure  AG  coincide  witli  the  planes  and 
fides  of  the  folid  figure  KQ^,  AG  is  equal  and  fimilar  to  KQj 
And,  in  the  fame  manner,  any  other  folid  figures  whatever  con¬ 
tained  by  the  fame  number  of  equal  and  fimilar  planes,  alike 
fituated,  and  having  none  of  their  folid  angles  contained  by 
more  than  three  plane  angles,  may  be  proved  to  be  equal  and 
fimilar  to  one  another.  Q^E.  D. 

PROP.  XXIV.  T  H  E  O  R. 

IF  a  folid  be  contained  by  fix  planes*,  two  and  two  of 
which  are  parallel ;  the  oppolite  planes  are  fimilar  and 
equal  parallelograms. 

'■» 

Let  the  folid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF  ;  BG,  CE  ;  FB,  AE  :  Its  oppofite  planes  are  fimilar  and 
equal  parallelograms. 

Becaufe  the  two  parallel  planes  BG,  CE,  are  cut  by  the 
plane  AC,  their  common  fedlions  AB,  CD,  are  parallel  a.  A- 
gain,  becaufe  the  two  parallel  planes  BF,  AE,  are  cut  by  the 
plane  AC,  their  common  fedtions  AD,  BC,  are  parallel  3 :  And 
AB  is  parallel  to  CD ;  therefore  AC  is  a  parallelogram.  In  like 
manner,  it  may  be  proved  that  each 
of  the  figures  CE,  FG,  GB,  BF, 

AE  is  a  parallelogram  :  Join  AH, 

DF ;  and  becaufe  AB  is  parallel  to 
DC,  and  BH  to  CF  ;  the  two 
flraight  lines  AB,  BH,  which  meet 
one  another,  are  parallel  to  DC 
and  CF  which  meet  one  another, 
and  are  not  in  the  fame  plane  with 
the  other  two;  wherefore  they  con¬ 
tain  equal  angles  b;  the  angle  ABH  is  therefore  equal  to  th® 
angle  DCF :  And  becaufe  AB,  BH,  are  equal  to  DC,  CF,  and 
the  angle  ABH  equal  to  the  angle  DCF  ;  therefore  the  bafe 
AH  is  equal  cto  the  bafe  DF,  and  the  triangle  ABH  to  the  tri- 
angle  DCF  :  And  the  parallelogram  BG  is  double  dof  the  tri¬ 
angle  ABH,  and  the  parallelogram  CE  double  of  the  triangle 
DCF ;  therefore  the  paralellogram  BG  is  equal  and  fimi¬ 
lar  to  the  parallelogram  CE.  In  the  fame  manner  it  may 
be  proved,  that  the  parallelogram  AC  is  equal  and  fi¬ 
milar 
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£nilar  to  the  parallelogram  GF,  and  the  parallelogram  AE  to  Boo!:  xr. 
BF.  Therefore,  if  a  folid,  &ec.  E.  D. 

PROP.  XXV.  THEOR, 

TF  a  folk!  parallelepiped  be  cut  by  a  plane  parallel  to  S£ehb 
two  of  its  oppofite  planes  ;  it  divides  the  whole  into 
two  folids,  the  bafe  of  one  of  which  fhail  be  to  the 
bale  of  the  other,  as  the  one  folid  is  to  the  other. 

Let  the  fblid  parallelepiped  ABCD  be  cut  by  the  plane  EV* 
which  is  parallel  to  the  oppofite  planes  AR,  HD,  and  divides 
the  whole  into  the  two  folids -ABF V,  EGCD  ;  as  the  bafe 
AEFY  of  the  fir  ft  is  to  the  bafe  EHCF  cf  the  other,  fo  is  the 
folid  ABFV  to  the  folid  EGCD. 

Produce  AH  both  ways,  and  take  any  number  of  ftraight 
lines  HM,  MN,  each  equal  to  EH,  and  any  number  AK,  KL 
each  equal  to  EA,  and  complete  the  parallelograms  LO,  KY„ 

RQ^,  MS,  and  the  folids  LP,  KR,  HU,  MT  /  Then,  becaufe 
the  ftraight  lines  LK,  KA,  AE  are  all  equal,  the  parallelograms 
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LO,  KY,  AF  are  equal  a  :  And  likewife  the  parallelograms  EX,  a  -5. 
KB,  AG  a  ;  as  alfo  the  parallelograms  LZ,  KP,  AR,  becaufe  b  24 , 2 u 
they  are  oppofite  planes :  For  the  fame  reafon,  the  paral¬ 
lelograms  EC,  HQ^,  MS,  are  equal  s  ;  and  the  parallelograms 

HQ,  HI,  IN,  as  alfo  HD,  MU~  NT:  Therefore  three  planes 
of  the  folid  LP,  are  equal  and  fimilar  to  three  planes  of  the  fo- 
lid  KR,  as  alfo  to  three  planes  of  the  folid  AV  :  But  the  three 
planes  oppofite  to  thefe  three  are  equal  and  fimilar  b  to  them 
in  the  feveral  folids,  and  none  of  their  folid  angles  are  contain¬ 
ed  by  more  than  three  plane  angles:  Therefore  the  three  folids 

LP,  KR,  AV  are  equal  c  to  one  another:  For  the  fame  reafon,  c  Qt 
the  three  folids  ED,  HU,  MT  are  equal  to  one  another  :  There- 

'  P  fore 


a  26  THE  ELEMENTS 

Bool?  XT;  fore  what  multiple  foever  the  bafe  LF  is  of  the  bafe  AF^,  thd 
\**"Y**J  fame  multiple  is  the  folid  LV  of  the  folid  AV  :  For  the  fame 
reafon  whatever  multiple  the  bafe  NF  is  of  the  bafe  HF,  the 
fame  multiple  is  the  folid  NV  of  the  folid  ED:  And  if  the  bafe 
c  C.  Hi  Lp  be  equal  to  the  bafe  NF,  the  folid  LV  is  equal  c  to  the  fo¬ 
lid  NV  ;  and  if  the  bafe  LF  be  greater  than  the  bafe  NF,  the 
folid  LV  is  greater  than  the  folid  NV  ;  and  if  lefs,  lefs  :  Since 
then  there  are  four  magnitudes,  viz.  the  two  bafes  AF,  FM, 


X  B  G  1 


Vp 

\R 

Ny 

'Np 

lAh 

T 

K 

A 

E 

H 

M  . 

n 

.N 

\ 

rx 

\ 

\ 

X 

O  v  F  C  Gt  S 


and  the  two  folids  AV,  ED,  and  of  the  bafe  AF  and  folid  AV, 
the  bafe  LF  and  folid  LV  are  any  equimultiples  whatever  ;  and 
of  the  bafe  FH  and  folid  ED,  the  bafe  FN  and  folid  NV  are  a- 
ny  equimultiples  whatever ;  and  it  has  been  proved,  that  if  the 
bafe  LF  is  greater  than  the  bafe  FN,  the  folid  LV  is  greater 
than  the  folid  NV  ;  and  if  equal,  equal  ;  and  if  lefs,  lefs. 
d  5.  def.  5.  Therefore  d  as  the  bafe  AF  is  to  the  bafe  FH,  fo  is  the  folid  AV 
to  the  folid  ED.  Wherefore,  if  a  folid,  &c.  Q.  E.  D. 


PROF.  XXVI.  PROB. 

See  N.  A  T  a  given  point  in  a  given  Eraight  line,  to  make 

a  folid  angle  equal  to  a  given  folid  angle  contain¬ 
ed  by  three  plane  angles. 

Let  AB  be  a  given  Eraight  line,  A  a  given  point  in  it,  and 
D  a  given  folid  angle  contained  by  the  three  plane  angles  EDC, 
EDF,  FDC  :  It  is  required  to  make  at  the  point  A  in  the  Eraight 
line  AB  a  folid  angle  equal  to  the  folid  angle  D. 

■x  In  the  Eraight  line  DF  take  any  point  F,  from  which  draw 
a  pQ  perpendicular  to  the  plane  EDC,  meeting  that  plane  in 
G  ;  join  DG,  and  at  the  point  A  in  the  Eraight  line  AB 
make  h  the  angle  BAL  equal  to  the  angle  EDC,  and  in  the 
p^ne  BAL  make  the  angle  BAK  equal  to  the  angle  EDG  5 
« 1 11  lben  make  AK  equal  to  DG,  and  from  the  point  K  ere&  c  KH 

at 
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st  right  angles  to  the  plane  BAL  ;  and  make  KH  equal  to  XI. 

GF,  and  join  AH :  Then  the  folid  angle  at  A,  which  is  con- 
tained  by  the  three  plane  angles  BAL,  BAH,  HAL,  is  equal 
to  the  folid  angle  at  D  contained  by  the  three  plane  angles 
EDC,  EDF,  FDC. 

Take  the  equal  ftraight  lines  AB,  DE,  and  join  HB,  KB, 

FE,  GE  :  And  becaufe  FG  is  perpendicular  to  the  plane  EDG, 
it  makes  right  angles  d  with  every  ftraight  line  meeting  it  in  d3.def.17! 
that  plane  :  Therefore  each  of  the  angles  FGD,  FGE,  is  a  right 
angle  :  For  the  fame  reafon,  HKA,  HKB  are  right  angles  :  And 
becaufe  KA,  AB  are  equal  to  GD,  DE,  each  to  each,  and 
contain  equal  angles,  therefore  the  bafe  BK  is  equal  e  to  the  «  4-  r- 
bafe  EG  :  And  KH  is  equal  to  GF,  and  HKB,  FGE,  are  right 
angles,  therefore  HB  is  equal  to  FE  :  Again,  becaufe  AK, 

KH  are  equal  to  DG,  GF,  and  contain  right  angles,  the 
bafe  AH  is  equal  to  the  bafe  DF ;  and  AB  is  equal  to  DE : 
therefore  HA,  AB  are  equal  to  FD,  DE,  and  the  bafe  HB  is  e- 
qual  to  the  bafe  FE,  * 

therefore  the  angle  ^ 

BAH  is  equal  f  to 
the  angle  EDF :  For 
the  fame  reafon,  the 
angle  HAL  is  equal  f> 
to  the  angle  FDC. 

Becaufe  if  AL  and 
DC  be  made  equal, 
and  KL,  HL,  GC, 

FC  be  joined,  iince  the  whole  angle  BAL  is  equal  to  the 
whole  EDC,  and  the  parts  of  them  BAK,  EDG  are,  by 
the  conftru&ion,  equal ;  therefore  the  remaining  angle  KAL 
is  equal  to  the  remaining  angle  GDC  :  And  becaufe  KA, 

AL  are  equal  to  GD,  DC,  and  contain  equal  angles,  the  bafe 
KL  is  equal  8  to  the  bafe  GC :  And  KH  i3  equal  to  GF,  fo  that 
LK,  KH  are  equal  to  CG,  GF,  and  they  contain  right  angles  ; 
therefore  the  bafe  HL  is  equal  to  the  bafe  FC  :  Again,  becaufe 
HA,  AL  are  equal  to  FD,  DC,  and  the  bafe  HL  to  the  bafe 
FC,  the  angle  HAL  is  equal  f  to  the  angle  FDC  :  Therefore, 
becaufe  the  three  plane  angles  BAL,  BAH,  HAL,  which  con¬ 
tain  the  folid  angle  at  A,  are  equal  to  the  three  plane  angles 
EDC,  EDF,  FDC,  which  contain,  the  folid  angle  at  D,  each 
to  each,  and  are  Ltuated  in  the  fame  order,  the  folid  angle  at  ^ 

A  is  equal  &  to  the  folid  angle  at  D.  Therefore,  at  a  given 
point  in  a  given  ftraight  line,  a  folid  angle  has  been  made  e- 
qual  to  a  given  folid  angle  contained  by  three  plain  angles. 

Which  was  to  be  done. 
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PROP.  XXVI.  PROB. 

TPO  defcribe  from  a  given  flraight  line  a  folid  paral- 
£  lelepiped  fimilar,  and  fimilarly  fituated  to  one 
given. 


Let  AB  be  the  given  flraight  line,  and  CD  the  given  folid 
parallelepiped.  It  is  required  from  AB  to  defcribe  a  folid  pa¬ 
rallelepiped  fimilar  and  fimilarly  fituated  to  CD. 

At  the  point  A  of  the  given  flraight  line  AB,  make  a  a  folid 
angle  equal  to  the  folid  angle  at  C,  and  let  BAK,  KAH,  HAB 
be  the  three  plane  angles  which  contain  it,  fo  that  BAK  be  e- 
qual  to  the  angle  ECG,  and  KAH  to  GCF,  and  HAB  to 
FCE :  And  as  EC  to  CG,  fo  make  b  BA  to  AK ;  and  as  GC  to 
CF,  fo  make  b  KA  to  AH ;  wherefore,  ex  sequali  c,  as  EC  to 

CF,  fo  is  BA  to  AH :  Complete  the  paiallelogram  BH,  and 
the  folid  AL;  And 
becaufe,  as  EC  to 

CG,  fo  BA  to  AK, 
the  fides  about  the 
equal  angles  ECG, 

BAK  are  proporti- 
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parallelogram  BK 
is  fimilar  to  EG. 

For  the  fame  rea- 
fon,  the  parallelo¬ 
gram  KH  is  fimilar  to  GF,  and  HB  to  FE.  Wherefore  three 
parallelograms  of  the  folid  AL  are  fimilar  to  three  of  the  folid 
CD  ;  ancl  the  three  oppofite  ones  in  each  folid  are  equal  d  and 
fimilar  to  thefe,  each  to  each.  Alfo,  becaufe  the  plane  angles  5 
which  .contain  the  folid  angles  of  the  figures  are  equal,  each  to 
each,  and  fituated  in  the  fame  order,  the  folid  angles  are  e- 
qual  e  each  to  each.  Therefore  the  folid  AL  is  fimilar  f  to  the 
folid  CD.  Wherefore  from  a  given  flraight  line  AB  a  folid  pa¬ 
rallelepiped  AL  has  been  defcribed  fimilar,  and  fimilarly  fituated 
to  the  given  one  CD.  Which  was  to  be  done. 
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IF  a  folld  parallelepiped  be  cut  by  a  plane  paffing  see  N. 

through  the  diagonals  of  two  of  the  oppofite  planes  ; 
it  lhall  be  cut  in  two  equal  parts. 


Let  AB  be  a  folid  parallelepiped,  and  DE,  CF  the  diago¬ 
nals  of  the  oppofite  parallelograms  AH,  GB,  viz.  thofe  which 
are  drawn  betwixt  the  equal  angles  in. each  :  And  becaufe  CD, 

FE  are  each  of  them  parallel  to  GA,  and  notin  the  fame  plane 
with  it,  CD,  FE  are  parallel  a  ;  wherefore  the  diagonals  CF,  a  g ,  Ir, 
DE  are  in  the  plane  in  which  the  pa¬ 
rallels  are,  and  are  themfelves  paral¬ 
lels  b  :  And  the  plane  CDEF  lhall  cut 
the  folid  AB  into  two  equal  parts. 

Becaufe  the  triangle  CGF  is  equal 
c  to  the  triangle  CBF,  and  the  triangle 
DAE  to  DHE  ;  and  that  the  paral¬ 
lelogram  C  i\  is  equal  d  and  fimilar  to 
the  oppofite  one  BE  ;  and  the  paral¬ 
lelogram  GE  to  CH :  Therefore  the 
prifm  contained  by  the  two  triangles 
CGF,  DAE,  and  the  three  parallelograms  CA,  GE,  EC,  is 
equal  e  to  the  prifm  contained  by  the  two  triangles  CBF,  DHE,  e  C.  xi* 
and  the  three  parallelograms  BE,  CH,  EC  ;  becaufe  they  are 
contained  by  the  fame  number  of  equal  and  limilar  planes,  alike 
fituated,  and  none  of  their  folid  angles  are  contained  by  more 
than  three  plane  angles.  Therefore  the  folid  AB  is  cut  into 
two  equal  parts  by  the  plane  CDEF.  (L  E.  D. 

‘  N.  B.  The  infilling  flraight  lines  of  a  parallelepiped,  men- 
i  tioned  in  the  next  and  fome  following  proportions,  are  the 
‘  fides  of  the  parallelograms  betwixt  the  bale  and  the  oppofite 
<  plane  parallel  to  it.’ 


PROP.  XXIX.  THE  OR. 


SOLID  parallelepipeds  upon  the  fame  bafe,  and  of 
the  fame  altitude,  the  infilling  ftraight  lines  of 
which  are  terminated  in  the  fame  flraight  lines  of  the 
plane  oppofite  to  Uie  bafe,  are  equal  to  one  another. 

P  d  -  —  Let. 


See  N* 
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Book  XI.  Let  the  folid  parallelepipeds  AH,  AK  be  upon  the  fame  bafe 
*'— ■ AB,  and  of  the  fame  altitude,  and  let  their  infilling  llraight 
r*.r  ^nes  AF,  AG,  LM,  LN,  be  terminated  in  the  fame  llraight 
line  FN,  and  CD,  CE,  BH,  BK  be  terminated  in  the  fame 
llraight  line  DK  ;  the  folid  AH  is  equal  to  the  folid  AK. 

Firll,  let  the  parallelograms  DG,  HN,  which  are  oppofite 
to  the  bafe  AB,  have  a  common  fide  HG  :  Then,  becaufe  the 
folid  AH  is  cut  by  the  plane  AGHC  palling  through  the  diago¬ 
nals  AG,  CH  of  the  oppofite  planes’ALGF,  Cf>HD,  AH  is 
cut  into  two  equal  parts  a  by  the  plane  AGHC  :  Therefore  the 
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folid  AH  is  double  of  the 
prifm  which  is  contained  be¬ 
twixt  the  triangles  ALG, 

CBH  :  For  the  fame*  reafon, 
becaufe  the  folid  AK  is  cut 
by  the  plane  LGHB  through 
the  diagonals  LG,  BH  of  , 

the  oppofite  planes  ALNG,  ^  -*-i 

CBKH,  the  folid  AK  is  double  of  the  fame  prifm  which  is 
contained  betwixt  the  triangles  ALG,  CBH.  Therefore  the 
folid  AH  is  equal  to  the  folid  AK. 

But,  let  the  parallelograms  DM,  EN  oppofite  to  the  bafe, 
have  no  common  fide :  Then,  becaufe  CH,  CK  are  parallelo¬ 
grams,  CB  is  equal  bto  each  of  the  oppofite  fides  DH,  EK  ; 
wherefore  DH  is  equal  to  EK  :  Add,  or  take  away  the  common 
part  HE  ;  then  DE  is  equal  to  HK  :  Wherefore  alfo  the  tri¬ 
angle  CDE  is  equal  cto  the  triangle  BHK  :  And  the  parallelo¬ 
gram  DG  is  equal  &to  the  parallelogram  HN  :  For  the  fame 
reafon,  the  triangle  AFG  is  equal  to  the  triangle  LMN,  and 
the  parallelogram  CF  is  equal  e  to  the  parallelogram  BM,  and 


H 


E 
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m/\N 


CG  to  BN  ;  for  they  are  oppofite.  Therefore  the  prifm  which 
is  contained  by  the  two  triangles  AIG,  CDE,  and  the  three 
parallelograms  AD,  DG,  GC  is  equal f  to  the  prifm,  contain¬ 
ed  by  the  two  triangles  LMN,  BHK,  and  the  three  parallelo¬ 
grams  BM*  MK,  KL.  If  therefore  the  prifm  LMN  BHK  be 

taken 
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taken  from  the  folid  of  which  the  bafe  is  the  parallelogram  Boolt  Xir 
AB,  and  in  which  FDKN  is  the  one  oppolite  to  it ;  and  if 
from  this  fame  folid  there  be  taken  the  prifm  AFGCDE  ; 
the  remaining  folid,  viz.  the  parallelepiped  AH,  is  equal  to  the 
remaining  parallelepiped  AK.  Therefore  folid  parallelepipeds, 

See.  E.  D. 


PROP.  XXX.  THEO  R. 


^OLID  parallelepipeds  upon  the  fame  bafe,  and  of  SeeNj 
| the  fame  altitude,  the  infilling  ilraight  lines  of 
which  are  not  terminated  in  the  fame  ilraight  lines  in 
the  plane  oppofite  to  the  bafe,  are  equal  to  one  another. 

Let  the  parallelepipeds  CM,  CN,  be  upon  the  fame  bafe  AB, 
and  of  the  fame  altitude,  but  their  infilling  ilraight  lines  AF, 

AG,  LM,  LN,  CD,  CE,  BH,  BK,  not  terminated  in  the  fame 
ilraight  lines  :  The  folids  CM,  CM  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  KE,  and  let  th  em  meet  one 
another  in  the  points  O,  P,  Q^,  R;  and  join  AO,  LP,  BO^, 

CR :  And  becaufe  the  plane  LBHM  is  parallel  to  the  oppofit 


.e 
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plane  ACDF,  and  that  the  plane  LBHM  is  that  in  which  are 
the  parallels  LB,  MHPQ^,  in  which  alfo  is  the  figure  BLPQj 
and  the  plane  ACDF  is  that  in  which  are  the  parallels  AC, 
FDOR,  in  which  alfo  is  the  figure  CAOR  ;  therefore  the  fi¬ 
gures  BLPQ^,  CAOR  are  in  parallel  planes:  In  like  manner, 
becaufe  the  plane  ALNG  is  parallel  to  the  oppofite  plane  CBKE, 
and  tha  t  the  plane  ALNG  is  that  in  which  are  the  parallels 

P  4  ALj 


232 

BooV  XT, 

L*0*y*»J 

\ 

a  39  n. 


See  N. 


THE  ELEMENTS 

AL,  OPGN,  in  which  alfo  is  the  figure  ALPO  ;  and  the  plane 
CfiKE  is  that  in  which  are  the  parallels  CB,  RQEK,  in  which 
alfo  is  the  figure  CBQR  ;  therefore  the  figures  ALPO,  CBQR 
are  in  parallel  planes:  and  the  planes  ACBL,  ORQP  are  pa¬ 
rallel  ;  therefore  the  folid  CP  is  a  parallelepiped  :  But  the  fo- 
lid  CM,  of  which  the  bafe  is  ACBL,  to  which  FDHM  is  the 
oppofite  parallelogram,  is  equal  ato  the  folid  CP,  of  which  the 


bafe  is  the  parallelogram  ACBL,  to  which  ORQP  is  the  one 
oppofite  ;  becaufe  they  are  upon  the  fame  bafe,  and  their  in¬ 
filling  ftraight  lines  AF,  AO,  CD,  CR  ;  LM,  LP,  BPI,  BQ^ 
are  in  the  fame  ftraight  lines  FR,  MQy.  And  the  folid  CP  is  e-  . 
qual  ato  the  folid  GN  ;  for  they  are  upon  the  fame  bafe  ACBL, 
and  their  infilling  ftraight  lines  AO,  AG,  LP,  LN  ;  CR,  CE, 
BQ^,  BK  are  in  the  fame  ftraight  lines  ON,  RK  :  Therefore 
the  folid  CM  is  equal  to  the  folid  CN,  Wherefore  folid  paral¬ 
lelepipeds,  &c.  Q^E.  D, 


PROP.  XXXI,  T'HEOR, 

/  /  *  1 

SOLID  parallelepipeds  which  are  upon  equal  bafes, 
and  of  the  fame  altitude,  are  equal  to  one  another. 

Let  the  folid  parallelepipeds  AE,  CF,  be  upon  equal  bafes 
AB,  CD,  and  be  of  the  fame  altitude  5  the  folid  AE  is  equal 
to  the  folid  CF. 

FirfL  Let  the  infilling  ftraight  lines  be  at  right  angles  to  the 
bafes  AB,  CD,  and  let  the  bafes  be  placed  in  the  fame  plane, 

and 
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and  io  as  that  the  fides  CL,  LB  be  in  a  liraight  line  ;  there-  Book  XJ. 
fore  the  liraight  line  LM,  which  is  at  right  angles  to  the  plane  ^ 
in  which  the  bafes  are,  in  the  point  L,  is  common  a  to  the  two  a  13.  11. 
folids  AE,  CF  ;  let  the  other  infilling  lines  of  the  folids  be 
AG,  HKy  BE  ;  DF,  OP,  CN  :  Andfirfi,  let  the  angle  ALB  be 
equal  to  the  angle  CLD  ;  then  AL,  LD  are  in  a  liraight  line  b  14.  1, 
Produce  OD,  HB,  and  let  them  meet  in  Q^,  and  complete  the 
folid  parallelepiped  LR,  the  bafe  of  which  is  the  parallelogram 
LQ^,  and  of  which  LM  is  one  of  its  infilling  liraight  lines  : 
Therefore,  becaufe  the  parallelogram  AB  is  equal  to  CD,  as  the 
bafe  AB  is  to  the  bafe  LO  ,  fo  is  cthe  bafe  CD  to  the  fame  p 

LQj  And  becaufe  the  folid  parallelepiped  AR  is  cut  by  the 
plane  LMEB,  which  is  parallel  to  the  oppofite  planes  AK,  DR; 
as  the  bafe  AB  is  to  the  bafe  LQ^,  fo  is  dthe  folid  AE  to  the  a  2 5.  ir« 
folid  LR  :  For  the  fame  reafon,  becaufe  the  folid  parallelepiped 
CR  is  cut  by  the  plane  LMFD,  which  is  parallel  to  the  oppofite 
planes  CP,  BR;  as  p  -p  p 

the  bafe  CD  to  the  v 

bafe  LQ^,  fo  is  the 
folid  CF  to  the  fo- 
lid  LR  :  But  as  the 
bafe  AB  to  the  bafe 
LQ  ,  fo  the  bafe  CD 
to  the  bafe  LQ^,  as 
before  was  proved : 

Therefore  as  the  fo¬ 
lid  AE  to  the  folid 
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LR,  fo  is  the  folid  CF  to  the  folid  LR  ;  and  therefore  the  folid 
AE  is  equal  e  to  the  folid  CF,  e  9. 5, 

But  let  the  folid  parallelepipeds  SE,  CF  be  upon  equal  bafes 
SB,  CD,  and  be  of  the  fame  altitude,  and  let  their  infilling 
firaight  lines  be  at  right  angles  to  the.  bafes  ;  and  place  the 
bafes  SB,  CD  in  the  fame  plane,  fo  that  CL,  LB  be  in  a  firaight 
line ;  and  let  the  angles  SLB,  CLD  be  unequal ;  the  folid  SE 
is  alfo  in  this  cafe  equal  to  the  folid  CF  :  Produce  DL,  TS  un¬ 
til  they  meet  in  A,  and  from  B  draw  BH  parallel  to  DA ;  and 
let  KB,  OD  produced  meet  in  Q^,  and  complete  the  folids  AE, 

LR  :  Therefore  the  folid  AE,  of  which  the  bafe  is  the  parallels 
gram  LE,  and  AK  the  one  oppofite  to  it,  is  equal  f  to  the  fo-  f  ^  r 
lid  SE,  of  which  the  bafe  is  LE,  and  to  which  SX  is  oppofite; 
for  they  are  upon  the  fame  bafe  LE,  and  of  the  fame  altitude, 
and  their  infilling  liraight  lines,  viz.  LA,  LS,  BH,  BT  ;  MG, 

MV,  EK,  EX  are  in  the  fame  firaight  lines  AT,  GX  :  And  be¬ 
caufe. 
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g  35  •  r. 


II.  11. 


caufe  the  parallelogram  AB  is  equal  gto  SB,  for  they  are  upon 
the  fame  bafe  LB,  and  between  the  fame  parallels  LB,  AT  5 
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and  that  the  bafe 
SB  is  equal  to  the 
bafe  CD ;  therefore 
the  bafe  AB  is  equal 
to  the  bafe  CD,  and 
the  angle  ALB  is  Q 
equal  to  the  angle 
CLD  :  Therefore, 
by  the  firft  cafe, 
the  folid  AE  is  e- 
qual  to  the  folid 

CF  ;  but  the  folid  AE  is  equal  to  the  folid  SE,  as  was  demon- 
flrated  ;  therefore  the  folid  SE  is  equal  to  the  folid  CF. 

But,  if  the  infifling  flraight  lines  AG,  HK,  BE,  LM  ;  CN, 
RS,  DF,  OP,  be  not  at  right  angles  to  the  bafes  AB,  CD  ;  in 
this  cafe  likewife  the  folid  AE  is  equal  to  the  folid  CF  :  From 
the  points  G,  K,  E,  M  ;  N,  S,  F,  P,  draw  the  flraight  lines 
GQ_,  KT,  EV,  MX  ;  NY,  SZ,  FI,  PU,  perpendicular  h  to  the 
plane  in  which  are  the  bafes  AB,  CD  ;  and  let  them  meet  it  in 
the  points  CL,  T,  V,  X  ;  Y,  Z,  I,  U,  and  join  QT,  TV,  VX, 
XQj  YZ,  ZI,  1U,  UY  :  Then,  becaufeGQj  XT,  are  at  right 


P  F 


i  6. 11.  angles  to  the  fame  plane,  they  are  parallel  *  to  one  another: 

And  MG,  EK  are  parallels  ;  therefore  the  plane  MQ^  ET,  of 
which  one  paffes  through  MG,  GQ^,and  the  other  through 
EK,  KT  which  are  parallel  to  MG,  GQ^,  and  not  in  the  fame 
plane  with  them,  are  parallel  k  to  one  another  :  For  the  fame 
'  I5‘  Ir‘  reafon,  the  planes  MV,  GT  are  parallel  to  one  another:  There¬ 
fore  the  folid  QE  is  a  parallelepiped  :  In  like  manner,  it  may 
be  proved,  that  the  folid  YF  is  a  parallelepiped  :  But,  from 
what  has  been  demonftrated,  the  folid  EQjs  equal  to  the  folid 
FY,  becaufe  they  are  upon  equal  bafes  MK,  PS,  and  of  the 
fame  altitude,  and  have  their  mfifting  flraight  lines  at  rightangles 
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to  the  bafes  :  And  the  folid  EQJs  equal  1  to  the  folid  AE  ;  and  B°°k  XI. 
the  folid  FY  to  the  folid  CF  ;  becaufe  they  are  upon  the  fame  ’■V'***^ 
bafes  and  of  the  fame  altitude  :  Therefore  the  folid  AEis  equal 1  29^r  3Q* 
to  the  folid  CF :  Wherefore  folid  parallelepipeds,  See.  CL  E.  D. 


PROP.  XXXII.  THEOR. 


SOLID  parallelepipeds  which  have  the  fame  altitude,  See  N. 

r 


are  to  one  another  as  their  bales. 


Let  AB,  CD  be  folid  parallelepipeds  of  the  fame  altitude  : 

They  are  to  one  another  as  their  bafes  ;  that  is,  as  the  bafe  AE 
to  the  bafe  CF,  fo  is  the  folid  AB  to  the  folid  CD. 

To  the  ftraight  line  FG  apply  the  parallelogram  FH  equal  a  a  ^or,45‘L 
to  AE,  fo  that  the  angle  FGH  be  equal  to  the  angle  LCG ; 
and  complete  the  folid  parallelepiped  GK  upon  the  bafe  FH, 
one  of  whofe  infilling  lines  is  FD,  whereby  the  folids  CD,  GK 
mult  be  of  the  fame  altitude  :  Therefore  the  folid  AB  is  e^ual  b  b  3I*  XI* 
to  the  folid  n 

GK,  becaufe  K  U 

they  are  upon 
equal  bafes 
AE,  FH,  and 
are  of  the  fame 
alti  tude:  And 
becaufe  the  fo¬ 
lid  parallelepi¬ 
ped  CK  is  cut 
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by  the  plane  DG  which  is  parallel  to  its  oppofite  planes,  the  bafe  c  25,  it, 
HF  is  cto  the  bafe  FC,  as  the  folid  HD  to  the  folid  DC  :  But 
the  bafe  HF  is  equal  to  the  bafe  AE,  and  the  folid  GK  to  the 
folid  AB  :  Therefore,  as  the  bafe  AE  to  the  bafe  CF,  fo  is  the 
folid  AB  to  the  folid  CD.  Wherefore  folid  parallelepipeds,  6cc. 

Q.  E.  D. 

Cor.  From  this  it  is  manifefl  that  prifms  upon  triangular 
bafes,  of  the  fame  altitude,  are  to  one  another  as  their  bafes. 

Let  the  prifms,  the  bafes  of  which  are  the  triangles  AEM, 

CFG,  and  NBO,  PDQ^the  triangles  oppofite  to  them,  have 
the  fame  altitude ;  and  complete  the  parallelograms  AE,  CF, 
and  the  folid  parallelepipeds  AB,  CD,  in  the  firft  of  which  let 
MO,  and  in  the  other  let  GCLheon^  °f  the  infilling  fines.  And 
becaufe  the  folid  parallelepipeds  AB,  CD  have  the  fame  alti¬ 
tude,  they  are  to  one  another  as  the  bafe  AE  is  to  the  bafe 

CF; 
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Booh  XI.  CF  ;  wherefore  the  prifms,  which  are  their  halves  d  are  to  one 
another,  as  the  bafe  AE  to  the  bafe  CF  ;  that  is,  as  the  triangle 
t  ij.  t0  tjje  triangle  CFG. 

PROP.  XXXIII.  THEOR. 

SIMILAR  folid  parallelepipeds  are  one  to  another  in 
the  triplicate  ratio  of  their  homologous  hides. 

Let  AB,  CD  be  fimilar  folid  parallelepipeds,  and  tiie  fide  AE 
homologous  to  the  fide  CF  :  The  folid  AB  has  to  the  folid  CD, 
the  triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  thefe  produced  take  EK  e- 
quai  to  CF,  Eij  equal  to  FN,  and  EM  equal  to  FR  ;  and  com¬ 
plete  the  parallelogram  KL,  and  the  folid  KO  :  Becaufe  KE,  EL 
are  equal  to  CF,  FN,  and  the  angle  KEL  equal  to  the  angle  CFN, 
becaufe  it  is  equal  to  the  angle  AEG  which  is  equal  to  CFN,  by 
reafon  that  the  folids  AB,  CD  are  fimilar  ;  therefore  the  paral¬ 
lelogram  KL  is  fimilar  and  equal  to  the  parallelogram  CN :  For 
the  fame  reafon,  the  parallelogram  MK  is  fimilar  and  equal  to 


b  1T*  lid  KO  is  equal  b 

and  fimilar  to  the  fclid  CD  :  Complete  the  parallelogram 
GK,  and  complete  the  folids  EX,  LP  upon  the  bafes 
CK,  KL,  fo  that  EH  be  an  infilling  flraight  line  in  each 
of  them,  whereby  they  mult  be  of  the  lame  altitude  with  the 
folid  AB  :  And  becaufe  the  folids  AB,  CD  are  fimilar,  and, 
by  permutation,  as  AE  is  to  CF,  fo  is  EG  to  FN,  and  fo  is  EH 
to  FR  ;  and  FC  is  equal  to  EK,  and  FN  to  EL,  and  FR  to 
EM  :  Therefore,  as  AE  to  EK,  fo  is  EG  to  EL,  and  fo  is  HE 
c  1  j,  to  EM  :  But,  as  AE  to  EK,  fo  c  is  the  parallelogram  AG  to 
the  parallelogram  GK  j  and  as  GE  to  EL,  fo  is  c  GK  to  KL 

and 
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and  as  HE  to  EM,  fo  c  is  PE  to  KM :  Therefore  as  the  paral¬ 
lelogram  AG  to  the  parallograrn  GK,  fo  is  GK  to  KL,  and  PE 
to  KM :  But  as  AG,  to  GK,  fo  d  is  the  folid  AB  to  the  folid 
EX  ;  and  as  GK  to  KL,  fo  d  is  the  folid  EX  to  the  folid  PL ; 
and  as  PE  to  KM,  fo  d  is  the  folid  PL  to  the  folid  KO  :  And 
therefore  as  the  folid  AB  to  the  folid  EX,  fo  is  EX  to  PL, 
and  PL  to  KO  :  But  if  four  magnitudes  be  continual  propor¬ 
tionals,  the  fir  ft  is  faid  to  have  to  the  fourth  the  triplicate  ratio 

.  .  a  ^  / 

of  that  which  it  has  to  the  fecond  :  Therefore  the  folid  AB 
has  to  the  folid  KO,  the  triplicate  ratio  of  that  which  AB  has 
to  EX  :  But  as  AB  is  to  EX,  fo  is  the  parallelogram  AG  to 
the  parallelogram  GK,  and  the  ftraight  line  AE  to  the  ftraight 
line  EK.  Wherefore  the  folid  AB  has  to  the  folid  KO,  the  tri¬ 
plicate  ratio  of  that  which  AE  has  to  EK.  And  the  folid  KO 
is  equal  to  the  folid  CD,  and  the  ftraight  line  EK  is  equal  to 
the  ftraight  line  CF.  Therefore  the  lolid  AB  has  to  the  folid 
CD,  the  triplicate  ratio  of  that  which  the  fide  AE  has  to  the 
homologous  fide  CF,  &.c.  CL  E.  D. 

4 

Cor.  From  this  it  is  manifeft,  that,  if  four  ftraight  lines  he 
continual  proportionals,  as  the  firft  is  to  the  fourth,  fo  is  the 
folid  parallelepiped  defcribed  from  the  firft  to  the  fimilar  folid 
ft  mi  la  rly  defcribed  from  the  fecond ;  becaufe  the  firft  ftraight 
line  has  to  the  fourth  the  triplicate  ratio  of  that  which  it  has 
to  the  fecond. 


PROP.  D.  T  H  E  O  R. 

^  OLID  parallelepipeds  contained  by  parallelograms 
ij  equiangular  to  one  another,  each  to  each,  that  is, 
of  which  the  folid  angles  are  equal,  each  to  each,  have 
to  one  another  the  ratio  which  is  the  fame  with  the 
ratio  compounded  of  the  ratios  of  their  fides. 


Let  AB,  CD  be  folid  parallelepipeds,  of  which  AB  is  con¬ 
tained  by  the  parallelograms  AE,  AF,  AG  equiangular,  each 
to  each,  to  the  parallelograms  CH,  CK,  CL,  which  contain  the 
folid  CD.  The  ratio  which  the  folid  AB  has  to  the  folid  CD 
is  the  fame  with  that  which  is  compounded  of  the  ratios  of  the 
fides  AM  to  DL,  AN  to  DK,  and  AO  to  DH. 


Book  XL 

C  I.  6 

d  25.  11, 


See  N* 


Produce 
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Book  XI.  Produce  MA,  NA,  OA  to  P,  Q^,  R,  fo  that  AP  be  equal 
to  DL,  AQj:o  DK,  and  AR  to  DH;  and  complete  the  folid 
parallelepiped  AX  contained  by  the  parallelograms  AS,  AT, 
AV  fimilar  and  equal  to  CH,  CK,  CL,  each  to  each.  There- 
a  C.  ii.  fore  the  folid  AX  is  equal  a  to  the  folid  CD.  Complete  likewife 
the  folid  AY,  the  bafe  of  which  is  AS,  and  of  which  AO  is 
one  of  its  infilling  flraight  lines.  Take  any  flraight  line  a, 
and  as  MA  to  AP,  fo  make  a  to  b  ;  and  as  NA  to  AQ^,  fo 
make  b  to  c  ;  and  as  AO  to  AR,  fo  c  to  d :  Then,  becaufe  the 
parallelogram  AE  is  equiangular  to  AS,  AE  is  to  AS,  as  the 
flraight  line  a  to  c,  as  is  demonflrated  in  the  23.  Prop.  Book 
6.  and  the  folids  AB,  AY,  being  betwixt  the  parallel  planes 
BOY,  EAS,  are  of  the  fame  altitude.  Therefore  the  folid  AB 
b  ja.  11.  is  to  the  folid  AY,  as  k  the  bafe  AE  to  the  bafe  AS  ;  that  is, 
as  the  flraight  line  a  is  to  c.  And  the  folid  AY  is  to  the  folid 
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5  25.  11.  AX,  as  c  the  bafe  OQJs  to  the  bafe  QR;  that  is,  as  the  flraight 
line  OA  to  AR ;  that  is,  as  the  flraight  line  c  to  the  flraight 
line  d.  And  becaufe  the  folid  AB  is  to  the  folid  AY,  as  a  is  to 
c,  and  the  folid  AY  to  the  folid  AX,  as  c  is  to  d  ;  ex  aequaii, 
the  folid  AB  is  to  the  folid  AX,  or  CD  which  is  equal  to  it, 
^  ^  as  the  flraight  line  a  is  to  d.  Bat  the  ratio  of  a  to  d  is  faid  to 

e  ‘  ’  be  compounded  d  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d, 
which  are  the  fame  with  the  ratios  of  the  fides  MA  to  AP,  NA 
to  AQ_,  and  OA  to  AR,  each  to  each.  And  the  lides  AP,  AQ^, 
AR  are  eqtial  to  the  fides  DL,  DK,  DH,  each  to  each.  There¬ 
fore  the  folid  AB  has  to  the  folid  CD  the  ratio  which  is  the 
fame  with  that  which  is  compounded  of  the  ratios  of  the  fides 
AM  to  DL,  AN  to  DK,  and  AO  to  DH.  Q,  E.  D. 
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Book  XL 

PROP.  XXXIV.  THEO^ 

THE  bafes  and  altitudes  of  equal  folid  parallel epi-  See  N- 
peds,  are  reciprocally  proportional ;  and  if  the 
bafes  and  altitudes  be  reciprocally  proportional*  the 
folid  parallelepipeds  are  equal. 


Let  AB,  CD  be  equal  folid  parallelepipeds  ;  their  bafes  are 
reciprocally  proportional  to  their  altitudes  ;  that  is,  as  the  bafe 
EH  is  to  the  bafe  NP,  fo  is  the  altitude  of  the  folid  CD  to  the 
altitude  of  the  folid  AB. 

Firft,  Let  the  inlifting  ftraight  lines  AG,  EF,  LB,  HK  ; 
CM,  NX,  OD,  PR  be  at  right  angles  to  the  bafes.  As  the  bafe 
EH  to  the  bafe  NP,  fo  is 
CM  to  AG.  If  the  bafe 
EH  be  equal  to  the  bafe 
NP,  then  becaufe  the  fo¬ 
lid  AB  is  likewife  equal 
tothe  folid  CD,  CM  {hall 
be  equal  to  AG.  Becaufe 
if  the  bafes  EH ,  NP  be  e- 
qual,  but  the  altitudes 
AG,  CM  be  not  equal, 

neither  fhall  the  folid  AB  be  equal  to  the  folid  CD.  But  the 
folids  are  equal,  by  the  hypothecs.  Therefore  the  altitude  CM 
is  not  unequal  to  the  altitude  AG  ;  that  is,  they  are  equal. 
Wherefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  CM  to  AG. 

Next,  Let  the  bafes  EH,  NP  not  be  equal,  but  EH  greater 
than  the  other  :  Since  then  the  folid  AB  is  equal  to  the  folid 
CD,  CM  is  therefore 


R.  D 


greater  than  AG  :  For, 
if  it  be  not,  neither  al- 
fo  in  this  cafe,  would  K  B 
the  folids  AB,  CD  be 

equal,  which,  by  the  - F 

hypothelis,  are  equal. 

Make  then  CT  equal  to 
AG,  and  complete  the 
folid  parallelepiped C  V 
of  which  the  bafe  is 
NP,  and  altitude  CT. 

Becaufe  the  folid  AB 

is  equal  to  the  folid  CD,  therefore  the  folid  AB  is 
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Book  XI.  folid  CV,  as  athe  folid  CD  to  the  folid  CV.  But  as  tire  fo* 
lid  AB  to  the  folid  C  V,  fo  h  is  the  bafe  EH  to  the  bafe  NP  ;  for 
the  folids  AB,  CV  are  of  the  fame  altitude  ;  and  as  the  folid 
CD  to  CV,  fo  c  is  the  bafe  MP  to  the  bafe  FT, and  fodis 
the  ftraight  line  MC  to  CT  ;  and  CT  is  equal  to  AG.  There¬ 
fore,  as  the  bafe  EH  to  the  bafe  NP,  fo  is  MC  to  AG.  Where¬ 
fore,  the  bafes  of  the  folid  parallelepipeds  AB,  CD  are  recipro¬ 
cally  proportional  to  their  altitudes. 

Let  now  the  bafes  of  the  folid  parallelepipeds  AB,  CD  be  re¬ 
ciprocally  proportional  to  their  altitudes  ;  viz.  as  the  bafe  EH 
to  thebafe  NP,  fo  the  al-  ^ 

titude  of  the  folid  CD  to  ^  D 

the  altitude  of  the  folid 
AB  ;  the  folid  AB  is  e- 
qual  to  the  folid  CD.  Let 
the  infilling  lines  be,  as 
before,  at  right  angles  to 
the  bafes.  Then,  if  the 
bafe  EH  be  equal  to  the 
bafe  NP,  fince  EH  is  to 

NP,  as  the  altitude  of  the  folid  CD  is  to  the  altitude  of  the  fo~ 
c  A.  5.  lid  AB,  therefore  the  altitude  of  CD  is  equal  e  to  the  altitude 
of  AB.  But  folid  parallelepipeds  upon  equal  bafes,  and  of  the 
f  31*  fame  altitude,  are  equal  f  to  one  another 5  therefore  the  folid  AB 
is  equal  to  the  folid  CD. 

But  let  the  bafes  EH,  NP  be  unequal,  and  let  EH  be  the 
greater  of  the  two.  Therefore,  fince  as  the  bafe  EH  to  the  bafe 
NP,  fo  is  CM  the  alti¬ 
tude  of  the  folid  CD  to 
AGthe  altitude  of  AB, 

CM  is  greater  e  than 
AG.  Again,  Take  C  P 
equal  to  AG, and  com-  (jp —  p  F 

plete,  as  before,  the  fo¬ 
lid  CV.  And,  becaufe 
the  bafe  EH  is  to  the 
bafe NP,as CMto  AG, 
and  that  AG  is  eoual  to 

,  A 

, ..  CT,  therefore  the  bafe 

EH  is  to  the  bafe  NP,  asMCtoCT.  But  as  thebafe  EH  is  toNP, 
fo  b  is  the  folid  AB  to  the  folid  C  V  ;  for  the  folids  AB,  CVare  of 
the  fame  altitude  5  and  as  MCto  CT,  fois  the  bafe  MP  to  thebafe 

PT, 
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PT,  and  the  folid  CD  to  the  folid  c  C  V :  And  therefore  as  the  Book  XT. 
folid  AB  to  the  folid  C V.  fo  is  the  folid  CD  to  the  folid  CV ;  "c  f 
that  is,  each  of  the  folids  AB,  CD  has  the  fame  ratio  to  the 
folid  CV*,  and  therefore  ihe  folid  AB  is  equal  to  the  folid  CD. 

Second  general  cafe.  Let  the  infilling  ftraight  lines  FE, 

BL,  GA,  KH  ;  XN,  DO,  MC,  RP  not  he  at  right  angles  to 
the  bafes  of  the  folids  ;  and  from  the  points  F,  B,  K,  G ;  X, 

D,  R,  M  draw  perpendiculars  to  the  planes  in  which  are  the 
bafes  EH,  NP  meeting  thofe  planes  in  the  points  S,  Y,  V,  T; 
a.,  I,  U,  z  •,  and  complete  the  folids  FV,  XU,  which  are  pa¬ 
rallelepipeds,  as  was  proved  in  the  laft  part  of  prop.  31.  of 
this  book.  In  this  cafe,  likewife,  if  the  folids  AB,  CD  be  e- 
qual,  their  bafes  are  reciprocally  proportional  to  their  altitudes, 
viz.  the  bafe  EH  to  the  bafe  NP,  as  the  altitude  of  the  folid 
CD  to  the  altitude  of  the  lolid  AB.  Becaufe  the  folid  AB  is 
equal  to  the  folid  CD,  and  that  the  folid  BT  is  equal  g  to  the  S  29*or3°* 
folid  BA,  for. they  are  upon  the  fame  bafe  FK,  and  of  the 


therefore  the  folid  BT  is  equal  to  the  folid  DZ  :  But  the  bafes 
are  reciprocally  proportional  to  the  altitudes  of  equal  folid  pa¬ 
rallelepipeds  of  which  the  inlifting  ftraight  lines  are  at  right 
angles  to  their  bafes,  as  before  was  proved  :  Therefore  as  the 
bafe  FK  to  the  bafe  XR,  fo  is  the  altitude  of  the  folid  DZ  to 
the  altitude  of  the  folid  BT  :  And  the  bafe  FK  is  equal  to  the 
bafe  EH,  and  the  bafe  XR  to  the  bafe  NP  :  Wherefore,  as  the 
bafe  EH  to  the  bafe  NP,  fo  is  the  altitude  of  the  folid  DZ  to 
the  altitude  of  the  folid  BT :  But  the  altitudes  of  the  folids 
DZ,  DC,  as  alfo  of  the  folids  BT,  BA  are  the  fame.  There¬ 
fore  as  the  bafe  EH  to  the  bale  NP,  fo  is  the  altitude  of  the 

Q  '  folid 


THE  ELEMENTS' 


242 

Book  XL  fo^  j  CD  to  the  altitude  of  the  folid  AB  ;  that  is,  the  bafesof' 
^  v  the  folid  parallelepipeds  AB,  CD  are  reciprocally  proportional 
to  their  altitudes. 

Next,  Let  the  bafes  of  the  folids  AB,  CD  be  reciprocally 
proportional  to  their  altitudes,  viz.  the  bafe  EH  to  the  bale 
Np,  as  the  altitude  of  the  folid  CD  to  the  altitude  of  the  fo¬ 
lid  AB  *,  the  folid  A.B  is  equal  to  the  folid  CD  :  The  fame 
conftru&ion  being  made ;  becaufe,  as  the  bafe  EH  to  the  bafe 
NP,  fo  is  the  altitude  of  the  folid  CD  to  the  altitude  of  the 
folid  AB  ;  and  that  the  bafe  EH  is  equal  to  the  bafe  FK ;  and 
NP  to  XR ;  therefore  the  bafe  FK  is  to  the  bafe  XR,  as  the 
altitude  of  the  folid  CD  to  the  altitude  of  AB :  But  the  alti¬ 


tudes  of  the  folids  AB,  BT  are  the  fame,  as  alfo  of  CD  and 
DZ  ;  therefore  as  the  bafe  FK  to  the  bafe  XR,  fo  is  the  alrf, 
tude  of  the  folid  DZ  to  the  altitude  of  the  folid  BT  :  Where¬ 
fore  the  bafes  of  the  folids  BT,  DZ  are  reciprocally  propor¬ 
tional  to  their  altitudes  ;  and  their  infilling  flraight  lines  are  at 
right  angles  to  the  bafes  5  wherefore,  as  was  before  proved,  the 
,Y  2p  0r,0< folid  BT  is  equal  to  the  folid  DZ  :  Bat  8T  is  equals  to  the  fo¬ 
il.  lid  B  A,  and  DZ  to  the  folid  DC,  becaufe  they  are  upon  the 
fame  bafes,  and  of  the  fame  altitude.  Therefore  the  folid  AB 
is  eqiial  to  the  folid  CD.  E.  D, 
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PROP.  XXXV.  THE  OR. 


Book  xr. 


F,  from  the  vertices  of  two  equal  plane  angles,  there  See  n. 
be  drawn  two  flraight  lines  elevated  above  the  planes 
in  which  the  angles  are,  and  containing  equal  angles 
with  the  lides  of  thofe  angles,  each  to  each  ;  and  it  in 
the  lines  above  the  planes  there  be  taken  qny  points, 
and  from  them  perpendiculars  be  drawn  to  the  planes 
in  which  the  firft  named  angles  are  :  And  from  the 
points  in  which  they  meet  the  planes,  flraight  lines  be 
drawn  to  the  vertices  of  the  angles  firft  named  ;  thefe 
flraight  lines  fhall  contain  equal  angles  with  the 
flraight  lines  which  are  above  the  planes  of  the  angles. 

Let  BAG,  EDF  be  two  equal  plane  angles ;  and  from  the 
points  A,  D  let  the  flraight  lines  AG,  DM  be  elevated  above 
the  planes  of  the  angles,  making  equal  angles  with  their  fides 
each  to  each,  viz.  the  angle  GAB  equal  to  the  angle  3V1DE,  and 
GAC  to  MDF ;  and  in  AG,  DM  let  any  points  G,  M  be  ta¬ 
ken,  and  from  them  let  perpendiculars  GL,  MN  be  drawn  to 
the  planes  BAC,EDF  meeting  thefe  planes  in  the  points  L,  N  j 


E 


AT 


and  join  LA,  ND  :  The  angle  GAL  is  equal  to  the  angle 
MDN. 

Make  AH  equal  to  DM,  and  through  H  draw  HK  parallel 
to  GL  :  But  GL  is  perpendicular  to  the  plane  BAG ;  where¬ 
fore  HK  is  perpendicular  11  to  the  fame  plane  :  From  the  points  a  8.  is, 
K,  N,  to  the  flraight  lines  AB,  AG,  I)E,  DF,  draw  perpen¬ 
diculars  KB,  KC,  NE,  NF ;  and  join  HB,  BC,  ME.  EF  : 

0,2  Becaufb 
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Book  XL  Becaufe  HK  is  perpendicular  to  the  plane  BAG,  the  plane 
b  isfiTT  HBK  which  pafles  through  HK  is  at  right  angles  b  to  the  plane 
B  AC  ;  and  AB  is  drawn  in  the  plane  BAC  at  right  angles  to 
the  common  fe6tron  BK  of  the  two  planes ;  therefore  AB  is 
04.  def.  11.  perpendicular  c  to  the  plane  HBK,  and  makes  right  angles  d 
fl  3- deb  1 1.  every  flraight  line  meeting  it  in  that  plane  :  But  BH  meets 
it  in  that  plane ;  therefore  ABH  is  a  right  angle  :  For  the  fame 
reafon,  DEM  is  a  right  angle,  and  is  therefore  equal  to  the 
angle  ABH  :  And  the  angle  HAB  is  equal  to  ths  angle  MDE. 
Therefore  in  the  two  triangles  HAB,  MDE  there  are  two  angles 
in  one  equal  to  two  angles  in  the  other,  each  to  each,  and 
one  fide  equal  to  one  fide,  oppofite  to  one  of  the  equal  angles 
in  each,  viz.  HA  equal  to  DM ;  therefore  the  remaining  fides 
26.  1.  are  equals  each  to  each  :  Wherefore  AB  is  equal  to  DE.  In 
the  fame  manner,  if  HC  and  MF  be  joined,  it  maybe  demon- 
ftrated  that  AC  is  equal  to  DF  :  Therefore,  lince  AB  is  equal 
toDE,  BA  and  AG  are  equal  to  ED  and  DF  ;  and  the  angle 


e  j  qual  f  to  the  bafe  EF,  and  the  remaining  angles  to  the  remain¬ 
ing  angles  :  The  angle  ABC  is  therefore  equal  to  the  angle 
DEF  :  And  the  right  angle  ABK  is  equal  to  the  right  angle 
DEN,  whence  the  remaining  angle  CBK  is  equal  to  the  re¬ 
maining  angle  FEN  :  For  the  fame  reafon,  the  angle  BCK  is 
equal  to  the  angle  EFN  :  Therefore  in  the  two  triangles  BCK, 
EFN,  there  are  two  angles  in  one  equal  to  two  angles  in  the 
other,  each  to  each,  and  one  fide  equal  to  one  fide  adjacent 
to  the  equal  angles  in  each,  viz.  BC  equal  to  EF  ;  the  other 
fides,  therefore,  are  equal  to  the  other  lides ;  BK  then  is  equal 
to  EN  :  And  AB  is  equal  to  DE  ;  wherefore  AB,  BK  are  equal 
to  DE,  EN ;  and  they  contain  right  angles ;  wherefore  the 
bafe  AK  is  equal  to  the  bafe  DN :  And  fince  AH  is  equal  to 

DM, 
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DM,  the  fquare  of  AH  is  equal  to  the  fquare  of  DM :  But  the  Book  XI. 
fquares  of  AK,  KH  are  equal  to  the  fquare  g  of  AH,  becaufe  g  1. 
AKH  is  a  right  angle  :  And  the  fquares  of  DN,  NM  are  equal 
to  the  fquare  of  DM,  for  DNM  is  a  right  angle  :  Wherefore 
the  fquares  of  AK,  KH  are  equal  to  the  fquares  of  DN,  NM  ; 
and  of  thofe  the  fquare  of  AK  is  equal  to  the  fquare  of  DN  : 
Therefore  the  remaining  fquare  of  KH  is  equal  to  the  remain¬ 
ing  fquare  of  NM  ;  and  the  ftraight  line  KH  to  the  ftraight  line 
NM  :  And  becaufe  HA,  AK  are  equal  to  MD,  DN  each  to 
each,  and  the  bafe  HK  to  the  bafe  MN  as  has  been  proved  5 
therefore  the  angle  H AK  is  equal  h  to  the  angle  MDN.  (X  h  8.  1. 
E.  D. 

Cor.  From  this  it  is  manifeft,  that  if,  from  the  vertices  of 
two  equal  plane  angles,  there  be  elevated  two  equal  ftraight 
lines  containing  equal  angles  with  the  ftdes  of  the  angles,  each 
to  each  ;  the  perpendiculars  drawn  from  the  extremities  of  the 
equal  ftraight  lines  to  the  planes  of  the  firft  angles  are  equal  to 
one  another. 

If  .  — 

‘  -  ,  :  '■  . 

Another  Demonf  ration  of  the  Corollary . 

Jlpr  \\  >  » 

Let  the  plane  angles  BAG,  EDF  be  equal  to  one  another, 

[  and  let  AH,  DM  be  two  equal  ftraight  lines  above  the  planes 
of  the  angles,  containing  equal  angles  with  BA,  AC  •,  ED,DF, 
each  to  each,  viz.  the  angle  HAB  equal  to  MDE,  and  HAC 
equal  to  the  angle  MDF ;  and  from  H,  M  let  HK,  MN  be  per¬ 
pendiculars  to  the  planes  B  AC,  EDF  :  HK  is  equal  to  MN. 

Becaufe  the  folid  angle  at  A  is  contained  by  the  three  plane 
angles  BAC,  BAH,  HAC,  which  are,  each  to  each,  equal  to 
j  the  three  plane  angles  EDF,  EDM,  MDF  containing  the  folid 
angle  at  D  ;  the  folid  angles  at  A  and  D  are  equal :  And  there¬ 
fore  coincide  with  one  another ;  to  wit,  if  the  plane  angle  BAG 
be  applied  to  the  plane  angle  EDF,  the  ftraight  line  AH  coin¬ 
cides  with  DM,  as  was  fhown  in  prop.  B  of  this  book  :  And 
becaufe  AH  is  equal  to  DM,  the  point  H  coincides  with  the  , 
point  M  :  Wherefore  HK  which  is  perpendicular  to  the  plane 
BAC  coincides  with  MN  ‘  which  is  perpendicular  to  the  plane  i  j*.  it. 
EDF,  becaufe  thefe  places  coincide  with  one  another  :  There¬ 
fore  HK  is  equal  to  MN.  CX  E.  D. 
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See  N. 


PROP,  XXXVI.  THEOR. 


JF  three  ftraight  lines  be  proportionals,  the  folid  pa- 


_  rallelepiped  defcribed  from  all  three  as  its  iides,  is 
equal  to  the  equilateral  parallelepiped  defcribed  from 
the  mean  proportional,  one  of  the  folid  angles  of  which 
is  contained  by  three  plane  angles  equal,  each  to  each, 
to  the  three  plane  angles  containing  one  of  the  folid 
angles  of  the  other  figure. 


21  2 6^#  lli 


Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as  B  to 
C.  The  folid  defcribed  from  A,  B,  C  is  equal  to  the  equila¬ 
teral  folid  defcribed  from  B,  equiangular  to  the  other. 

Take  a  folid  angle  D  contained  by  three  plane  angles'EDF, 
FDG,  GDE  ;  and  make  each  of  the  ftraight  lines  ED,  DF, 
DG  equal  to  B,  and  complete  the  folid  parallelepiped  DH : 
Make  LK  equal  to  A,  and  at  the  point  K  in  the  ftraight  line 
LK  make  a  a  folid  angle  contained  by  the  three  plane  angles 
LKM,  MEN,  NKL  equal  to  the  angles  EDF,  FDG,  GDE, 


G 


h  14.  6. 


each  to  each  ;  and  make  KN  equal  to  B,  and  KM,  equal  to 
C ;  and  complete  the  lolid  parallelepiped  KO :  And  becaufe,  as 
A  is  to  B,  fo  is  B  to  C,  and  that  A  is  equal  to  LK,  and  B 
to  each  of  the  ftraight  lines  DE,  DF,  and  C  to  KM;  there 
fore  LK  is  to  ED,  as  DE  to  KM  ;  that  is,  the  fides  about  the 
equal  angles  are  reciprocally  proportional ;  therefore  the  pa 
ralielogram  LM  is  equal b  to  EF  :  And  becaufe  EDF,  LKM 
are  two  equal  plane  angles,  and  the  twro  equal  ftraight  lines  DG, 
KN  are  drawn  from  their  vertices  above  their  planes,  and  con¬ 
tain  equal  angles  with  their  lides  ;  therefore  the  perpendicu 
lars  from  the  points  G,  N,  to  the  planes  EDF,  LKM  are  e- 

qual 
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qual  c  to  one  another  :  Therefore  the  folids  KO,  DH  are  of  Book  XL 
the  fame  altitude ;  and  they  are  upon  equal  bafes  LM,  EF,  <Tc or.  1$' 
and  therefore  they  are  equal  4  to  one  another:  But  the  folid  11. 

KO  is  defcribed  from  the  three  ftraight  lines  A,  B,  C,  and  the  d  31*  IX* 
folid  DH  from  the  ftraight  line  B.  If  therefore  three  ftraight  « 
lines,  &c.  Q^E.  D. 

PROP.  XXXVII.  THE  OR. 

\  * 

IF  four  ftraight  lines  be  proportionals,  the  fimilar  SeeN. 

folid  parallelepipeds  limilarly  defcribed  from  them 
Ihall  alfo  be  proportionals.  And  if  the  ftmilar  pa¬ 
rallelepipeds  limilarly  defcribed  from  four  ftraight 
lines  be  proportionals,  the  ftraight  lines  Ihall  be  pro¬ 
portionals. 

Let -the  four  ftraight  lines  AB.  CD,  EF,  GH  be  propor¬ 
tionals,  viz.  as  AB  to  CD,  fo  EF  to  GH  ;  and  let  the  ftmilar 
parallelepipeds  AK,  CL,  EM,  GN  be  limilarly  defcribed  from 
them.  AK  is  to  CL,  as  EM  to  GN. 

Make  a  AB,  CD,  O,  P  continual  proportionals,  as  alfo  EF, 

GH,  Q,  R  :  And  becaufe  as  AB  is  to  CD,  fo  EF  to  GH;  and 
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that  CD  is  b  to  O,  as  GH  to  Q^and  O  to  P,  as  Qjto  R;  there-  b  n.  5. 
fore,  ex  aequali  c>  AB  is  to  P,  as  EF  to  R  :  But  as  AB  to  P,  £ 
fo  ^ is  the  folid  AK  to  the  folid  CL;  and  as  EF  to  R,  foHs  u,~ 
the  folid  EM  to  the  folid  GN  :  Therefore  b  as  the  folid  AK 
to  the  folid  CL,  fo  is  the  folid  EM  to  the  folid  GN. 

Q  4  But 
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Book  XI.  But  let  the  folid  AK  be  to  the  folid  CL,  as  the  folid  EMto 
v  v  'the  folid  GN  :  The  ftraight  line  AB  is  to  CD,  a?  EF  to  GH. 
e  27.  11.  Take  AB  to  CD,  as  EF  to^ST,  and  from  ST  detcribe  e  a 
folid  parallelepiped  SV  limilarand  fimilarly  inuated  to  eitherof. 
the  folids  EM,  GN  :  And  becaufe  AB  is  to  CD,  as  EF  to  S  T, 
and  that  from  AB,  CD  the  folid  parallelepipeds  AK,  CL  are 
fimilarly  defcribed  ;  and  in  like  manner  the  folids  EM,  SV 
from  the  ftraight  lines  EF,  ST ;  therefore  AK  is  to  CL,  as 


f9  5- 


See  N. 
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EM  to  SV  :  But,  by  the  hypothecs,  AK  is  to  CL,  as  EM  to 
GN  :  Therefore  GN  is  equal  f  to  S V  :  But  it  is  likewife  fimilar 
and  fimilarly  fttuated  to  SV  ;  therefore  the  planes  which  contain 
the  folids  GN,  S  V  are  fimilar  and  equal,  and  their  homologous 
fides  GH,  ST  equal  to  one  another :  And  becaufe  as  AB  to  CD, 
fo  EF  to  ST,  and  that  ST  is  equal  to  GH ;  AB  is  to  CD,  as 
EF  to  GH.  Therefore  if  four  ftraight  lines,  Sic.  CL  E.  D. 

PROP.  XXXVIII.  THE O R.  '  I 

IF  a  plane  be  perpendicular  to  another  plane,  and 
a  ftraight  line  be  drawn  from  a  point  in  one  of 
the  planes  perpendicular  to  the  other  plane,  this 
ftraight  line  {hall  fall  on  the  common  fed  ion  of  the 
planes.” 


a 


<< 


ti 


(c 


it 


Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and 
ft  l.et  AD  be  their  common  fedion  *,  if  any  point  E  be  taken  in 
“  the  plane  CD,  the  perpendicular  drawn  from  E  to  the  plane 
ft  AB  fhall  fall  on  AD. 

**  For 
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a  1 2.  1. 
b  4-  def. 

11. 


tc  For,  if  it  does  not,  let  it,  if  poffible,  fall  elfewhere,  as  EF;  B°°k  XT. 
and  let  it  meet  the  plane  AB  in  the  point  F  ;  and  from  F 
draw  a,  in  the  plane  AB  a  perpendicular  FG  to  DA,  which 
is  alfo  perpendicular  b  to  the  plane  CD  ;  and  join  FG  :  Then 
becaufe  FG  is  perpendicular 
to  the  plane  CD,  and  the 
ftraight  line  EG,  which  is  in 
that  plane,  meets  it  ;  there¬ 
fore  FGE  is  a  right  angle  c  : 

But  EF  is  alfo  at  right  angles 
to  the  plane  AB  ;  and  there¬ 
fore  EFGis  a  right  angle  : 

Wherefore  two  of  the  angles 

of  the  triangle  EFG  are  equal  together  to  two  right  angles  ; 
which  is  abfurd  :  Therefore  the  perpendicular  from  the  point 
E  to  the  plane  AB,  does  not  fall  elfewhere  than  upon  the 
ftraight  line  AD  :  It  therefore  falls  upon  it.  If  therefore  a 
plane,”  &c.  (T  E.  D. 


c  3.  def, 
11. 


PROP.  XXXIX.  THE  OR. 

IN  a  folid  parallelepiped,  if  the  Tides  of  two  of  the  op-  see  n. 

polite  planes  be  divided  each  into  two  equal  parts, 
the  common  fedion  of  the  planes  paffing  through  the 
points  of  divifion,  and  the  diameter  of  the  folid  paral¬ 
lelepiped  cut  each  other  into  two  equal  parts. 


Let  the  (ides  of 
theoppofite  planes 
CF,  AH  of  the  fo¬ 
lid  parallelepiped 
AF,  be  divided 
each  into  two  e- 
qual  parts  in  the 
points  K,  L,  M, 
N  •,  X,  O,  P,  Rf 
andj  oin-KL,  MN, 
XO,  PR:  And  be¬ 
caufe  DK,  CL  are 
equal  and  parallel, 
KL  is  parallel  a  to 
DC:  For  the  fame 
realon,  MN  is  pa¬ 
rallel  to  BA:  And 
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Book  Xf.  BA  is  parallel  to  DC  ;  therefore,  becaufe  KL,  JBA  are  each  of 
them  parallel  to  DC,  and  not  in  the  fame  plane  with  it,  KL  is 
bp.  11.  parallel b  to  BA  :  And  becaufe  KL,  MN  are  each  of  them  pa¬ 
rallel  to  BA,  and  not  in  the  fame  plane  with  it,  KL  is  parallel 
b  to  MN  ;  wherefore  KL,  MN  are  in  one  plane.  In  like  man¬ 
ner,  it  may  be  proved,  that  XO,  PR  are  in  one  plane.  Let 
YS  be  the  common  fedfion  of  the  planes  KN,  XR  ;  and  DG 
the  diameter  of  the  folid  parallelepiped  AF :  YS  and  DG  do 
meet,  and  cut  one  another  into  two  equal  parts. 

Join  DY,  YE,  BS,  SG.  Becaufe  DX  is  parallel  to  OE,  the 
c  29.  1.  alternate  angles  DXY,  YOE  are  equal  c  to  one  another  :  And 
becaufe  DX  is  e- 
qual  to  OE,  and 
XY  to  YO,  and 
contain  equal  an¬ 
gles,  the  bafeDY 
4  4.  1.  is  equal  d  to  the 
bafe  YE,  and  the 
other  angles  are 
'  equal ;  therefore 
the  angle  XYD 
is  equal  to  the  an 
gle  OYE ,  and 
DYEisaltraieht 

O 

e  14.  j.  e  line:  For  the 
fame  reafon  BSG 
is  a  ftraight  line, 
and  BS  equal  to 
SG :  And  becaufe  CA  is  equal  and  parallel  to  DB,  and  alfo 
a  3  3.  1.  equal  and  parallel  to  EG;  therefore  DB  is  equal  and  parallel  b 
to  EG  :  And  DE,  BG  join  their  extremities;  therefore  DE  is 
equal  and  parallel  a  to  BG  :  And  DG,  YS  are  drawn  from 
points  in  the  one,  to  points  in  the  other ;  and  are  therefore  in 
one  plane:  Whence  it  is  m.nifeft,  that  DG,  YS  mud;  meet 
one  another ;  let  them  meet  in  T  :  And  becaufe  DE  is  pa¬ 
rallel  to  BG,  the  alternate  angles  EDT,  BGT  are  equal  c  ; 
£  I5  j  and  the  angle  DTY  is  equal  f  to  the  angle  GTS  :  Therefore 
in  the  triangles  DTY,  GTS  there  are  two  angles  in  the  one 
equal  to  two  angles  in  the  other,  and  one  fide  equal  to  one  fide, 
oppofite  to  two  of  the  equal  angles,  viz.  DY  to  GS  ;  for  they 
are  the  halves  of  DE,  BG  :  Therefore  the  remaining  fides  are 
g  %6.  t.  equal  g,  each  to  each.  Wherefore  DT  is  equal  to  TG,  and 
Y  f  equal  to  TS.  Wherefore,  if  in  a  folid,  &x.  CL  E.  D. 
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Book  XI. 

V.  ir.  1  „  if 


PROP.  XL.  THEOR. 

IF  there  be  two  triangular  prifms  of  the  fame  alti¬ 
tude,  the  bafe  of  one  of  which  is  a  parallelogram, 
and  the  bafe  of  the  other  a  triangle  ;  if  the  parallelo¬ 
gram  be  double  of  the  triangle,  the  prifms  lhall  be 
equal  to  one  another. 

Let  the  prifms  ABCDEF,  GHKLMN  be  of  the  fame  alti¬ 
tude,  the  firft  whereof  is  contained  by  the  two  triangles  ABE, 
CDF,  and  the  three  parallelograms  AD,  DE,  EC  ;  and  the 
other  by  the  two  triangles  GHK,  LMN  and  the  three  paral¬ 
lelograms  LH,  HN,  NG  ;  and  let  one  of  them  have  a  paral¬ 
lelogram  AF,  and  the  other  a  triangle  GHK  for  its  bafe  ;  if 
the  parallelogram  AF  be  double  of  the  triangle  GHK,  the 
prifm  ABCDEF  is  equal  to  the  prifm  GHKLMN. 

Complete  the  folids  AX,  GO  ;  and  becaufe  the  parallelo¬ 
gram  AF  is  double  of  the  triangle  GHK  ;  and  tlie  parallelo- 
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gram  HK  double  a  of  the  fame  triangle ;  therefore  the  paral-  a  34-  x. 
lelogram  AF  is  equal  to  HK.  But  folid  parallelepipeds  upon 
equal  bafes,  and  of  the  fame  altitude,  are  equal  ’0  to  one  an-  b31.11. 
other.  Therefore  the  folid  AX  is  equal  to  the  folid  GO  ;  and 
the  prifm  ABCDEF  is  half  0  of  the  folid  AX  \  and  the  prifm  c  28.  u 
GHKLMN  half c  of  the  folid  GO.  Therefore  the  prifm 
ABCDEF  is  equal  to  the  prifm  GHKLMN.  Wherefore,  if 
there  be  two,  &c.  E.  D. 
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LEMMA  I. 


Which  is  the  firft  propolition  of  the  tenth  book,  and*is  necef- 
fary  to  fome  of  the  propofitions  of  this  book. 

IF  from  the  greater  of  two  unequal  magnitudes,  there 
be  taken  more  than  its  half,  and  from  the  remain¬ 
der  more  than  its  half;  and  fo  on  :  There  {hall  at 
length  remain  a  magnitude  lefs  than  the  leaft  of  the 
propofed  magnitudes. 


D 


Let  AB  and  C  be  two  unequal  magnitudes,  of  which  AB  is 
the  greater.  If  from  AB  there  be  taken, more 
than  its  half,  and  from  the  remainder  more  ^ 
than  its  half,  and  fo  on  ;  there  fhall  at  length 
remain  a  magnitude  lefs  than  C. 

For  C  may  be  multiplied  fo  as  at  length  to 
become  greater  than  AB.  Let  it  be  fo  multi¬ 
plied,  and  let  DE  its  multiple  be  greater  than 
AB,  and  let  DE  be  divided  into  DF,  FG,  GE, 
each  equal  to  C.  From  AB  take  BH  greater 
than  its  half,  and  from  the  remainder  AH 
take  HK  greater  than  its  half,  and  fo  on,  until 
there  be  as  many  divilions  in  AB  as  there  are 
in  DE  :  And  let  the  diviiions  in  AB  be  AK, 

KH,  HB  ;  and  the  divifions  in  ED  be  DF,  FG  ^  C  EJ 
GE.  And  becaufe  DE  is  greater  than  AB,  and 

that 
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that  EG  taken  from  DE  is  not  greater  than  its  half,  but  EH  Cook  XII. 
taken  from  AB  is  greater  than  its  half;  therefore  the  remain-  **  * 

der  GD  is  greater  than  the  remainder  HA.  Again,  becaufe 
GD  is  greater  than  HA,  and  that  GF  is  not  greater  than  the 
half  of  GD,  but  HK  is  greater  than  the  half  of  HA  ;  therefore 
the  remainder  FD  is  greater  than  the  remainder  AK.  And 
FD  is  equal  to  C,  therefore  C  is  greater  than  AK;  that  is, AK 
is  lefs  than  C.  CL  E.  D. 

And  if  only  the  halves  be  taken  away,  the  fame  thing  may 
in  the  fame  way  be  demonftrated. 


P  R  O  P.  I.  T  H  E  O  Pv. 


SImilar  polygons  infcribed  in  circles,  are  to  one 
another  as  the  fquares  of  their  diameters. 

Let  ABCDE,  FGHKL  be  two  circles,  and  in  them  the  fi- 
milar  polygons  ABCDE,  FGHKL;  and  let  BM,  GN  be  the 
diameters  of  the  circles  :  As  the  fquare  of  BM  is  to  the  fquare 
of  GN,  fo  is  the  polygon  ABCDE  to  the  polygon  FGHKL. 

Join  BE,  AM,  GL,FN  :  And  becaufe  the  polygon  ABCDE 
is  hmilar  to  the  polygon  FGHKL,  and  fimilar  polygons  are  di¬ 
vided  into  fimilar  triangles;  the  triangles  ABE,  FGL,are  fimilar 


A 


and  equiangular  b  ;  and  therefore  the  angle  AEB  is  equal  to  the  b  6. 6, 
angle  FLG:  But  AEB  is  equal  c  to  AMB,  becaufe  they  Hand  up-  c  21.  3. 
on  the  fame  circumference  ;  and  the  angle  FLG  is  for  the  fame 
reafon,  equal  to  the  angle  FNG:  Therefore  alfo  the  angle  AMB 
is  equal  to  FNG  :  And  the  right  angle  BAM  is  equal  to  the 
right J  angle  GFN;  wherefore  the  remaining  angles  in  the  tri-  d  31.  3. 
angles  ABM,  FGN  are  equal,  and  they  are  equiangular  to  one 


another : 
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Book  XII.'  another:  Therefore  asBMto  GN,  fo  e  is  BA  to  GF ;  andthere- 
fore  the  duplicate  ratio  of  BM  to  GN,  is  the  fame  f  with  the  du- 
f  10.  def.  plicate  ratio  of  BA  to  GF  :  But  the  ratio  of  the  fquare  of  BM  to 
5.  &  22.  5.  fqUare  of  GN,  is  the  duplicate  g  ratio  of  that  which  BM  has 
s  20‘  6‘  to  Qjq  .  anc[  the  ratio  of  the  polygon  ABCDE  to  the  polygon 


FGHKL  is  the  duplicate  g  of  that  which  BA  has  to  GF : 
Therefore  as  the  fquare  of  BM  to  the  fquare  of  GN,  fo  is  the 
polygon  ABCDE  to  the  polygon  FGHKL.  Wherefore  fimilar 
polygons,  &c.  Q^E.  D. 

PROP.  II.  THE  OR. 

*  *  1  / 

SeeN,  ^~MRCLES  are  to  one  another  as  the  fquares  of 
their  diameters. 


Let  ABCD,  EFGH  be  two  circles,  and  BD,  FH  their  dia¬ 
meters  :  As  the  fquare  of  BD  to  the  fquare  of  FH,  fo  is  the 
circle  ABCD,  to  the  circle  EFGH. 

For,  if  it  be  not  fo,  the  fquare  of  BD  jfliall  be  to  the  fquare 
of  FH,  as  the  circle  ABCD  is  to  fome  fpace  either  lefs  than 
the  circle  EFGH,  or  greater  than  it  *.  Firft  let  it  be  to  a  fpace 
S  lefs  than  the  circle  EFGH-,  and  in  the  circle  EFGH 
tlefcribe  the  fquare  EFGH  :  This  fquare  is  greater  than 
half  of  the  circle  EFGH  ;  becaufe  if,  through  the  points 
E,  F,  G,  H,  there  be  drawn  tangents  to  the  circle,  the 

fquare 


1 


*  For  there  is  fome  fquare  equal  U 
the  circle  ABCD  ;  let  P  be  the  fide  of 
it,  and  to  three  ftraight  lines  BD,  FH 
and  P,  there  can  be  a  fourth  propor 
tional ;  let  this  be  Qj  Therefore  the 
fquares  of  thefe  four  ftraight  lines  are 


|  proportionals;  that  is,  to  the  fquares  of 
BD,  FH  and  the  circle  ABCD,  it  is 
poflible  there  may  be  a  fourth  propor¬ 
tional.  Let  this  be  S.  And  in  like  man¬ 
ner  are  to  be  underfL  od  fome  things 
in  fome  of  the  following  propofitions. 
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fquare  EFGH  is  half a  of  the  fquare  defcribed  about  the  circle  ;  Book  X1L 
and  the  circle  is  lefs  than  the  fquare  defcribed  about  it;  there-  V4U  u  * 
fore  the  fquare  EFGH  is  greater  than  half  of  the  circle.  Di- 
;  vide  the  circumferences  EF,  FG,  GH,  HE,  each  into  two  equal 
parts  in  the  points  K,  L,  M,  N,  and  join  EK,  KF,  FL,  LG,  GM, 

MH>  HN,  NE  :  Therefore  each  of  the  triangles  EKF,  FLG, 

GMH,  HNE  is  greater  than  half  of  the  fegment  of  the  circle 
it  Hands  in  ;  becaufe,  if  ftraight  lines  touching  the  circle  be 
drawn  through  the  points  K,  L,  M,  N,  and  parallelograms  up¬ 
on  the  ftraight  lines  EF,  FG,  GH,  HE,  be  completed;  each 
of  the  triangles  EKF,  FLG,  GMH,  HNE  ftiall  be  the  half  a  a  4i« l'* 
of  the  parallelogram  in  which  it  is  :  But  every  fegment  is  lefs 
than  the  parallelogram  in  which  it  is  :  Wherefore  each  of  the 
triangles  EKF,  FLG,  GMH,  HNE  is  greater  than  half  the 
fegment  of  the  circle  which  contains  it :  And  if  thefe  cir¬ 
cumferences  before  named  be  divided  each  into  two  equal  parts, 
and  their  extremities  be  joined  by  ftraight  lines,  by  continuing 


to  do  this,  there  will  at  length  remain  fegments  of  the  circle 
which,  together,  ftiall  be  lefs  than  the  excefs  of  the  circle  EFGH 
above  the  fpace  S  :  Becaufe,  by  the  preceding  Lemma,  if 
from  the  greater  of  two  unequal  magnitudes  there  be  taken 
more  than  its  half,  and  from  the  remainder  more  than  its 
half,  and  fo  on,  there  ftiall  at  length  remain  a  magnitude  lefs 
than  the  leaft  of  the  propofed  magnitudes.  Let  then  the  feg¬ 
ments  EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE  be  thofe  that 
remain  and  are  together  lefs  than  the  excefs  of  the  circle  EFGH 
above  S  :  Therefore  the  reft  of  the  circle,  viz.  the  polygon 
EKFLGMHN,  is  greater  than  the  fpace  S.  Defcribe  likewiie 
in  the  circle  ABCD  the  polygon  AXBOCPDRfimilar  to  the 
polygon  EKFLGMHN  :  As  therefore,  the  fquare  of  BD  is  to 
the  fquare  of  FH,  fobis  the  polygon  AXBOCPDR  to  the  h  2.  is, 
polygon  EKFLGMHN  ;  But  the  fquare  of  BD  is  alfo  to  the 

fquare 
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B»ok  XII.  fquare  of  FH,  as  the  circle  ABCD  is  to  the  fpace  S  :  There- 
"r  c  j Y  5  fore  as  the  circle  ABCD  is  to  the  fpace  S,  fo  is  c  the  polygon 
’  AXBOCPDR  to  the  polygon  EKFLGMHN  :  But  the  circle 
ABCD  is  greater  than  the  polygon  contained  in  it;  wherefore 
d  14.  5.  the  fpace  S  is  greater cl  than  the  polygon  EKFLGMHN  :  But 
it  is  likewife  lefs,as  has  been  demonftrated;  which  is  impolli- 
ble.  Therefore  the  fquare  of  BD  is  not  to  the  fquare  of  FH, 
as  the  circle  ABCD  is  to  any  fpace  lefs  than  the  circle  EKGH. 
In  the  fame  manner,  it  may  be  demonftrated,  that  neither  is  the 
lquare  of  FH  to  the  fquare  of  BD,  as  the  circle  EFGH  is  to 
any  fpace  lefs  than  the  circle  ABCD.  Nor  is  the  fquare  of 
BD  to  the  fquare  of  FH,  as  the  circle  ABCD  is  to  any  fpace 
greater  than  the  circle  EFGH  :  For,  if  poftible,  let  it  be  fo  to 
T,  a  fpace  greater  than  the  circle  EFGH:  Therefore  inverfely 
as  the  fquare  of  FH  to  the  fquare  of  BD,  fo  is  the  fpace  T  to 

A 


the  circle  ABCD.  But  as  the  fpace  f  T  is  to  the  circle  ABCD , 
fo  is  the  circle  EFGH  to  fome  fpace,  which  muft  be  lels  (l  than 
the  circle  ABCD,  becaufe  the  fpace  T  is  greater,  by  hypothe¬ 
cs,  than  the  circle  EFGH.  Therefore  as  the  lquare  of  FH  is  to 
*  -  the 


f  for  as  in  the  foregoing  note,  at*, 
it  was  explained  how  it  was  poffible 
there  could  be  a  fourth  proportional  to 
the  fquares  of  BD,  FH,  and  the  circle 
ABCD,  which  was  named  S.  So  in  like 


manner  there,  can  be  a  fourth  propor 
tional  to  this  other  fpace,  named  T» 
and  the  circles  ABCD.  EFGH.  And 
the  like  is  to  be  underftood  in  fame  of 
the  following  proportions. 
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the  fquare  of  BD,  fo  is  the  circle  EFGH  to  a  fpace  lefs  than  Book  XI1* 
the  circle  ABCD,  which  has  been  demonftrated  to  be  impof- 
fible  :  Therefore  the  fquare  of  BD  is  not  to  the  fquare  of  FH 
as  the  circle  ABCD  is  to  any  fpace  greater  than  the  circle 
EFGH  :  And  it  has  been  demonftrated,  that  neither  is  the 
fquare  of  BD  to  the  fquare  of  FH,  as  the  circle  ABCD  to  any 
fpace  lefs  than  the  circle  EFGH  :  Wherefore,  as  the  fquare  of 
BD  to  the  fquare  of  FH,  fo  is  the  circle  ABCD  to  the  circle 
EFGH  f Circles  therefore  are,  &c.  CL  E.  D. 


PROP.  III.  THEOR. 


‘fT1  VERY  pyramid  having  a  triangular  bafe,  may  be  See 
I  j  divided  into  two  equal  nnd  fimilar  pyramids  ha¬ 
ving  triangular  bafes,  and  which  are  fimilar  to  the 
whole  pyramid  ;  and  into  two  equal  prifms  which  to¬ 
gether  are  greater  than  half  of  the  whole  pyramid. 


D 


Let  there  be  a  pyramid  of  which  the  bafe  is  the  triangle  ABC 
and  its  vertex  the  point  D  :  The  pyramid  ABCD  may  be  di¬ 
vided  into  two  equal  and  fimilar  pyra¬ 
mids  having  triangular  bafes,  and  fimi¬ 
lar  to  the  whole ;  and  into  two  equal 
prifms  which  together  are  greater  than 
half  of  the  whole  pyramid. 

Divide  AB,  BC,  C  A,  AD,  DB,  DC, 
each  into  two  equal  parts  in  the  points 
E,  F,  G,  H,  K,  L,  and  join  EH,  EG, 

GH,  HK,  KL,  LH,  EK,  KF,  FG.  Be- 
caufe  AE  is  equal  to  EB,  and  AH  to 
HD,  HE  is  parallel  a  to  DB  :  For  the 
fame  reafon,  HK  is  parallel  to  AB  : 

Therefore  HEBK  is  a  parallelogram, 
and  HK  equal  b  to  EB:  But  EB  is  equal 
to  AE  ;  therefore  alfo  AE  is  equal  to 
HK:  And  AH  is  equal  to  HD where¬ 
fore  EA,  AH  are  equal  to  KH,  HD, 
each  to  each  ;  and  the  angle  E  AH  is  equal  c  to  the  angle  KHDk  c  253. 
therefore  the  bafe  EH  is  equal  to  the  bale  KD,  and  the  triangle 

R  AEH 

t  Becaufe  ar,  a  fourth  proportional  to  the  fquares  of  BD,  FH  and  the  circle 
ABCD  is  poffible,  and  that  it  can  neither  be  lefs  nor  greater  than  the  circle 
EFGH,  it  muft  be  equal  to  it. 


a  2k6. 


f  34*  1. 


I. 


v 
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Book  XII.  AEH  equals  and  fimilar  to  the  triangle  HKD:  For  the  fame 
d  4:T~  reafon,  the  triangle  AGH  is  equal  and  fimilar  to  the  triangle 
HLD  :  And  becaufe  the  two  ftraight  lines  EH,  HG  which 
meet  one  another  are  parallel  to  KD,  DL  that  meet  one  ano¬ 
ther,  and  are  not  in  the  fame  plane  with  them,  they  contain 
e  10.  ii.  equal  e  angles  ;  therefore  the  angle  EHG  is  equal  to  the  angle 
KDL.  Again,  becaufe  EH,  HG  are  equal  to  KD,  DL,  each 
to  each,  and  the  angle  EHG  equal  to  the  angl$  KDL ;  there¬ 
fore  the  bafe  EG  is  equal  to  the  bafe  KL  :  And  the  triangle 
EHG  equal d  and  fimilar  to  the  triangle  KDL  :  For  the  fame 
reafon,  the  triangle  AEG  is  alfo  equal  and  fimilar  to  the  tri¬ 
angle  HKL.  Therefore  the  pyramid  of  which  the  bafe  is  the 
triangle  AEG,  and  of  which  the  vertex  is  the  point  H,  is  e- 
fc.  ii.  qua  f  and  fimilar  to  the  pyramid  the 
bafe  of  which  is  the  triangle  KHL,  and 
vertex  the  point  D  :  And  becaufe  HK 
is  parallel  to  AB  a  fide  of  the  triangle 
ADB,  the  triangle  ADB  is  equiangu¬ 
lar  to  the  triangle  HDK,  and  their 
g  4.  6.  fides  are  proportionals  g  :  Therefore  the 
triangle  ADB  is  fimilar  to  the  triangle 
HDK  :  And  for  the  fame  reafon,  the 
triangle  DBG  is  fimilar  to  the  triangle 
DKL  ;  and  the  triangle  ADC  to  the 
triangle  HDL  -,  and  alfo  the  triangle 
ABC  to  the  triangle  AEG :  But  the 
triangle  AEG  is  fimilar  to  the  triangle 
HKL,  as  before  was  proved;  thereiore 
h  21.  6.  the  triangle  ABC  is  fimilar  h  to  the 
triangle  HKL.  And  the  pyramid  of 
which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D, 
i  b.  ii-  is  therefore  fimilar  1  to  the  pyramid  of  which  the  bafe  is  the  tri- 
&  11  angle  HKL,  and  vertex  the  fame  point  D  :  But  the  pyramid  of 
ir*  which  the  bafe  is  the  triangle  HKL,  and  vertex  the  point  D,  is 
fimilar,  as  has  been  proved,  to  the^  pyramid  the  bafe  of  which  is 
the  triangle  AEG,  and  vertex  the  point  H  :  Wherefore  the  py¬ 
ramid  the  bafe  of  which  is  the  triangle  ABC.  and  vertex  the 
point  D,  is  fimilar  to  the  pyramid  of  which  the  bafe  is  the  tri¬ 
angle  AEG  and  vertex  H  :  Therefore  each  of  the  pyramids 
AEGH,  FIKLD  is  fimilar  to  the  whole  pyramid  ABCD  :  And 
k  41.  1.  becaufe  BF  is  equal  to  FC,  the  parallelogram  EBFG  is  double  k 
of  the  triangle  GFC  :  But  when  there  are  two  prifms  of  the 

fame 
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fame  altitude,  of  which  one  has  a  parallelogram  for  its  bafe,  BookXIL' 
and  the  other  a  triangle  that  is  half  of  the  parallelogram,  thefe  '  * 

prifrns  are  equal  a  to  one  another;  therefore  the  prifm  having  a  40.  n. 
the  parallelogram  EBFG  for  its  bafe,  and  the  ftraight  line  KH 
oppoftte  to  it,  is  equal  to  the  prifm  having  the  triangle  GFG 
for  its  bafe,  and  the  triangle  HKL  oppoftte  to  it ;  for  they  are 
of  the  fame'  altitude,  becaufe  they  are  between  the  parallel  b  r5-  u. 
planes  ABC,  HKL :  And  it  is  manifeft  that  each  of  thefe  prifrns 
is  greater  than  either  of  the  pyramids  of  which  the  triangles 
AEG,  HKL  are  the  bafes,  apd  the  vertices  the  points  H,  D  ; 
becaufe,  if  EF  be  joined,  the  prifm  having  the  parallelogram 
EBFG  for  its  bafe,  and  KH  the  ftraight  line  oppoftte  to  it,  is 
greater  than  the  pyramid  of  which  the  bafe  is  the  triangle  EBF, 
and  vertex  the  point  K  ;  but  this  pyramid  is  equal  c  to  the  py-  c  C.  ir, 
ramid  the  bafe  of  which  is  the  triangle  AEG,  and  vertex  the 
point  H ;  becaufe  they  are  contained  by  equal  and  fimilar  planes: 
Wherefore  the  prifm  having  the  parallelogram  EBFG  for  its 
bafe,  and  oppoftte  fide  KH,  is  greater  than  the  pramid  of 
which  the  bafe  is  the  triangle  AEG,  and  vertex  the  point  H  : 

And  the  prifm  of  which  the  bafe  is  the  parallelogram  EBFG, 
and  oppoftte  fide  KH  is  equal  to  the  prifm  having  the  triangle 
GFC  for  its  bafe,  and  HKL  the  triangle  oppoftte  to  it;  and  the 
pyramid  of  which  the  bafe  is  the  triangle  AEG,  and  vertex  H, 
is  equal  to  the  pyramid  of  which  the  bafe  is  the  triangle  HKL, 
and  vertex  D  :  Therefore  the  two  prifrns  before  mentioned  are 
greater  than  the  two  pyramids  of  which  the  bafes  are  the  tri¬ 
angles  AEG,  HKL,  and  vertices  the  points  H,  D.  Therefore 
the  whole  pyramid  of  which  the  bafe  is  the  triangle  ABC,  and 
vertex  the  point  D,  is  divided  into  two  equal  pyramids  fimilar 
to  one  another,  and  to  the  whole  pyramid ;  and  into  two  equal 
prifrns  ;  and  the  two  prifrns  are  together  greater  than  half  of 
the  whole  pyramid,  E.  D, 
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' — v — '  PROP.  IV.  THE  OR. 

Sec  n.  TF  there  be  two  pyramids  of  the  fame  altitude,  upon 
triangular  bales,  and  each  of  them  be  divided  in¬ 
to  two  equal  pyramids  fimilar  to  the  whole  pyramid, 
and  alfo  into  two  equal  prifms  \  and  if  each  of  thefe 
pyramids  be  divided  in  the  fame  manner  as  the  firft 
two,  and  fo  on :  As  the  bafe  of  one  of  the  firft  two 
pyramids  is  to  the  bafe  of  the  other,  fo  fhadl  all  the 
prifms  in  one  of  them  be  to  all  the  prifms  in  the  other 
that  are  produced  by  the  fame  number  of  divifions. 


Let  there  be  two  pyramids  of  the  fame  altitude  upon  the  tri¬ 
angular  bafes  ABC,  DEF,  and  having  their  vertices  in  the 
points  G,  H  ;  and  let  each  of  them  be  divided  into  two  equal 
pyramids  fimilar  to  the  whole,  and  into  two  equal  prifms  ;  and 
let  each  of  the  pyramids  thus  made  be  conceived  to  be  divided 
in  the  like  manner,  and  fo  on  :  As  the  bafe  ABC  is  to  the  bafe 
DEF,  fo  are  all  the  prifms  in  the  pyramid  ABCG  to  all  the 
prifms  in  the  pyramid  DEFH  made  by  the  fame  number  of  di¬ 
vifions, 

Make  the  fame  conftruClion  as  in  the  foregoing  propofition  : 
And  becaufe  BX  is  equal  to  XC,  and  AL  to  LC,  therefore  XL 
•a  2.  6.  .  is  parallel  a  to  AB,  and  the  triangle  ABC  fimilar  to  the  tri¬ 
angle  LXC  :  For  the  fame  reafon,  the  triangle  DEF  is  fimilar 
to  RVF  :  And  becaufe  BC  is  double  of  CX,  and  EF  double  of 
FV,  therefore  BC  is  to  CX,  as  EF  to  FV :  And  upon  BC,  CX 
are  defcribed  the  fimilar  and  fimilarly  fituated  rectilineal  fi¬ 
gures  ABC,  LXC  *,  and  upon  EF,  FV,  in  like  manner,  are 
defcribed  the  fimilar  figures  DEF,  RVF :  Therefore,  as  the  t ri¬ 
fe  sta.  6.  angle  ABC  is  to  the  triangle  LXC,  fobis  the  triangle  DEF  to 
the  triangle  RVF,  and,  by  permutation,  as  the  triangle  ABC 
to  the  triangle  DEF,  fo  is  the  triangle  LXC  to  the  triangle 
RVF  :  And  becaufe  the  planes  ABC,  OMN,  as  alfo  the  planes 
c  5« XI*  DEF,  STY  are  parallel  c,  the  perpendiculars  drawn  from  the 
points  G,  H  to  the  bafes  ABC,  DEF,  which,  by  the  hypothe- 
lis,  are  equal  to  one  another,  {ball  be  cut  each  into  two  equal 
J  17. 11  d  parts  by  the  planes  OMN,  STY,  becaufe  the  ftraight  lines 
GC,  HF  are  cut  into  two  equal  parts  in  the  points  N,  Y  by 
the  fame  planes  :  Therefore  the  prifms  LXCOMN,  RVFSTY 
are  of  the  fame  altitude  \  and  therefore,  ag  the  bafe  LXC  to 

the 
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the  bafe  RVF ;  that  is,  as  the  triangle  ABC  to  the  triangle 
DEF,  fo  a  is  the  prifm  having  the  triangle  LXG  for  its  bafe, 
and  OMN  the  triangle  oppofite  to  it,  to  the  prifm  of  which  the 
bafe  is  the  triangle  RVF,  and  the  oppofite  triangle  STY :  And 
becaufe  the  two  prifms  in  the  pyramid  ABCG  are  equal  to 
one  another,  and  alfo  the  two  prifms  in  the  pyramid  DEFH 
equal  to  one  another,  as  the  prifm  of  which  the  bafe  is  the  pa¬ 
rallelogram  KBXL  and  oppolite  fide  MO,  to  the  prifm  having 
the  triangle  LXC  for  its  bafe,  and  OMN  the  triangle  oppolite 
to  it ;  fo  is  the  prifm  of  which  the  bafe  h  is  thp  parallelogram, 
PEVR,  arid  oppolite  fide  TS,  to  the  prifm  of  which  the  bafe 
is  che  triangle  RVF,  and  oppofite  triangle  STY.  Therefore, 
componendo,  as  the  prifms  KBXLMO  LXCOMN  together 

G  H 


are  unto  the  prifm  LXCOMN  ;  fo  are  the  prifms  PEVRTS, 
RVFSTY  to  the  prifm  RVFSTY :  And  permutando,  as  the 
prifms  KBXLMO,  LXCOMN  are  to  the  prifms  PEVRTS, 
RVFSTY  ;  fois  the  prifm LXCOMN  to  the  prifm  RVFSTY : 
But  as  the  prifm  LXCOMN  to  the  prifm  RVFSTY,  fo  is,  as 
has  been  proved,  the  bafe  ABC  to  the  bafe  DEF  :  Therefore, 
as  the  bafe  ABC  to  the  bafe  DEF,  fo  are  the  two  prifms  in 
the  pyramid  ABCG  to  the  two  prifms  in  the  pyramid  DEFH : 
And  likewife  if  the  pyramids  now  made,  for  example,  the  two 
OMNG,  STYH  be  divided  in  the  fame  manner;  as  the  bafe 
OMN  is  to  the  bafe  STY,  fo  lhall  the  two  prifms  in  the  py-  «•. 
ramid  OMNG  be  to  the  two  prifms  in  the  pyramid  STYH  ; 
But  the  bafe  OMN  is  to  the  bafe  STY,  as  the  bafe  ABC  to  the 
bafe  DEF;  therefore,  as  the  bafe  ABC  to  the  bafe  DEF,  fo  are 
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book  XIL  the  two  prifms  in  the  pyramid  ABCG  to  the  two  prifms  in  the 
pyramid  DEFH  ;  and  fo  are  the  two  prifms  in  the  pyramid 
OMNG  to  the  two  prifms  in  the  pyramid  STYH  ;  and  fo  are 
all  four  to  all  four  :  And  the  fame  thing  may  be  lhewn  of  the 
prifms  made  by  dividing  the  pyramids  AKLO  and  DPRS,  and 
of  all  made  by  the  fame  number  of  divilions.  E.  D. 

PROP.  V.  T  H  E  O  R. 


See  N. 


1.3YRAMIDS  of  the  fume  altitude  which  have  tri- 
angular  bafes,  are  to  one  another  as  their  bafes. 


Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  of  which,  the  vertices  are  the  points  G,  H,  be  of  the 
fame  altitude :  As  the  bafe  ABC  to  the  bafe  DEF,  fo  is  the  py¬ 
ramid  ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  not  fo,  the  bafe  x\BC  mnft  be  to  the  bafe  DEF, 
as  the  pyramid  ABCG  to  a  folid  either  lei's  than  the  pyramid 
DEFH,  or  greater  than  it  *.  Firft,  let  it  be  to  a  folid  lefs  than 
it,  viz.  to  the  folid  Qj  And  divide  the  pyramid  DEFH  into 
two  equal  pyramids,  limilar  to  the  whole,  and  into  two  equal 
a  3-  12*  prifms  :  Therefore  thefe  two  prifms  are  greater  a  than  the  half 
of  the  whole  pyramid.  And  again,  let  the  pyramids  made  by 
this  divifton  he  in  like  manner  divided,  and  fo  on,  until  the 
pyramids  which  remain  undivided  in  the  pyramid  DEFH  be, 
all  of  them  together,  lefs  than  the  excefs  of  the  pyramid  DEFH 
above  the  folid  Qj  Let  thefe,  for  example,  be  the  pyramids 
DPRS,  STYH :  Therefore  the  prifms,  which  mal^e  the  reft  of 
the  pyramid  DEFH,  are  greater  than  the  folid  Qj  Divide  like- 
wife  the  pyramid  ABCG  in  the  fame  manner,  and  into  as 
many  parts,  as  the  pyramid  DEFH :  Therefore,  as  the  bafe 
b  4.  12.  ABC  to  the  bafe  DEF,  fo  b  are  the  prifms  in  the  pyramid 
ABCG  to  the  prifms  in  the  pyramid  DEFH  :  But  as  the  bafe 
ABC  to  the  bafe  DEF,  fo,  by  hypothefts,  is  the  pyramid  ABCG 
to  the  folid  Qj  and  therefore,  as  the  pyramid  ABCG  to  the 
folid  Qj  fo  are  the  prifms  in  the  pyramid  ABCG  to  the  prifms 
in  the  pyramid  DEFH  :  But  the  pyrardid  ABCG  is  greater 
c  14  5.  than  the  prifms  contained  in  it ;  wherefore  c  alfo  the  folid  Q^is 
greater  than  the  prifms  in  the  pyramid  DEFH.  But  is  it  alfo 
lefs,  which  is  impoflible.  Therefore  the  bafe  ABC  is  not  to 

the 

*  This  may  be  explained  the  fame  way  as  at  the  note  f  in  propofition  2  in 
the  like  cafe.  •  .  ■  ' 
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the  bafe  DEF,  as  the  pyramid  ABCG  to  any  folid  which  is  Book  XII. 
lefs  than  the  pyramid.  DEFH.  In  the  fame  manner  it  may 
be  demonftrated,,that  the  bafe  DEF  is  not  to  the  bafe  ABC, 
as  the  pyramid  DEFH  to  ar.y  folid  which  is  lefs  than  the  pyra¬ 
mid  ABCG.  Nor  can  the  bafe  ABC  be  to  the  bafe  DCF,  as 
tin  pyramid  ABCG  to  any  folid  which  is  greater  than  the  py¬ 
ramid  DEFH.  For  if  it  be  pofhble,  let  it  be  fo  to  a  greater, 
viz.  the  folid  Z.  And  becaufe  the  bafe  ABC  is  to  the  bafe  DEF 
as  the  pyramid  ABCG  to  the  folid  Z  ;  by  i  verfion,  as  the  bafe 
DEF  to  the  Fife  ABC,  fo  is  the  folid  Z-  to  the  pyramid  ABCG. 

But  as  the  folid  Z  is  to  the  pyramid  ABCG,  fo  is  the  pyramid 


G  H 


/  1 

DEFH  to  fome  folid  *,  which  muft  he  lefs  a  than  the  pyramid  a  I4 
ABCG,  becaufe  the  folid  Z  is  greater  than  the  pyramid  DEFH. 

And  therefore,  as  the  bafe  DEF  to  the  bafe  AiBC,  fo  is  the  py¬ 
ramid  DEFH  to  a  folid  lefs  than  the  pyramid  ABCG  ;  the  con 
trary  to  which  has  been  proved.  Therefore  the  bafe  ABC  is 
not  to  the  bafe  DEF,  as  the  pyramid  ABCG  to  any  folid  which 
is  greater  than  the  pyramid  DEFH.  And  it  has  been  proved, 
that  neither  is  the  bale  ABC  to  the  bafe  DEF,  as  the  pyramid 
ABCG  to  any  folid  which  is  lefs  than  the  pyramid  DEFH. 
Therefore,  as  the  bafe  ABC  is  to  the  bafe  DEF,  fo  is  th  py¬ 
ramid  ABCG  to  the  pyramid  DEFH.  Wherefore  pyramids, 

&c.  CD  E.  D. 
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PROP.  VI.  THE  OR. 


PYRAMIDS  of  the  fame  altitude  which  have  poly¬ 
gons  for  their  bales,  are  to  one  another  as  their 
bafes. 


Let  the  pyramids  which  have  the  polygons  ABODE,  F QHKL 
for  their  bafes,  and  their  vertices  in  the  points  M,  N,  be  of  the 
lame  altitude :  As  the  bafe  ABODE  to  the  bafe  FGffKL,  fo  is 
the  pyramid  ABC  DEM  to  the  pyramid  FGFIKLN. 

Divide  the  bafe  ABODE  into  the  triangles  ABC,  ACD, 
ADE  \  and  the  bafe  FGHKL  into  the  triangles  FGH,  FHK, 
FKL  :  And  upon  the  bafes  ABC,  iVCD,  ADE  let  there  be  as 
many  pyramids  of  which  the  common  vertex  is  the  point  M, 
and  upon  the  remaining  bafes  as  many  pyramids  having  their, 
common  vertex  in  the  point  N  :  Therefore,  fince  the  triangle 
I2‘  ABC  is  to  the  triangle  FGH.  as  a  the  pyramid  ABCM  to  the 
pyramid  FGHN  ;  and  the  triangle  ACD  to  the  triangle  FGH, 
as  the  pyramid  ACDM  to  the  pyramid  FGHN  \  and  alfo  the 


M  N 


triangle  ADE  to  the  triangle  FGH,  as  the  pyramid  A  DEM  to 
the  pyramid  FGHN  ;  as  all  the  firft  antecedents  to  their  com- 
Cor.  moil  confequent ;  fob  are  ail  the  other  antecedents  to  their  com- 
5*  mon  confequent*,  that  is,  as  the  bafe  ABODE  to  the  bafe 
FGH,  fo  is  the  pyramid  ABCDEM  to  the  pyramid  FGHN  : 
And,  for  the  fame  reafon,  as  the  bafe  FGHKL  to  the  bafe  FGH, 
fo  is  the  pyramid  FGHKLN  to  the  pyramid  FGHN  :  And,  by 
jnverfion,  as  the  bafe  FGH  to  the  bafe  FGHKL,  fo  is  the  py¬ 
ramid  FGHN  to  the  pyramid  FGHKLN :  Then,  becaufe  as  the 
bafe  ABODE  to  the  bafe  FGFI,  fo  is  the  pyramid  ABCDEM 
to  the  pyramid  FGHN ;  and  as  the  bafe  FGH  to  the  bafe 
FGHKL,  fo  is  the  pyramid  FGHN  to  the  pyramid  FGHKLN; 

therefore. 
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therefore,  ex  aquaJic,  as  the  bafe  ABODE  to  the  bafe  FGHKL,  Book  XII. 
fo  the  pyramid  ABCDEM  to  the  pyramid  FGHKLN.  There-  ^  * 
fore  pyramids,  &cc.  (X  E.  D. 

PROP.  VII.  THEOR. 

I VERY  prifm  having  a  triangular  bafe  may  bedi- 
vided  into  three  pyramids  that  have  triangular 
bafes,  and  are  equal  to  one  another. 

Let  there  be  a  prifm  of  which  the  bafe  is  the  triangle  ABC, 
andletDEFbe  the  triangle  oppofite  to  it:  The  prifm  ABCDEF 
may  be  divided  into  three  equal  pyramids  having  triangular 
bafes. 

Join  BD,  EC,  CD  ;  and  becaufe  ABED  is  a  parallelogram 
of  which  BD  is  the  diameter,  the  triangle  ABD  is  equal  a  to  a  34-  l* 
the  triangle  EBD  ;  therefore  the  pyramid  of  which  the  bafe  is 
the  triangle  ABD,  and  vertex  the  point  C,  is  equal  b  to  the 
pyramid  of  which  the  bafe  is  the  triangle  EBD,  and  vertex  the 
point  C  :  But  this  pyramid  is  the  fame  with  the  pyramid  the 
bafe  of  which  is  the  triangle  EBC,  and  vertex  the  point  D  ; 
for  they  are  contained  by  the  fame  planes  :  Therefore  the  py¬ 
ramid  of  which  the  bafe  is  the  triangle  ABD,  and  vertex  the 
point  C,  is  equal  to  the  pyramid,  the  bafe  of  which  is  the  tri¬ 
angle  EBC,  and  vertex  the  point  D  :  Again,  becaufe  FCBE  is 
a  parallelogram  of  which  the  diameter  is 
CE,  the  triangle  ECF  is  equal  a  to  the 
triangle  ECB;  therefore  the  pyramid  of 
which  the  bafe  is  the  triangle  ECB,  and 
vertex  the  point  D,  is  equal  to  the  py¬ 
ramid,  the  bafe  of  which  is  the  triangle 
ECF,  and  vertex  the  point  D  :  But  the 
pyramid  of  which  the  bafe  is  the  triangle 
ECB,  and  vertex  the  point  D  has  been 
proved  equal  to  the  pyramid  of  which  the 

bafe  is  the  triangle  ABD,  and  vertex  the  point  C.  Therefore 
the  prifm  ABCDEF  is  divided  into  three  equal  pyramids  having 
triangular  bafes,  viz.  into  the  pyramids  ABDC,EBDC,ECFD: 

And  becaufe  the  pyramid  of  which  the  bafe  is  the  triangle  ABD, 
and  vertex  the  point  C,  is  the  fame  with  the  pyramid  of  which 
the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D,  for  they" 
are  contained  by  the  fame  planes;  and  that  the  pyramid  of  which 
the  bafe  is  the  triangle  ABD,  and  vertex  the  point  C,has  been 

•  1  demonftrated 


F 
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Bock  XII.  demonftrated  to  be  a  third  part  of  the  prifm  the  bafe  of  which 

”  is  the  triangle  ABC,  and  to  which  DEF  is  the  opposite  triangle ;  ' 

therefore  the  pyramid  of  which  the  bafe  is  the  triangle  ABC, 
and  vertex  the  point  D,  is  the  third  part  of  the  prifm  which 
has  the  fame  bafe,  viz.  the  triangle  ABC,  and  .DEF  is  the  op- 
polite  triangle.  (X  E.  D. 

Cor.  i.  From  this  it  is  manifeft,  that  every  pyramid  is  the 
third  part  of  a  prifm  which  has  the  fame  bafe,  and  is  of  an 
equal  altitude  with  it ;  for  if  the  bafe  of  the  prifm  be  any  other 
figure  than  a  triangle,  it  may  be  divided  into  prifms  having 
triangular  bafes. 

Cor.  2.  Prifms  of  equal  altitudes  are  to  one  another  as  their 
bafes  •,  becaufe  the  pyramids  upon  the  fame  bafes,  and  of  the 
e  6.  12.  fame  altitude,  are  cto  one  another  as  their  bafes. 

PROP.  VIIL  THE  OR.  '  1 

SIMILAR  pyramids  having  triangular  bafes  are 
one  to  another  in  the  triplicate  ratio  of  that  of 
their  homologous  Tides. 


i. 


Let  the  pyramids  having  the  triangles  ABC,  DEF  for  their 
bafes,  and  the  points  G,  H  for  their  vertices,  be  limilar,  and 
fimilarly  fituated  ;  the  pyramid  ABCG  has  to  the  pyramid 
DEFH,  the  triplicate  ratio  of  that  which  the  fide  BC  has  to  the 
homologous  fide  EF. 

Complete  the  parallelograms  ABCM,  GBCN,  ABGK,  and 
the  folicl  parallelepiped  BGML  contained  by  thefe  planes  and 


thofe  oppofite  to  them :  And,  in  'like  manner,  complete  the  fo¬ 
lk!  parallelepiped  EHPO  contained  by  the  three  parallelograms 
PEFP,  HEFR,  DEHX,  and  thofe  oppofite  to  them:  And  be- 
3  caufe 


.  .  -  -  • 
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jcaufe  the  pyramid  ABCG  is  limilar  to  the  pyramid  DEFH,  Book  XII. 
the  angle  ABC  is  equal  a  to  the  angle  DEF,  and  the  angle  GBC  a  u^def  ^ 
to  the  angle  HEF,  and  ABG  to  DEH  :  And  AB  isbto  BC,  u. 
as  DE  to  EF;  that  is,  the  lides  about  the  equal  angles  are  pro-  b  1‘ 
portionals  *,  v/herefore  the  parallelogram  BM  isfimilar  to  EP  : 

For  the  fame  reafon,  the  parallelogram  BN  is  fimilar  to  ER, 
and  BK  to  EX  :  Therefore  the  three  parallelograms  BM,  BN, 

BK  are  limilar  to  the  three  EP,  ER,  EX  :  But  the  three  BM, 

BN,  BK,  are  equal  and  limilar  c  to  the  three  which  are  oppo-  c  24.  n. 
lite  to  them,  and  the  three  EP,  ER,  EX  equal  and  limilar  to 
the  three  oppolite  to  them  :  Wherefore  the  folids  BGML, 

EHPO  are  contained  by  the  fame  number  of  limilar  planes  ; 
and  their  folid  angles  are  equal « ;  and  therefore  the  foliddfi.  u. 
BGML,  is  limilar51  to  the  folid  EHPO  :  But  limilar  folid  pa¬ 
rallelepipeds  have  the  triplicate6  ratio  of  that  which  their  ho-  e  33.  ir. 
mologous  lides  have  :  Therefore  the  folid  BGML  has  to  the 
folid  EHPO  the  triplicate  ratio  of  that  which  the  lide  BC  has 
to  the  homologous  lide  EF  :  But  as  the  folid  BGML  is  to  the 
folid  EHPO,  fo  is  f  the  pyramid  ABCGto  the  pyramid  DEFH;  f  15.  5. 
becaufe  the  pyramids  are  the  lixth  part  of  the  folids,  lince  the 
prifm,  which  is  the  half  g  of  the  folid  parallelepiped,  is  triple  g  lr» 
of  the  pyramid.  Wherefore  likewife  the  pyramid  ABCG  has  11  7‘  I2‘ 
to  the  pyramid  DEFH,  the  triplicate  ratio  of  that  which  BC 
has  to  the  homologous  lide  EF.  Q^E.'D. 

Cor.  From  this  it  is  evident,  that  limilar  pyramids  which  SeeN. 
have  multangular  bafes,  are  likewife  to  one  another  in  the  tri¬ 
plicate  ratio  of  their  homologous  lides:  For  they  may  be  di¬ 
vided  into  fimilar  pyramids  having  triangular  bafes,  becaufe  the 
limilar  polygons,  which  are  their  bafes,  may  be  divided  inta 
the  fame  number  of  limilar  triangles  homologous  to  the  whole 
polygons  ;  therefore  as  one  of  the  triangular  pyramids  in  the 
firft  multangular  pyramid  is  to  one  of  the  triangular  pyramids  \ 
in  the  other,  fo  are  all  the  triangular  pyramids  in  the  lirlltoall 
the  triangular  pyramids  in  the  other  ;  that  is,  fo  is  the  firft 
multangular  pyramid  to  the  other:  But  one  triangular  pyramid 
is  to  its  limilar  triangular  pyramid,  in  the  triplicate  ratio  of 
their  homologous  lides  ;  and  therefore  the  firft  multangular  py¬ 
ramid  has  to  the  other,  the  triplicate  ratio  of  that  which  one  of 
£he  lides  of  the  firft  has  to  the  homologous  lide  of  the  other. 


PROP. 


T^HE  bafes  and  altitudes  of  equal  pyramids  ha* 
virig  triangular  bafes  are  reciprocally  propor¬ 
tional :  And  triangular  pyramids  of  which  the  bafes 
and  altitudes  are  reciprocally  proportional,  are  equal 
to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  which  have  their  vertices  in  the  points  G,  H,  be 
equal  to  one  another :  The  bafes  and  altitudes  of  the  pyramids 
ABCG,  DEFH  are  reciprocally  proportional,  viz.  the  bale 
ABC  is  to  the  bafe  DEF,  as  the  altitude  of  the  pyramid  DEFH 
to  the  altitude  of  the  pyramid  ABCG. 

Complete  the  parallelograms  AC,  AG,  GC,  DF,  DH,  HF ; 
and  the  folid  parallelepipeds  BGML,  EHPO  contained  by 


D  1? 

thefe  planes  and  thofe  oppoiite  to  them  :  And  becaufe  the  py¬ 
ramid  ABCG  is  equal  to  the  pyramid  DEFH,  and  that  the 
folid  BGML  is  fextuple  of  the  pyramid  ABCG,  and  the  folid 
EHPO  fextuple  of  the  pyramid  DEFH  ;  therefore  the  folid 
i.  Ax.  5- BGML  is  equal  ato  the  folid  EHPO  :  But  the  bafes  and  alti¬ 
tudes  of  equal  folid  parallelepipeds  are  reciprocally  propor- 
34. 11.  tionalb  *,  therefore  as  the  bafe  BM  to  the  bafe  EP,  fo  is  the  alti¬ 
tude  of  the  folid  EHPO  to  the  altitude  of  the  folid  BGML  : 

5.  But  as  the  bafe  BM  to  the  bafe  EP,  fo  is  c  the  triangle  ABC 
to  the  triangle  DEF  ;  therefore  as  the  triangle  ABC  to  the  tri¬ 
angle  DEF,  fo  is  the  altitude  of  the  folid  EHPO  to  the  alti¬ 
tude  of  the  folid  BGML  :  But  the  altitude  of  the  folid  EHPO 
is  the  fame  with  the  altitude  of  the  pyramid  DEFPI  ;  and  the 
altitude  of  the  folid  BGML  is  the  fame  with  the  altitude  of  the 

pyramid 
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pyramid  ABCG :  Therefore,  as  the  bafe  ABC  to  the  bafeDEF^  Sook  XIL 
fo  is  the  altitude  of  the  pyramid  DEFH  to  the  altitude  of  the 
pyramid  ABCG  :  Wherefore  the  bafes  and  altitudes  of  the  py¬ 
ramids  ABCG,  DEFH  are  reciprocally  proportional. 

Again,  let  the  bafes  and  altitudes  of  the  pyramids  ABCG, 

DEFH  be  reciprocally  proportional,  viz.  the  bafe  ABC  to  the 
bafe  DEF,  as  the  altitude  of  the  pyramid  DEFH  to  the  alti¬ 
tude  of  the  pyramid  ABCG  :  The  pyramid  ABCG  is  equal  to 
the'  pyramid  DEFH. 

The  fame  conftruction  being  made,  becaufe  as  the  bafe  ABC 
to  the  bafe  DEF,  fo  is  the  altitude' of  the  pyramid  DEFH  to 
the  altitude  of  the  pjmamid  ABCG:  And  as  the  bafe  ABC  to 
the  bafe  DEF,  fo  is  the  parallelogram  BM  to  the  parallelo¬ 
gram  EP  ;  therefore  the  parallelogram  BM  is  to  EP,  as  the 
altitude  of  the  pyramid  DEFH  to  the  altitude  of  the  pyramid 
ABCG  :  But  the  altitude  of  the  pyramid  DEFH  is  the  fame 
with  the  altitude  of  the  folid  parallelepiped  EHPO  ;  and  the 
altitude  of  the  pyramid  ABCG  is  the  fame  with  the  altitude 
of  the  folid  parallelepiped  BGML  :  As,  therefore,  the  bafe  BM 
to  the  bafe  EP,  fo  is  the  altitude  of  the  folid  parallelepiped 
EHPO  to  the  altitude  of  the  folid  parallelepiped  BGML.  But 
folid  parallelepipedshaving  their  bafes  and  altitudes  reciprocally 
proportional,  are  equal to  one  another.  Therefore  the  folid  b  34- 
parallelepiped  BGML  is  equal  to  the  folidparallelepipedEHPO. 

And  the  pyramid  ABCG  is  the  lixth  part  of  the  folid  BGML, 
and  the  pyramid  DEFH  is  the  fixth  part  of  the  folid  EHPO. 
Therefore  the  pyramid  ABCG  is  equal  to  the  pyramid  DEFH. 
Therefore  the  bafes,  &c.  (L  E.  D. 


PROP.  X.  THEOR. 


ip  VERY  Cone  is  the  third  part  of  a  cylinder  which 
-*-■ -J  has  the  fame  bafe,  and.  is  of  an  equal  altitude 
with  it. 

Let  a  cone  have  the  fame  bafe  with  a  cylinder,  viz.  the  cir¬ 
cle  ABCD,  and  the  fame  altitude.  The  cone  is  the  third  pare 
of  the  cylinder;  that  is,  the  cylinder  is  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  mult  either  be 
greater  than  the  triple,  or  lefs  than  it.  Firlt,  Let  it  be  greater 
than  the  triple  ;  and  deicribe  the  fquare  ABCD  in  the  circle  ; 
this  fquare  is  greater  than  the  half  of  the  circle  ABCD  *. 

Upon 

As  was  fliewn  in  prop.  c*.  of  this  book. 
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Book  XII.  Upon  the  fquare  ABCD  ere&  a  prifm  of  the  fame  altitude  with4 
the  cylinder  ;  this  prifm  is  greater  than  half  of  the  cylinder  ; 
becaufe  if  a  fquare  be  defcribed  about  the  circle,  and  a  prifm 
erected  upon  the  fquare,  of  the  fame  altitude  with  the  cylinder, 
the  infcribed  fquare  is  half  of  that  circumfcribed  ;  and  upon 
thefe  fquare  bafes  are  erected  folid  parallelepipeds,  viz.  the 
prifms  of  the  fame  altitude ;  therefore  the  prifm  upon  the 
fquare  ABCD  is  the  half  of  the  prifm  upon  the  fquare  defcri¬ 
bed  about  the  circle  :  Becaufe  they  are  to  one  another  as  their 
a  32. 11.  "bafes  a  :  And  the  cylinder  is  lefs  than  the  prifm  upon  the  fquare 
defcribed  about  the  circle  ABCD  :  Therefore  the  prifm  upon 
the  fquare  ABCD  of  the  fame  altitude  with  the  cylinder,  is 
greater  than  half  of  the  cylinder.  Bifed  the  circumferences 
AB,  BC,  CD,  DA  in  the  points  E,  F,  G,  H ;  and  join  AE, 
EB,  BF,  FC,  CG,  GD,  DH,  HA:  Then,  each  of  the  triangles 
AEB,  BFC,  CGD,  DHA  is  greater  than  the  half  of  the  feg- 
ment  of  the  circle  in  which  it  Hands, 
as  was  fnewn  in  prop.  2.  of  this  A 

book.  Ere£t  prifms  upon  each  of 
thefe  triangles  of  the  fame  altitude 
with  the  cylinder  ;  each  of  .thefe 
prifms  is  greater  than  half  of  the  feg- 
ment  of  the  cylinder  in  which  it  is  ; 
becaufe  if,  through  the  points  E,  F, 

G,  H,  parallels  be  drawn  to  AB,BC, 

CD,  DA,  and  parallelograms  be 
completed  upon  the  fame  AB,  BC, 

CD,  DA,  and  folid  parallelepipeds 
be  eredled  upon  the  parallelograms ;  the  prifms  upon  the  tri¬ 
angles  AEB,  BFC,  CGD,  DHA  are  the  halves  of  the  folid 
b  2.  Cor.  parallelepipeds  F  And  the  fegments  of  the  cylinder  which  are 
7«  upon  the  fegments  of  the  circle  cut  off  by  AB,  BC,  CD,  DA, 
are  lefs  than  the  folid  parallelepipeds  which  contain  them. 
Therefore  the  prifms  upon  the  triangles  AEB,  BFC,  CGD, 
DHA,  are  greater  than  half  of  the  fegments  of  the  cylinder  in 
which  they  are  ;  therefore,  if  each  of  the  circumferences  be  di¬ 
vided  into  two  equal  parts,  and  ftraight  lines  be  drawn  from 
the  points  of  divifion  to  the  extremities  of  the  circumferences, 
and  upon  the  triangles  thus  made,  prifms  be  eredled  of  the  fame 
altitude  with  the  cylinder,  and  fo  on,  there  muff  at  length  re- 
e  Lemma,  main  fome  fegments  of  the  cylinder  which  together  are  lefs  c 
than  the  excefs  of  the  cylinder  above  the  triple  of  the  cone. 
Let  them  be  thofe  upon  the  fegments  of  the  circle  AE,  EB,  BF, 

FC, 


N 
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FC,  CG,  GD,  DH,  HA.  Therefore  the  reft  of  the  cylin- Book  XII. 
der,  that  is,  the  prifm  of  which  the  bafe  is  the  polygon 
AEBFCGDH,  and  of  which  the  altitude  is  the  fame  with  that 
of  the  cylinder,  is  greater  than  the  triple  of  the  cone  :  But  this 
prifm  is  triple  <1  of  the  pyramid  upon  the  fame  bafe,  ol  which  d  l-  Cor.  7. 
the  vertex  is  the  fame  with  the  vertex  of  the  cone  ;  therefore 
the  pyramid  upon  the  bafe  AEBFCGDH,  having  the  fame 
vertex  with  the  cone,  is  greater  than  the  cone,  of  which  the 
bafe  is  the  circle  A  BCD :  But  it  is  alfo  lefs,  for  the  pyramid  is 
contained  within  the  cone ;  which  is  impoflible.  Nor  can  the 
cylinder  be  lets  than  the  triple  of  the  cone.  Let  it  be  lefs,  if 
pollible:  Therefore,  inverfely,  the  cone  is  greater  than  the  third 
part  of  the  cylinder.  In  the  circle  ABCD  defcribe  a  fquare; 
this  fquare  is  greater  than  the  half  of  the  circle  :  And  upon  the 
fquare  ABCD  ere£t  a  pyramid  having  the  fame  vertex  with  the 
cone  ;  this  pyramid  is  greater  than  the  half  6f  the  cone  ;  becaufe 
as  was  before  demonftrated,  if  a  fquare  be  defcribed  about  the 
circle,  the  fquare  ABCD  is  the 
half  ol  it ;  and  if,  upon  thefe  fquares  1 
there  be  eredled  folid  parallelepi¬ 
peds  of  the  fame  altitude  with  the 
cone,  which  are  alfo  prifms,  the 
prifm  upon  the  fquare  ABCD  g 
Thai!  be  the  half  of  that  which  is 
upon  the  fquare  defcribed  about 
the  circle  ;  for  they  are  to  one  an¬ 
other  as  their  bafes  e  ;  as  are  alfo  G - — —  e  32,  11. 

the  third  parts  of  them:  Therefore  I' 

the  pyramid,  the  bafe  of  which  is 

the  fquaie  ABCD,  is  half  of  the  pyramid  upon  the  fquare  de¬ 
fcribed  about  the  circle  :  But  this  laft  pyramid  is  greater  than 
the  cone  which- it  contains;  therefore  the  pyramid  upon  the 
fquare  ABCD,  having  the  fame  vertex  w7ith  the  cone,  is  great¬ 
er  than  the  half  of  the  cone.  Bifedl  the  circumferences  AB, 

BC,  CD,  DA  in  the  points  E,  F,  G,  H,  and  join  AE,  EB, 

BE',  FC,  CG,  GD,  DH,  TIA  :  Therefore  each  of  the  triangles 
AEB,  BFC,  CGD,  DHA  is  greater  than  half  of  the  fegment 
of  the  circle  in  which  it  is  :  Upon  each  of  thefe  triangles  eredl 
pyramids  having  the  fame  vertex  with  the  cone.  Therefore  each 
of  thefe  pyramids  is  greater  than  the  half  of  the  fegment  of 
the  cone  in  which  it  is,  as  before  was  demonftrated  of  the 
prifms  and  fegments  of  the  cylinder  ;  and  thus  dividing  each 
of  the  circumferences  into  two  equal  parts,  and  joining  the 
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Book  XIL  points  of  divifton  and  their  extremities  by  ftraight  lines,  and 
upon  the  triangles  erecting  pyramids  having  their  vertices  the 
fame  with  that  of  the  cone,  and  fo  on,  there  muff  at  length  re¬ 
main  fome  fegments  of  the  cone,  which  together  ihali  be  lefs 
than  the  excefs  of  the  cone,  above  the  third  part  of  the  cylinder. 
Let  thefe  be  the  fegments  upon  AE,  EB,  BF,  FC,  CG,  GD, 
DH,  FI  A.  Therefore  the  reft  of 
the  cone,  that  is,  the  pyramid,  of 
which  the  bafe  is  the  polygon 
AEBFCGDH,  and  of  which  the 
vertex  is  the  fame  with  that  of  the 
cone,  is  greater  than  the  third  part  p 
of  the  cylinder.  But  this  pyramid 
is  the  third  part  of  the  prifm  upon 
the  fame  bafe  AEBFCGDH,  and 
of  the  fame  altitude  with  the  cylin¬ 
der.  Therefore  this  prifm  is  great¬ 
er  than  the  cylinder  of  which  the 


See  N. 


bafe  is  the  circle  ABCD.  But  it  is  alfo  lefs,  for  it  is  contained 
within  the  cylinder  *,  which  is  impoflible.  Therefore  the  cy¬ 
linder  is  not  lefs  than  the  triple  of  the  cone.  And  it  has  been 
demonftrated  that  neither  is  it  greater  than  the  triple.  Therefore 
the  cylinder  is  triple  of  the  cone,  or,  the  cone  is  the  third  part 
of  the  cylinder.  Wherefore  every  cone,  See.  CL  E.  D. 


_ « 


PROP.  XL  THEOR. 


CONES  and  cylinders  of  the  fame  altitude,  are  to 
one  another  as  their  bafes. 


Let  the  cones  and  cylinders,  of  which  the  bafes  are  the  cir¬ 
cles  ABCD,  EFGH,  and  the  axes  KL,  MN,  and  AC,  EG  the 
diameters  of  their  bafes,  be  of  the  fame  altitude.  As  the  circle 
ABCD  to  the  circle  EFGH,  iois  the  cone  AL  to  the  cone  EN. 

If  it  be  not  fo,  let  the  circle  ABCD  be  to  the  circle  EFGH, 
as  the  cone  AL  to  fome  felid  either  lefs  than  the  cone  EN,  or 
greater  than  it.  Firft,  let  it  be  to  a  folid  lefs  than  EN,  viz.,  to 
the  folid  X;  and  let  Z  be  the  folid  which  is  equal  to  the  ex- 
cefs  of  the  cone  EN  above  the  folid  X ;  therefore  the  cone  EN 
is  equal  to  the  folid3  X,  Z  together.  In  the  circle  EFGH  de- 
feribe  the  fquare  EFGH,  therefore  this  fquare  is  greater  than 
the  half  of  the  circle  :  Upon  the  fquare  EFGH  ere<ft:  a  pyra¬ 
mid  of  the  fame  altitude  with  the  cone*,  this  pyramid  is 
greater  than  half  of  the  cone.  For,  if  a  fquare  be  deferibed 
about  the  circle,  and  a  pyramid  be  erected  upon  it,  ha¬ 
ving 
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ving  the  fame  vertex  with  the  cone  *,  the  pyramid  infcribed  Book  XII. 
in  the  cone  is  half  of  the  pyramid  circumfcribed  about  it,  be- 
caufe  they  are  to  one  another  as  their  bafes  a  :  But  the  cone  a  C.  12, 
islets  than  the  circumfcribed  pyramid  j  therefore  the  pyramid  of 
which  the  bafe  is  the  fquare  EFGH,  and  its  vertex  the  fame 
with  that  of  the  cone,  is  greater  than  half  of  the  cone  :  Divide 
the  circumferences  EF,  FG,  GH,  HE,  each  into  two  equal 
parts  in  the  points  O,  P,  R,  S,  and  join  EO,  OF,  FP,  PG, 

GR,  RH,  HS,  SE :  Therefore  each  of  the  triangles  tOF, 

FPG,  GRH,  USE  is  greater  than  half  of  the  fegment  of  the 


/ 


circle  in  which  it  is:  Upon  each  of  thefe  triangles  eredt  a  pyra¬ 
mid  having  the  fame  vertex  with  the  cone ;  each  of  thefe  py¬ 
ramids  is  greater  than  the  half  of.  the  fegment  of  the  cone  in 
which  it  is  :  And  thus  dividing  each  of  thefe  circumferences 
into  two  equal  parts,  and  from  the  points  of  divifion  drawing 
ftraight  lines  to  the  extremities  of  the  circumferences,  and  up¬ 
on  each  of  the  triangles  thus  made  eredting  pyramids  having  the 
fame  vertex  with  the  cone,  and  fo  on,  there  mud  at  length 
remain  fome  fegments  of  the  cone  which  are  together  lefs  b  b  Lem.  1. 
than  the  folid  Z  :  Let  thefe  be  the  fegments  upon  EO,  OF,  FP, 

S  PG, 


*  Vertex  is  put  in  place  orabitude  which  is  in  the  Greek,  becaufe  the  pyra¬ 
mid,  in  what  ib Hows,  is  fuppifed  to  be  circumfcribed  about  the  cone,  and  fo  mail 
have  the  fame  vertex,  Aid  the  fame  change  is  made  in  fome  places  following. 
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Book  XII.  "pG,  GR,  RH,  HS,  SE :  Therefore  the  remainder  of  the  cone, 
viz.  the  pyramid  of  which  the  bafe  is  the  polygon  EOFPGRHS, 
and  its  vertex  the  fame  with  that  of  the  cone,  is  greater  than 
the  folid  X :  In  the  circle  ABCD  deferibe  the  polygon 
ATBYC  VDQJimilar  to  the  polygon  EOFPGRHS,  and  upon 
it  ere£t  a  pyramid  having  the  fame  vertex  with  the  cone  AL  : 
a  i.  12.  And  becaufe  as  the  fquare  of  AC  is  to  the  fquare  of  EG,  fo  a  is 
the  polygon  ATBYC  VDQjto  the  polygon  EOFPGRHS;  and 
b  2.  u.  as  the  fquare  of  AC  to  the  fquare  of  EG,  fo  is  b  the  circle 
ii.  s.  ABCD  to  the  circle  EFGH  ;  therefore  the  circle  ABCD  c  is  to 
the  circle  EFGH,  as  the  polygon  ATBYC  VDQj:o  the  poly¬ 


gon  EOFPGRHS :  But  as  the  circle  ABCD  to  the  circle  EFGH, 
<16,  i2.  fo  is  the  cone  AL  to  the  folid  X;  and  as  the  polygon 
ATBYC  VDQjto  the  polygon  EOFPGRHS,  fo  is  d  the  pyra¬ 
mid  of  which  the  bafe  is  the  firft  of  thefe  polygons,  and  ver¬ 
tex  L,  to  the  pyramid  of  which  the  bafe  is  the  other  polygon, 
and  its  vertex  N  :  Therefore,  as  the  cone  AL  to  the  folid  X,  fo 
is  the  pyramid  of  which  the  bafe  is  the  polygon  ATBYC  VDQ^ 
and  vertex  L,  to  the  pyramid  the  bafe  of  which  is  the  polygon 
.  5  EOFPGRHS,  and  vertex  N  :  But  the  cone  ALis  greater  than 

the  pyramid  contained  in  it ;  therefore  the  folid  X  is  greater  e 
than  the  pyramid  in  the  cone  EN.  But  it  is  lefs,  as  was  fhown, 

which 


which  is  abfurd  :  Therefore  the  circle  ABCD  is  not  to  the  circle  Book  XII. 
EFGH,  as  the  cone  AL  to  any  folid  which  is  lefs  than  the  v  ^ 
cone  EN.  In  the  fame  manner  it  may  be  demonftrated  that 
the  circle  EFGH  is  not  to  the  circle  ABCD,  as  the  cone  EN 
to  any  folid  lefs  than  the  cone  AL.  Nor  can  the  circle  ABCD 
be  to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  greater 
than  the  cone  EN  :  For,  if  it  be  poflible,  let  it  be  fo  to  the  folid 
I,  which  is  greater  than  the  cone  EN  :  Therefore,  by  inverlion, 
as  the  circle  EFGH  to  the  circle  ABCD,  fo  is  the  folid  I  to 
the  cone  AL  :  But  as  the  folid  I  to  the  cone  AL,  fo  is  the 
i  cone  EN  to  fome  folid,  which  muft  be  lefs  a  than  the  cone  a  *4- 
AL,  becaufe  the  folid  I  is  greater  than  the  cone  EN  :  There¬ 
fore,  as  the  circle  EFGH  is  to  the  circle  ABCD,  fo  is  the  cone 
EN  to  a  folid  lefs  than  the  cone  AL,  which  was  ftiewn  to  be 
impoftible  :  Therefore  the  circle  ABCD  is  not  to  the  circle 
EFGH,  as  the  cone  AL  is  to  any  folid  greater  than  the  cone 
EN  :  And  it  has  been  demonftrated  that  neither  is  the  circle 
ABCD  to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  lefs 
than  the  cone  EN  :  Therefore  the  circle  ABCD  is  to  the  circle 
EFGH,  as  the  cone  AL  to  the  cone  EN  :  But  as  the  cone  is  to 
the  cone,  fobis  the  cylinder  to  the  cylinder,  becaufe  the  cy-  b  15.  5. 
linders  are  triple  c  of  the  cone  each  to  each.  Therefore,  as  c  10-  ri' 
the  circle  ABCD  to  the  circle  EFGH,  fo  are  the  cylinders  up¬ 
on  them  of  the  fame  altitude.  Wherefore  cones  and  cylinders 

of  the  fame  altitude  are  to  one  another  as  their  bafes.  0.  E.  D. 

IBBtS  ,  t  ,  « 

PROP.  X II.  THE  OR. 

SIMILAR  cones  and  cylinders  have  to  one  an-  See  n. 

other  the  triplicate  ratio  of  that  which  the  dia¬ 
meters  of  their  bafes  have. 

Let  the  cones  and  cylinders  of  which  the  bafes  are  the  circles  • 
ABCD,  EFGH,  and  the  diameters  of  the  bafes  AC,  EG,  and 
KL,  MN,  the  axis  of  the  cones  or  cylinders,  be  limilar  :  The 
cone,  of  which  the  bafe  is  the  circle  ABCD,  and  vertex  the 
;  point  L,  has  to  the  cone  of  which  the  bafe  is  the  circle  EFGH, 
and  vertex  N,  the  triplicate  ratio  of  that  which  AC  has  to  EG. 

For  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN  the 
triplicate  ratio  of  that  which  AC  has  to  EG,  the  cone  ABCDL 
fliall  have  the  triplicate  of  that  ratio  to  fome  folid  which  is  lets 

S  2  v  or 
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a  *4.  clef. 
11. 

b  15-  5* 


c  6.  6. 


or  greater  than  the  cone  EFGHN.  Firft,  let  it  have  it  to  a  lefs, 
viz.  to  the  folid  X.  Make  the  fame  conftru&ion  as  in  the  pre¬ 
ceding  proportion,  and  it  may  be  demonftrated  the  very  fame 
way  as  in  that  proportion,  that  the  pyramid  of  which  the  bafe 
is  the  polygon  EOFPGRHS,  and  vertex  N,  is  greater  than 
the  folid  X.  Defcribe  alfo  in  the  circle  ABCD  the  polygon 
ATBYC  VDQJirnilar  to  the  polygon  EOFPGRHS, upon  which 
ered  a  pyramid  having  the  fame  vertex  with  the  cone  ;  and  let 
LAQ^  be  one  of  the  triangles  containing  the  pyramid  upon 
the  polygon  ATBYCV  DQ^the  vertex  of  which  is  L;  and  let 
NES  be  one  of  the  triangles  containing  the  pyramid  upon  the 
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polygon  EOFPGRHS  of  which  the  vertex  is  N  ;  and  join  KQj 
MS  :  Becaufe  then  the  cone  ABCDL  is  rmilar  to  the  cone 
EFGHN,  AC  is  a  to  EG,  as  the  axis  KL  to  the  axis  MN  ; 
and  as  AC  to  EG,  fobis  AK  to  EM  ;  therefore  as  AK  to 
EM,  fo  is  KL  to  MN  ;  and,  alternately,  AK  to  KL,  as  EM 
to  MN :  And  the  right  angles  AKL,  EMN  are  equal ;  there¬ 
fore  the  hdes  about  thefe  equal  angles  being  proportionals 
the  triangle  AKL  is  rmilar  c  to  the  triangle  EMN.  Again, 
becaufe  AK  is  to  KQ  ,  as  EM  to  MS,  and  that  thefe  fides  are 

,  ,  about 

,v .  \  . 
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about  equal  angles  AKQ^  EMS,  becaufe  thefe  angles  are,  Book  XII. 
each  of  them,  the  fame  part  of  four  right  angles  at  the  centres  '/~ 

K,  M  ;  therefore  the  triangle  AKQ^is  fimilar  a  to  the  triangle  a  6.  6. 
EMS  :  And  becaufe  it  has  been  fhown  that  as  AK  to  KL,  fo 
is  EM  to  MN,  and  that  AK  is  equal  to  KQj  and  EM  to  MS, 
as  QK  to  KL,  fo  is  SM  to  MN ;  and  therefore  the  fides  about 
the  right  angles  QKL,  SMN  being  proportionals,  the  triangle 
LKQJs  fimilar  to  the  triangle  NMS  :  And  becaufe  of  the  fi- 
milarity  of  the  triangles  AKL,  EMN,  as  LA  is  to  AK,  fo  is 
NE  to  EM;  and  by  the  fimilarity  of  the  triangles  AKQj, 

EMS,  as  KA  to  AQ^,  fo  ME  to  ES  ;  ex  aequali  b,  LA  is  bn.  5. 
to  AQ^,  as  NE  to  ES.  Again,  becaufe  of  the  fimilarity  of  the 
triangles  LQK,  NSM,  as  LQ^  to  QK,  fo  NS  to  SM  ;  and 
from  the  fimilarity  of  the  triangles  KAQ^,  MES,  as  KQ_  to 
QA,  fo  MS  to  SE ;  ex  aequali  b,  LQJis  to  QjV,  as  NS  to  SE  : 

And  it  was  proved  that  QA  is  to  AL,  as  SE  to  EN ;  there¬ 
fore,  again,  ex  aequali,  as  QL  to  LA,  fo  is  SN  to  NE  :  Where¬ 
fore  the  triangles  LQA,  NSE,  having  the  fides  about  all  their 
angles  proportionals,  are  equiangular  c  and  fimilar  to  one  an-  c  5.  6. 
other  :  And  therefore  the  pyramid  of  which  the  bafe  is  the  tri¬ 
angle  AKQ^,  and  vertex  L,  is  fimilar  to  the  pyramid  the  bafe 
of  which  is  the  triangle  EMS,  and  vertex  N,  becaufe  their 
folid  angles  are  equal  d  to  one  another,  and  they  are  contained  d  B.  n. 
by  the  fame  number  of  fimilar  planes  :  But  fimilar  pyramids 
whibh  have  triangular  bafes  have  to  one  another  the  triplicate 
€  ratio  of  that  which  their  homologous  fides  have;  therefore  c8,  u. 
the  pyramid  AKQL  has  to  the  pyramid  EMSN  the  triplicate 
ratio  of  that  which  AK  has  to  EM.  In  the  fame  manner,  if 
ftraight  lines  be  drawn  from  the  points  D,  V,  C,  Y,  B,  T, 
to  K,  and  from  the  points  H,  R,  G,  P,  F,  O  to  M,  and  py-  , 
ramids  be  erected  upon  the  triangles  having  the  fame  vertices 
with  the  cones,  it  may  be  demon ftrated  that  each  pyramid  in 
the  firfl  cone  has  to  each  in  the  other,  taking  them  in  the  fame 
order,  the  triplicate  ratio  of  that  which  the  fide  AK  has  to  the 
fide  EM;  that  is,  which  AC  has  to  EG:  But  as  one  antece¬ 
dent  to  its  confequent,  fo  are  all  the  antecedents  to  all  the 
confequentsf  ;  therefore  as  the  pyramid  AKQL  to  the  pyra-  fl2-  5» 
mid  EMSN,  fo  is  the  whole  pyramid  the  bafe  of  which  is  the 
polygon  DQjATBYCV,  and  vertex  L,  to  the  whole  pyramid 
of  wThich  the  bafe  is  the  polygon  HSEOFPGR,  and  vertex  N. 
Wherefore  alfo  the  firft  of  thefe  two  laft  named  pyramids  has 
to  the  other  the  triplicate  ratio  of  that  which  AC  has  to  EG. 

But,  by  the  hypothefis,  the  cone  of  which  the  bafe  is  the  cir¬ 
cle  ABCD,  and  vertex  L,  has  to  the  folid  X,  the  triplicate 
ratio  of  that  which  AC  has  to  EG ;  therefore,  as  the  cone  of 
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Book  XII.  which  the  bafe  is  the  circle  ABCD,  and  vertex  L,  is  to  the 
folid  X,  fo  is  the  pyramid  the  bafe  of  which  is  the  polygon 
DQA.TBYC  V,  and  vertex  L,  to  the  pyramid  the  bafe  of  which 
is  the  polygon  HSEOFPGR  and  vertex  N  :  Butthefaid  cone 
is  greater  than  the  pyramid  contained  in  it,  therefore  the  folid 
a  14 .5.  X  is  greater  a  than  the  pyramid,  the  bafe  of  which  is  the  poly¬ 
gon  HSEOFPGR,  and  vertex  N ;  but  it  is  alfo  lefs ;  which  is 
impoflible  :  Therefore  the  cone  of  which  the  bafe  is  the  circle 


/ 


ABCD  and  vertex  L,  has  not  to  any  folid  which  is  lefs  than  the 
cone  of  which  the  bafe  is  the  circle  EFGH  and  vertex  N,  the  tri¬ 
plicate  ratio  of  that  which  AC  has  to  EG.  In  the  fame  manner 
it  may  be  demonftrated  that  neither  has  the  cone  EFGHN  to 
any  folid  which  is  lefs  than  the  cone  ABODL,  the  triplicate 
ratio  of  that  which  EG  has  to  AC.  Nor  can  the  cone  ABCDL 
have  to  any  folid  which  is  greater  than  the  cone  EFGHN,  the 
triplicate  ratio  of  that  which  AC  has  to  EG:  For,  if  it  be  pof- 
fible,  let  it  have  it  to  a  greater,  viz.  to  the  folid  Z :  Therefore, 
inverftly,  the  folid  Z  has  to  the  cone  ABCDL,  the  triplicate 
ratio  of  that  which  EG  has  to  AC  :  But  as  the  folid  Z  is  to 
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the  cone  ABCDL,  fo  is  the  cone  EFGHN  to  fome  folid , EBook 
which  muft  be  lefs  a  than  the  cone  ABCDL,  becaufe  the  folid  Z  a  14.  5. 
is  greater  than  the  cone  EFGHN :  Therefore  the  cone  EFGHN 
has  to  a  folid  which  is  lefs  than  the  cone  ABCDL,  the  tripli¬ 
cate  ratio  of  that  which  EG  has  to  AC,  which  was  demon- 
ftrated  to  be  impoffible :  Therefore  the  cone  ABCDL  has  not 
to  any  folid  greater  than  the  cone  EFGHN,  the  triplicate  ra¬ 
tio  of  that  which  AC  has  to  EG;  and  it  was  demonftrated  that 
it  could  not  have  that  ratio  to  any  folid  lefs  than  the  cone 
EFGHN :  Therefore thecone ABCDLhastotheconeEFGHN, 
the  triplicate  ratio  of  that  which  AC  has  to  EG :  But  as  the 
cone  is  to  the  cone,  fob  the  cylinder  to  the  cylinder ;  for  every  b  15.  5. 
cone  is  the  third  part  of  the  cylinder  upon  the  fame  bafe,  and 
of  the  fame  altitude  :  Therefore  alfo  the  cylinder  has  to  the 
cylinder,  the  triplicate  ratio  of  that  which  AC  has  to  EG : 
Wherefore  limilar  cones,  &,c.  Q^E.  D. 

PROP.  XIII.  T  H  E  O  R. 

IF  a  cylinder  be  cut  by  a  plane  parallel  to  its  op-  SeeN* 
polite  planes,  or  bafes;  it  divides  the  cylinder  into 
two  cylinders,  one  of  which  is  to  the  other  as  the  axis 
of  the  firft  to  the  axis  of  the  other. 

Let  the  cylinder  AD  be  cut  by  the 
plane  GH  parallel  to  the  oppofite 
planes  AB,  CD,  meeting  the  axis 
EF  in  the  point  K,  and  let  the  line 
GH  be  the  common  fe&ion  of  the 
plane  GH  and  the  furface  of  the  cy¬ 
linder  AD  :  Let  AEF C  be  the  paral¬ 
lelogram  in  any  pofition  of  it,  by  the 
revolution  of  which  about  the  ftraight 
line  EF  the'cy  Under  ADisdefcribed  ; 
and  let  GK  be  the  common  fefrion 
of  the  plane  GH,  and  the  plane 
AEFC  :  And  becaufe  the  parallel 
planes  AB,  GH  are  cut  by  the  plane 
AEKG,  AE,  KG,  their  common 
feftions  with  it  are  parallel a ;  where¬ 
fore  AK  is  a  parallelogram,  and  GK 
equal  to  EA  the  ftraight  line  from 
the  centre  of  the  circle  AB  :  For  the 
fame  reafon,  each  of  the  ftraight  lines 

S  4 
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Book  XII.  drawn  from  the  point  K  to  the  line  GH  may  be  proved  to  be 
v  v  equal  to  thofe  which  are  drawn  from  the  centre  of  the  circle 
AB  to  its  circumference,  and  are  therefore  all  equal  to  one  an- 
a  15.  def.  1.  other.  Therefore  the  line  GH  is  the  circumference  of  a  circle11 
of  which  the  centre  is  the  point  K  :  Therefore  the  plane  GH 
'  divides  the  cylinder  AD  into  the  cylinders  AH,  GD;  for  they 
are  the  fame  which  would  be  defcribed  by  the  revolution  of  the 
parallelograms  AK,  GF,  about  the  ftraight  lines  EK,  KF :  And 
it  is  to  be  Ibown  that  the  cylinder  AH  is  to  the  cylinder  HC, 
as  the  axis  EK  to  the  axis  KF. 

Produce  the  axis  EF  both  ways  ;  and  take  any  number  of 
ftraight  lines  EN,  NL,  each  equal  to  EK;  and  any  number 
FX,  XM,  each  equal  to  FK  ;  and  let 
planes  parallel  to  A  B,CDpafs  through 
the  points  L,  N,  X,  M  :  1  herefore 
the  common  feHions  of  thefe  planes 
with  the  cylinder  produced  are  cir¬ 
cles  the  centres  of  which  are  the  points 
L,  N,  X.  M,  as  was  proved  of  the 
plane  GH  ;  and  thefe  planes  cut  off 
the  cylinders,  PR,  RB,  DT,  TQj 
And  becaufe  the  axes  LX,  NE,  EK  & 
are  all  equal:  therefore  the  cylinders 
b  11.  12.  PR,  RB,  EG  are  b  to  one  another  as 

their  bafes;  but  their  bafes  are  equal,  r* 
and  therefore  the  cylinders  PR,  RB,  ^ 

BG  are  equal :  And  becaufe  the  axes 
LN,  NE,  EK  are  equal  to  one  an-  ^ 
other,  as  alfo  the  cylinders  PR,  RB,  nn 
BG,  and  that  there  are  as  many  axes 
as  cylinders  ;  therefore,  whatever  \f 
multiple  the  axis  KL  is  of  the  axis  * 

KE,  the  fame  multiple  is  the  cylinder 

PG  ot  the  cylinder  GB:  For  the  fame  reafon  whatever  multiple 
the  axis  MK  is  of  the  axis  KF,  the  fame  multiple  is  the  cy¬ 
linder  QG  of  the  cylinder  GD  :  And  if  the  axis  KL  be  equal  to 
the  axis  KM  the  cylinder  PG  is  equal  to  the  cylinder  GQj  and 
if  the  axis  KL  be  greater  than  the  axis  KM  the  cylinder  PG  is 
greater  than  the  cylinder  QG  ;  and  if  lefs,  lefs  :  Since  there¬ 
fore  there  are  four  magnitudes,  viz.  the  axes  EK,  KF,  and 
the  cylinders  BG,  GD,  and  that  of  the  axis  EK  and  cylinder 
BG  there  has  been  taken  any  equimultiples  whatever,  viz.  the 


axis 
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axis  KL  and  cylinder  PG ;  and  of  the  axis  KF  and  cylinder  Book  XII, 
GD,  any  equimultiples  whatever,  viz.  the  axis  KM  and  cylin¬ 
der  GQj  and  it  has  been  demonftrated,  if  the  axis  KL  be 
greater  than  the  axis  KM,  the  cylinder  PG  is  greater  than  the 
cylinder  GQ^;  and  if  equal,  equal ;  and  if  lefs,  lefs  :  Therefore 
d  the  axis  EK  is  to  the  axis  KF,  as  the  cylinder  BG  to  the  cy-^  5-  def.  5. 
linder  GD.  Wherefore,  if  a  cylinder,  &.c.  E.  D. 


\ 


C 


PROP.  XIV.  THEOR. 

ONES  and  cylinders  upon  equal  bafes  are  to  one 
another  as  their  altitudes. 


a  11.  12. 


Let  the  cylinders  EB,  FD  be  upon  the  equal  bafes  AB,  CD  : 

As  the  cylinder  EB  to  the  cylinder  FD,  fo  is  the  axis  GH  to 
the  axis  KL. 

Produce  the  axis  KL  to  the  point  N,  and  make  LN  equal 
to  the  axis  GH,  and  let  CM  be  a  cylinder  of  which  the  bafe  is 
CD,  and  axis  LN,  and  becaufe  the  cylinders  EB,  CM  have 
the  fame  altitude,  they  are  to  one  another  as  their  bafes  a  :  But 
their  bafes  are  equal,  therefore  alfo  the  cylinders  EB,  CM  are 
equal.  And  becaufe  the  cylin¬ 
der  FM  is  cut  by  the  plane 
CD  parallel  to  its  oppofite 
planes,  as  the  cylinder  CM  to 
the  cylinder  FD,  fo  is  b  the 
axis  LN  to  the  axis  KL.  But 
the  cylinder  CM  is  eqpal  to 
the  cylinder  EB,  and  the  axis 
LN  to  the  axis  GH  :  There¬ 
fore  as  the  cylinder  EB  to  the 
cylinder  FD,  fo  is  the  axis 
GH  to  the  axis  KL :  And  as 

the  cylinder  EB  to  the  cylinder  FD,  fo  is  c  the  cone  ABG  to  c  15 
the  cone  CDK,  becaufe  the  cylinders  are  triple  d  of  the  cones  :  d  10.  12 
Therefore  alfo  the  axis  GH  is  to  the  axis  KL,  as  the  cone  ABG 
to  the  cone  CDK,  and  the  cylinder  EB  to  the  cylinder  FD. 
Wherefore  cones,  &.c.  E.  D0 


b  13.  1 2. 


5. 


2 
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a  11.  12. 

b  A.  5. 


PROP.  XV.  THEOR. 

HEbafes  and  altitudes  of  equal  cones  and  cylin¬ 
ders,  are  reciprocally  proportional ;  and  if  the 
bates  and  altitudes  be  reciprocally  proportional,  the 
cones  and  cylinders  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of  which  are 
AC,  EG  be  the  bafes,  and  KL,  MN  the  axis,  as  alfo  the  alti¬ 
tudes,  of  equal  cones  and  cylinders  ;  and  let  ALC,  ENG  be  the 
cones,  and  AX,  EO  the  cylinders :  The  bafes  and  altitudes  bf 
the  cylinders  AX,  EO  are  reciprocally  proportional ;  that  is, 
as  the  bafe  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN 
to  the  altitude  KL. 

Either  the  altitude  MN  is  equal  to  the  altitude  KL,  or  thefe 
altitudes  are  not  equal.  Firft,  let  them  be  equal  ;  and  the 
cylinders  AX,  EO  being  alfo  equal,  and  cones  and  cylinders 
of  the  fame  altitude  being  to  one  another  as  their  bafes a,  there¬ 
fore  the  bafe  ABCD  is  equal to  the  bafe  EFGH  ;  and  as  the 
bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  the  altitude  MN  to 
the  altitude  KL. 


O 


G 


12. 


But  let  the  alti¬ 
tudes  KL,  MN, 
be  unequal,  and 
MN  the  greater 
of  the  two,  and 
from  MN  take 
MP  equal  toKL, 
and  through  the 
point  P  cut  the 
cylinder  EO  by 
the  plane  TYS 
parallel  to  the 
oppoiite  planes  of  the  circles  EFGH,  RO  •,  therefore  the  com¬ 
mon  fedtion  of  the  plane  TYS  and  the  cylinder  EQ  is  a  cir¬ 
cle,  and  confequently  ES  is  a  cylinder,  the  bafe  of  which  is  the 
circle  EFGH,  and  altitude  MP  :  And  becaufe  the  cylinder  AX 
is  equal  to  the  cylinder  EO,  as  AX  is  to  the  cylinder  ES,  fo 
c  is  the  cylinder  EO  to  the  fame  ES.  But  as  the  cylinder  AX 
to  the  cylinder  ES,  fo  a  is  the  bafe  ABCD  to  the  bafe  EFGH  ; 
for  the  cylinders  AX,  ES  are  of  the  fame  altitude  ;  and  as  the 
cylinder  EO  to  the  cylinder  ES,  fodis  the  altitude  MN  to 
the  altitude  MP,  becaufe  the  cylinder  EO  is  cut  by  the  plane 

TYS 
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TYS  parallel  to-  its  oppofite  planes.  Therefore  as  the  bafe  Book  XIL 
A  BCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN  to  the  altitude  v  v 
MP  :  But  MP  is  equal  to  the  altitude  KL;  wherefore  ss  the 
bafe  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN  to  the 
altitude  KL  ;  that  is,  the  bafes  and  altitudes  of  the  equal  cylin¬ 
ders  AX,  EO  are  reciprocally  proportional. 

But  let  the  bafes  and  altitudes  of  the  cylinders  AX,  EO,  be 
reciprocally  proportional,  viz.  the  bafe  ABCD  to  the  bafe 
EFGH,  as  the  altitude  MN  to  the  altitude  KL  :  The  cylinder 
AX  is  equal  to  the  cylinder  EO. 

Firft,  let  the  bafe  ABCD,  be  equal  to  the  bafe  EFGH;  then 
becaufe  as  the  bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  the  al¬ 
titude  MN  to  the  altitude  KL  ;  MN  is  equal  b  to  KL,  and  b  A-  5* 
therefore  the  cylinder  AX  is  equal a  to  the  cylinder  EO.  a  lx*  I2* 
But  let  the  bafes  ABCD,  EFGH  be  unequal,  and  let  ABCD 
be  the  greater  ;  and  becaufe,  as  ABCD  is  to  the  bafe  EFGH,  fo 
is  the  altitude  MN  to  the  altitude  KL  ;  therefore  MN  is  great¬ 
er  b  than  KL.  Then,  the  fame  conftrudb'on  being  made  as  be¬ 
fore,  becaufe  as  the  bafe  ABCD  to  the  bafe  EFGH,  fo  is  the 
altitude  MN  to  the  altitude  KL  ;  and  becauie  the  altitude  KL 
is  equal  to  the  altitude  MP  ;  therefore  the  bafe  ABCD  is  a  to 
the  bafe  EFGH,  as  the  cylinder  AX  to  the  cylinder  ES  ;  and 
as  the  altitude  MN  to  the  altitude  MP  or  KL,  fo  is  the  cylin¬ 
der  EO  to  the  cylinder  ES  :  Therefore  the  cylinder  AX  is  to 
the  cylinder  ES,  as  the  cylinder  EO  is  to  the  fame  ES  : 

Whence  the  cylinder  AX  is  equal  to  the  cylinder  EO  :  and 
the  fame  reafoning  holds  in  cones.  Q^E.  D. 

PROP.  XVI.  PR  OB. 

TO  defcribe  in  the  greater  of  two  circles  £hat  have 
the  fame  centre,  ar  polygon  of  an  even  number 
of  equal  fides,  that  fhall  not  meet  the  leifer  circle. 

Let  ABCD,  EFGH  be  two  given  circles  having  the  fame 
centre  K  :  It  is  required  to  infcribe  in  the  greater  circle  ABCD 
a  polygon  of  an  even  number  of  equaFfides,  that  fhall  not  meet 
the  leifer  circle. 

Through  the  centre  K  draw  the  flraight  line  F  D,  and  from 
the  point  G,  where  it  meets  the  circumferences  of  the  elfer 

circle, 
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Book XII.  circle,  draw  GA  at  right  angles  to  BD,  and  produce  it  to  C  ; 

*  therefore  AC  touches  a  the  circle  EFGH  :  Then,  if  the  circum¬ 
ference  BAD  be  bife&ed,  and  the  half  of  it  be  again  bife&ed, 
b  Lemma,  and  fo  on,  there  mud  at  length  remain  a  circumference  lefs 
than  AD  :  Let  this  be  LD  :  and 
from  the  point  L  draw  LM  per-* 
pendicular  to  BD,  and  produce 
it  to  N;  and  join  LD,  DN. 

Therefore  LD  is  equal  to  DN ; 
and  becaufe  LN  is  parallel  toAC 
and  that  AC  touches  the  circle 
EFGH  ;  therefore  LN  does  not 
meet  the  circle  EFGH:  And 
much  lefs  fhall  the  flraight  lines 
LD,DN  meet  the  circle  EFGH: 

So  that  if  draight  lines  equal  to  LD  be  applied  in  the  circle 
ABCD  from  the  point  L  around  to  N,  there  fhall  be  defcribed 
in  the  circle  a  polygon  of  an  even  number  of  equal  fides  not 
meeting  the  leffer  circle.  Which  was  to  be  done. 


D 


LEMMA  II. 


IF  two  trapeziums  ABCD,  EFGH  be  infcribed  in 
the  circles,  the  centres  of  which  are  the  points'K, 
L  ;  and  if  the  fides  AB,  DC  be  parallel,  as  alfo  EF, 
HG ;  and  the  other  four  fides  AD,  BC,  EH,  FG,  be 
all  equal  to  one  another  ;  but  the  fide  AB  greater 
than  EF,  and  DC  greater  than  HG.  The  flraight 
line  KA  from  the  centre  of  the  circle  in  which  the 
greater  fides  are,  is  greater  than  the  flraight  line  EE 
drawn  from  the  centre  to  the  circumference  of  the 
other  circle. 

If  it  be  poflible,  let  KA  be  not  greater  than  LE  •,  then  K  A 
mud  be  either  equal  to  it,  or  lefs.  Fird,  let  KA  be  equal 
to  LE  :  Therefore,  becaufe  in  two  equal  circles  AD,  BC  in  the 
cne  are  equal  to  EH,  FG  in  the  other,  the  circumferences 
h  28.  3.  AD,  BC  are  equal  a  to  the  circumferences  EH,  FG  ;  but  be¬ 
caufe  the  draight  lines  AB,  DC  are  refpedlively  greater  than 
EF,  GH,  the  circumferences  AB,  DC  are  greater  than  EF, 
HG  :  Therefore  the  whole  circumference  ABCD  is  greater 
than  the  whole  EFGH  :  but  it  is  alfo  equal  to  it,  which  is 

impodible ; 
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impofiible :  Therefore  the  flraight  line  KA.  is  not  equal  to  Book  XII. 
LE.  ”  ' 

But  let  KA  be  lefs  than  LE,  and  make  LM  equal  to  KA, 
and  from  the  centre  L,  and  diftance  LM  defcribe  the  circle 
MNOP,  meeting  the  ftraight  lines  LE,  LF,  LG,  LH,  in  M, 

N,  O,  P;  and  join  MN,  NO,  OP,  PM  which  are  refpe&ively 
parallel  a  to,  and  lefs  than  EF,  FG,  GH,  HE :  Then  be-  a  2.  6. 
caufe  EH  is  greater  than  MP,  AD  is  greater  than  MP ;  and 


the  circles  ABCD,  MNOP  are  equal;  therefore  the  circum¬ 
ference  AD  is  greater  than  MP;  for  the  fame  reafon,  the  cir¬ 
cumference  BC  is  greater  than  NO  ;  and  becaufe  the  ftraight 
line  AB  is  greater  than  EF  which  is  greater  than  MN,  much 
more  is  AB  greater  than  MN  :  Therefore  the  circumference 
AB  is  greater  than  MN ;  and,  for  the  fame  reafon,  the  circum¬ 
ference  DC  is  greater  than  PO  :  Therefore  the  whole  circum¬ 
ference  ABCD  is  greater  than  the  whole  MNOP;  but  it  is 
likewife  equal  to  it,  which  is  impoflible:  Therefore  KA  is  not 
lefs  than  LE  ;  nor  is  it  equal  to  it ;  the  ftraight  line  KA  muft 
therefore  be  greater  than  LE.  E.  D. 

Cor.  And  if  there  be  an  ifofceles  triangle  the  fides  of  which 
are  equal  to  AD,  BC,  but  its  bafe  lefs  than  AB  the  greater  of 
the  two  fides  AB,  DC ;  the  ftraight  line  KA  may,  in  the  fame 
manner,  be  demonftrated  to  be  greater  than  the  ftraight  line 
drawn  from  the  centre  to  the  circumference  of  the  circle  de- 
fcribed  about  the  triangle* 


PROF 
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PROP.  XVII.  PROS. 


See  N. 


O  defcribe  in  the  greater  of  two  fpheres  which 
have  the  fame  centre,  a  folid  polyhedron,  the 
fuperficies  of  which  Ihail  not  meet  the  leffer  fphere. 


Let  there  be  two  fpheres  about  the  fame  centre  A  ;  it  is  re¬ 
quired  to  defcribe  in  the  greater  a  folid  polyhedron,  the  fuper¬ 
ficies  of  which  fhall  not  meet  the  leffer  fphere. 

Let  the  fpheres  be  cut  by  a  plane  paffing  through  the  centre; 
the  common  fe&ions  of  it  with  the  fpheres  fhall  be  circles  ; 
becaufe  the  fphere  is  defcribed  by  the  revolution  of  a  femicir- 
cle  about  the  diameter  remaining  unmoveable;  fo  that  in  what¬ 
ever  pofition  the  femicircle  be  conceived,  the  common  fe&ion 
of  the  plane  in  which  it  is  with  the  fuperficies  of  the  fphere  is 
the  circumterence  of  a  circle  :  and  this  is  a  great  circle  of  the 
fphere,  becaufe  the  diameter  of  the  fphere*  which  is  likewdfe 
a  15.  3.  the  diameter  of  the  circle,  is  greater  a  than  any  flraight  line 
in  the  circle  or  fphere :  Let  then  the  circle  made  by  the  fe&ion 
of  the  plane  with  the  greater  fphere  be  BCDE,  and  with  the 
leffer  fphere  be  FGH  ;  and  draw  the  two  diameters  BD,  CE, 
at  right  angles  to  one  another  ;  and  in  BCDE,  the  greater  of 
b  1 G.  12.  the  two  circles,  defcribe  b  a  polygon  of  an  even  number  of  e- 
qual  fides  not  meeting  the  leffer  circle  FGH  ;  and  let  its  fides, 
in  BE  the  fourth  part  of  the  circle,  be  BK,  KL,  LM,  ME; 
join  KA  and  produce  it  to  N  ;  and  from  A  draw  AX  at  right 
angles  to  the  plane  of  the  circle  BCDE  meeting  the  fuperficies 
of  the  fphere  in  the  point  X ;  and  let  planes  pafs  through  AX 
and  each  of  the  flraight  lines  BD,  KN,  which,  from  what 
has  been  faid,  fhall  produce  great  circles  on  the  fuperficies  of 
the  fphere,  and  let  BXD,  KXN  be  the  femicircles  thus  made 
upon  the  diameters  BD,  KN  :  Therefore,  becaufe  XA  is  at  right 
angles  to  the  plane  of  the  circle  BCDE,  every  plane  which 
c  18.  11.  paffes  through  XA  is  at  right  c  angles  to  the  plane  of  the  circle 
BCDE  ;  wherefore  the  femicircles  BXD,  KXN  are  at  right 
angles  to  that  plane  :  And  becaufe  the  femicircles  BED,  BXD, 
KXN,  upon  the  equal  diameters  BD,  KN,  are  equal  to  one 
another,  their  halves  BE,  BX,  KX,  are  equal  to  one  an¬ 
other  :  Therefore,  as  many  fides  of  the  polygon  as  are  in  BE, 
fo  many  there  are  in  BX,  KX  equal  to  the  fides  BK, 
KL,  LM,  ME  :  Let  thefe  polygons  be  defcribed,  and  their 
fides  be  BO,  OP,  PR,  RX ;  KS,  ST,  TY,  YX,  and  join 

OS, 
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OS,  PT,  RY ;  and  from  the  points  O,  S  draw  OV,  SQ^perpen-  Book  XI r. 
diculars  to  AB,  AK  :  And  becaufe  the  plane  BOXD  is  at  right  '  v 
angles  to  the  plane  BCDE,  and  in  one  of  them  BOXD,  O  V 
is  drawn  perpendicular  to  AB  the  common  lection  of  the  planes, 
therefore  OV  is  perpendicular  a  to  the  plane  BCDE  :  For  the  a4-  def.  ir. 
fame  reafon  SQ^  is  perpendicular  to  the  fame  plane,  becaufe 
the  plane  KSXN  is  at  right  angles  to  the  plane  BCDE.  Join 
V Qj  and  becaufe  in  the  equal  femicircles  BXD,  KXN  the 


circumferences  BO,  KS  are  equal,  and  OV,  SQ^  are  perpen¬ 
dicular  to  their  diameters,  therefore  dOV  is  equal  to  SQ^,  d  26.  r 
and  BV  equal  to  KQ^  But  the  whole  BA  is  equal  to  the  whole 
KA,  therefore  the  remainder  VA  is  equal  to  the  remainder 
QA:  As  therefore  BV  is  to  VA,  fo  is  KQjo  QA,  wherefore 
VQjs  parallel  e  to  BK  :  And  becaufe  OV,  SQ^are  each  of  e  2.  <r. 
them  at  right  angles  to  the  plane  of  the  circle  BCDE,  OV  is 
parallel { to  SQj  and  it  has  been  proved  that  it  is  alio  equal  Jt. 
to  it ;  therefore  QV ,  SO  are  equal  and  parallel  g :  And  becaufe  §  33'  r* 
Q V  is  parallel  to  SO,  and  alfo  to  KB  *,  OS  is  parallel11  to  BK*,  h  9-  n. 

and  therefore  BO,  KS  which  join  them  are  in  the  fame  plane 

in 
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Therefore,  if  from  the  points,  O,  S,  P,  T,  R,  Y  there  be  drawn 
ilraight  lines  to  the  point  A.,  there  fhall  be  formed  a  folid  po¬ 
lyhedron  between  the  circumferences  BX,  KX  compofed  of 
pyramids  the  bafes  of  which  are  the  quadrilaterals  KBOS, 
£OPT,  TPRY,  and  the  triangle  YRX,  and  of  which  the  com¬ 
mon  vertex  is  the  point  A  :  And  if  the  fame  conftrudition  be 
made  upon  each  of  the  lides  KL,  LM,  ME,  as  has  been  done 
upon  BK,  and  the  like  be  done  alfo  in  the  other  three  qua¬ 
drants,  and  in  the  other  hemifphere ;  there  lhall  be  for¬ 
med  a  folid  polyhedron  deferibed  in  the  fphere,  compo¬ 
fed 


Book  XII.  in  which  thefe  parallels  are,  and  the  quadrilateral  figure  KBOS 
is  in  one  plane  :  And  if  PB,  TK  be  joined,  and  perpendiculars 
be  drawn  from  the  points  P,  T  to  the  Ilraight  lines  AB,  AK 
it  may  be  demonftrated  that  TP  is  parallel  to  KB  in  the  very 
fame  way  that  SO  was  fhown  to  be  parallel  to  the  fame  KB 
a  p.  ii.  wherefore  a  TP  is  parallel  to  SO,  and  the  quadrilateral  figure 
SOPT  is  in  one  plane  :  For  the  fame  reafon  the  quadrilateral 
b  2.  ii.  TPRY is  in  one  plane:  And  the  figure  YRX  is  alfo  in  one  plane  E 
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the  like  manner  in  the  reft  of  the  fphere,  the  common  vertex 
of  them  all  being  the  point  A  :  And  the  fuperficies  of  this  fo¬ 
lk]  polyhedron  does  not  meet  the  leffer  fphere  in  which  is  the 
circle  FGH  :  For,  from  the  point  A  draw  a  AZ  perpendicular  a  II#  ITa 
to  the  plane  of  the  quadrilateral  KBOS  meeting  it  in  Z,  and 
join  BZ,  ZK  :  And  becaufe  AZ  is  perpendicular  to  the  plane 
KBOS,  it  makes  right  angles  with  every  ftraight  line  meeting 
it  in  that  plane;  therefore  AZ  is  perpendicular  to  BZ  and  ZK  : 

And  becaufe  AB  is  equal  to  AK,  and  that  the  fquares  of  AZ, 

ZB,  are  equal  to  the  fqtiare  of  AB  ;  and  the  fquares  of  AZ, 

ZK  to  the  fquare  of  AK,y:  therefore  the  fquares  of  AZ,  ZB  b  47.  r# 
are  equal  to  the  fquares  of  AZ,  ZK  :  Take  from  thefe  equals 
the  fquare  of  AZ,  the  remaining  fquare  of  BZ  is  equal  to  the 
remaining  fquare  of  ZK  ;  and  therefore  the  ftraight  line  BZ 
is  equal  to  ZK  :  In  the  like  manner  it  may  be  demonftrated, 
that  the  ftraight  lines  drawn  from  the  point  Z  to  the  points  O, 

S  are  equal  to  BZ  or  ZK  :  Therefore  the  circle  defcribed  from, 
the  centre  Z,  and  diftance  ZB  fhall  pafs  through  the  points  K,  O, 

S,  and  KBOS  fhall  be  a  quadrilateral  figure  in  the  circle  :  And 
becaufe  KB  is  greater  than  QV,  and  QV  equal  to  SO,  there - 
I  fore  KB  is  greater  than  SO  :  But  KB  is  equal  to  each  of  the 
ftraight  lines  BO,  KS  ;  wherefore  each  of  the  circumferences 
;  cut  off  by  KB,  BO,  KS  is  greater  than  that  cut  off  by  OS  ;  and 
thefe  three  circumferences,  together  with  a  fourth  equal  to  one 
of  them,  are  greater  than  the  fame  three  together  with  that  cut 
off  by  OS;  that  is,  than  the  whole  circumference  of  the  cir¬ 
cle;  therefore  the  circumference  fubtended  by  KB  is  greater 
than  the  fourth  part  of  the  whole  circumference  of  the  circle 
KBOS,  and  confequently  the  angle  BZK  at  the  centre  is  great¬ 
er  than  a  right  angle  :  And  becaufe  the  angle  BZK  is  obtufe, 
t  the  fquare  of  BK  is  greater  c  than  the  fquares  of  BZ,  ZK ;  c  i*. 

that  is,  greater  than  twice  the  fquare  of  BZ.  Join  KV,  and 
j  becaufe  in  the  triangles  KBV,  OBV,  KB,  BV  are  equal  to  OB, 

BV,  and  that  they  contain  equal  angles  ;  the  angle  K  VB  is  e- 
qual  d  to  the  angle  OVB  :  And  OVB  is  a  right  angle;  there-  d  4.  u 
fore  alfo  KVB  is  a  right  angle  :  And  becaufe  BD  is  Iefs  than 
twice  DV,  the  redangle  contained  by  DB,  BV  is  lefs  than 
twice  the  rectangle  DVB  ;  that  is  e,  the  lquaie  of  KB  is  lefs  e  8.  6, 
than  twice  the  fquare  of  KV  :  But  the  fquare  of  KB  is  greater 
than  twice  the  fquare  of  BZ  ;  therefore  the  fquare  of  KV  is 
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Book  XII.  greater  than  the  fquare  of  BZ:  And  becaufe  BA  is  equal  to- 
v  "r  ”  AK.  and  that  the  fquares  of  BZ,  ZA  are  equal  together  to  the 
fquare  of  BA,  and  the  fquares  of  KV,  V  A  to  the  fquare  of 
AK;  therefore  the  fquares  of  J>Z,  ZA  are  equal  to  the  fquares 
of  KV,  VA;  and  of  thefe  the  fquare  of  KV  is  greater  than  the 
fquare  of  BZ ;  therefore  the  fquare  of  VA  is  lefs  than  the 
fquare  of  ZA,  and  the  ftraight  line  AZ  greater  than  VA  : 
Much  more  then  is  AZ  greater  than  AG  ;  becaufe,  in  the  pre¬ 
ceding  propofttion,  it  was  ihown  that  KV  falls  without  the 
circle  FGH:  And  AZ  is  perpendicular  to  the  plane  KBOS, 
and  is  therefore  the  fhorteft  of  all  the  ftraight  linear,  that  can  be 
drawn  from  A,  the  centre  of  the  fphere  to  that  plane.  There¬ 
fore  the  plane  KBOS,  does  not  meet  the  leffer  fphere. 

And  that  the  other  planes  between  the  quadrants  BX,  KX 
fall  without  the  leffer  fphere,  is  thus  demonf rated:  From  the 
point  A  draw  A1  perpendicular  to  the  plane  of  the  quadrila¬ 
teral  SOP  I  ,  and  join  IO  ;  and,  as  was  demonflrated  of  the 
plane  KBOS  and  the  point  Z,  in  the  fame  way  it  may  be  fhown 
that  the  point  1  is  the  centre  of  a  circle  deferibed  abou.t  SOPF: 
and  that  OS  is  greater  than  PT ;  and  PT  was  fhown  to  be  pa¬ 
rallel  to  OS  :  Therefore,  becaufe  the  two  trapeziums  KBOS, 
SOFT  inferibed  in  circles  have  their  fides  BK.  OS  parallel,  as 
alio  OS,  Pd' ;  and  their  other  fides  BO,  KS,  OP,  ST  all  equal 
to  one  another,  and  that  BK  is  greater  than  OS,  and  OS 
a  2.  Lem  greater  than  PT,  therefore  the  ftraight  line  ZB  is  greater  a 
J2*  than  IO.  Join  AO  which  will  be  equal  to  AB ;  and  becaufe 
AlO,  AZB  are  right  angles,  the  fquares  of  AL  IO  are  equal 
to  the  iquare  of  AQ  or  of  AB;  that  is,  to  the  fquares  of  AZ, 
ZB;  and  t  i  <  e  fquare  of  ZB  is  greater  than  the  fquare  of  IO, 
therefore  the  fquare  of  A  Z  is  lefs  than  the  fquare  of  Al ;  and 
the  ftraight  line  AZ  lefs  than  the  ftraight  line  Al  :  And  it  was 
proved  that  AZ  is  greater  than  AG;  much  more  then  is  Al 
greater  than  AG :  Therefore  the  plane  SOPT  falls  wholly 
without  the  lt-ffer  fphere;  In  the  fame  manner  it  may  be  de- 
monftrated  that  the  plane  TPRY  falls  without  the  fame  fphere, 
as  alfo  the  triangle  YRX,  viz.  by  the  Cor.  of  2d  Lemma.  And 
after  the  fame  way  it  may  be  demonftrated  that  all  the  planes 
which  contain  the  folid  polyhedron,  fall  without  the  leffer 
fphere.  Therefore  in  the  greater  of  two  fpheres  which  have  the 
fame  centre,  a  folid  polyhedron  is  deferibed,  the  fuperficies  of 
which  does  not  meet  the  leffef  fphere.  Which  was  to  be  done. 

But 
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But  the  flraight  line  AZ  may  he  demonfirated  to  be  greater  Book  XII» 
than  AG  otherwife,  and  in  a  fhorter  manner,  without  the  help 
of  Prop.  16.  as  follows.  From  the  point  G  draw  GU  at  right 
angles  to  AG  and  join  AU.  If  then  the  circumference  BE  be 
bife&ed,  and  its  half  again  bife£ied,  and  fo  on,  there  will  at 
length  be  left  a  circumference  lefs  than  the  circumference 
which  is  fubtended  by  a  flraight  line  equal  to  GU  infcribed  in 
the  circle  BCDE  :  Let  this  be  the  circumference  KB  :  There¬ 
fore  the  flraight  line  KB  is  lefs  than  GU  :  And  becaufe  the  an¬ 
gle  BZK  is  obtufe,  as  was  proved  in  the  preceding,  therefore 
BK  is  greater  than  BZ  :  But  GU  is  greater  than  BK ;  much 
more  then  is  GU  greater  than  BZ,  and  the  fquare  of  GU  than 
the  fquare  of  BZ;  and  AU  is  equal  to  AB;  therefore  the  fquare 
of  AU,  that  is,  the  fquares  of  AG,  GU  are  equal  to  the  fquare 
of  AB,  that  is,  to  the  fquares  of  AZ,  ZB;  but  the  fquare  of  BZ 
is  lefs  than  the  fquare  of  GU  ;  therefore  the  fquare  of  AZ  is 
greater  than  the  fquare  of  AG,  and  the  llraight  line  AZ  con- 
fequently  greater  than  the  flraight  line  AG. 

Cor.  And  if  in  the  leffer  fphere  there  be  defcribed  a  folid 
polyhedron  by  drawing  flraight  lines  betwixt  the  points  in 
which  the  flraight  lines  from  the  centre  of  the  fphere  drawn 
to  all  the  angles  of  the  folid  polyhedron  in  the  greater  fphere 
meet  the  fuperficies  of  the  leffer ;  in  the  fame  order  in  which 
are  joined  the  points  in  which  the  fame  lines  from  the  centre 
meet  the  fuperficies  of  the  greater  fphere  ;  the  folid  polyhe¬ 
dron  in  the  fphere  BCDE  has  to  this  other  folid  polyhedron 
the  triplicate  ratio  of  that  which  the  diameter  of  the  fphere 
BCDE  has  to  the  diameter  of  the  other  lphere:  For  if  thefe 
two  folids  be  divided  into  the  fame  number  of  pyramids,  and 
in  the  fame  order  ;  the  pyramids  (ball  be  fimilar  to  one  ano¬ 
ther,  each  to  each  :  Becaufe  they  have  the  folid  angles  at  their 
common  vertex,  the  centre  of  the  fphere,  the  fame  in  each  py¬ 
ramid,  and  their  other  folid  angle  at  the  bafes  equal  to  one 
another,  each  to  each  a,  becaufe  they  are  contained  by  three  a  B.  ir„ 
plane  angles  equal  each  to  each;  and  the  pyramids  are  contained 
by  the  fame  number  of  fimilar  planes;  and  are  therefore  fimilar  b  bn.  Def, 
to  one  another,  each  to  each  :  But  fimilar  pyramids  have  to  IT* 
one  another  the  triplicate  c  ratio  of  their  homologous  Tides.,  c  Cor. 
Therefore  the  pyramid  of  which  the  bafe  is  the  quadrilateral  1 2* 

KB  OS,  and  vertex  A,  has  to  the  pyramid  in  the  other  fphere 
of  the  fame  order,  the  triplicate  ratio  of  their  homologous 
fides ;  that  is,  of  that  ratio,  which  AB  from  the  centre  of  the 
greater  fphere  has  to  the  flraight  line  from  the  fame  centre  to 
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Book  XII  the  fuperficies  of  the  lefler  fphere.  And  in  like  manner,  each 
v  pyramid  in  the  greater  fphere  has  to  each  of  the  fame  order  in 
the  lefler,  the  triplicate  ratio  of  that  which  AB  has  to  the  fe- 
midiameter  of  the  lefler  fphere.  And  as  one  antecedent  is  to 
its  confequent,  fo  are  all  the  antecedents  to  all  the  confequents. 
Wherefore  the  whole  folid  polyhedron  in  the  greater  fphere  has 
to  the  whole  folid  polyhedron  in  the  other,  the  triplicate  ratio 
of  that  which  AB  the  femidiameter  of  the  firft  has  tothefemi- 
diameter  of  the  other;  that  is,  which  the  diameter  BD  of  the 
greater  has  to  the  diameter  of  the  other  fphere. 

/ 

PROP.  XVIII.'  THE  OR. 

SPHERES  have  to  one  another  the  triplicate  ratio 
of  that  which  their  diameters  have. 

Let  ABC,  DEF  be  two  fpheres  of  which  the  diameters  are 
BC,  EF.  The  fphere  ABC  has  to  the  fphere  DEF  the  tri¬ 
plicate  ratio  of  that  which  BC  has  to  EF. 

For,  if  it  has  not,  the  fphere  ABC  fhall  have  to  a  fphere  ei¬ 
ther  lefs  or  greater  than  DEF,  the  triplicate  ratio  of  that 
which  BC  has  to  EF.  Firfl,  let  it  have  that  ratio  to  a  lefs,  viz. 
to  the  fphere  GHK  ;  and  let  the  fphere  DEF  have  the  fame 
.a  17.  12.  centre  with  GHK;  and  in  the  greater  fphere  DEF  defcribe  a 


lefler  fphere  GHK  ;  and  in  the  fphere  ABC  defcribe  another 
iimilar  to  that  in  the  fphere  DEF :  Therefore  the  folid  poly¬ 
hedron  in  the  lphere  ABC  has  to  the  folid  polyhedron  in  the 
b  Cor,  17.  fphere  DEF,  the  triplicate  ratio  b  of  that  which  BC  has  to  EF. 
But  the  fphere  ABC  has  to  the  fphere  GHK,  the  triplicate  ra¬ 
tio- 
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tio  of  that  which  BC  has  to  EF ;  therefore,  as  the  fphere  ABC  Book  XII. 
to  the  fphere  GHK,  fo  is  the  laid  polyhedron  in  the  fphere  ABC 
to  the  folid  polyhedron  in  the  fphere  DEF  :  But  the  fphere 
ABC  is  greater  than  the  folid  polyhedron  in  it;  therefore  c  al-  c  14. 5. 
fo  the  fphere  GHK  is  greater  than  the  folid  polyhedron  in  the 
fphere  DEF :  But  it  is  alfo  lefs,  becaufe  it  is  contained  within 
it,  which  is  impoilible  :  Therefore  the  fphere  ABC  has  not  to 
'any  fphere  lefs  than  DEF,  the  triplicate  ratio  of  that  which 
BC  has  to  EF.  In  the  fame  manner,  it  may  be  demonflrated, 
that  the  fphere  DEF  has  not  to  any  fphere  lefs  than  ABC,  the 
triplicate  ratio  of  that  which  EF  has  to  BC.  Nor  can  the 
fphere  ABC  have  to  any  fphere  greater  than  DEF,  the  tripli¬ 
cate  ratio  of  that  which  BC  has  to  EF  :  For,  if  it  can,  let  it 
have  that  ratio  to  a  greater  fphere  LMN :  Therefore,  by  inver- 
fion,  the  fphere  LMN  has  to  the  fphere  ABC,  the  triplicate 
ratio  of  that  which  the  diameter  EF  has  to  the  diameter  BC. 

But  as  the  fphere  LMN  to  ABC,  fo  is  the  fphere  DEF  to  fome 
fphere,  which  muft  be  lefs  c  than  the  fphere  ABC,  becaufe  the 
fphere  LMN  is  greater  than  the  fphere  DEb  :  Therefore  the 
fphere  DEF  has  to  a  fphere  lefs  than  ABC  the  triplicate  ratio 
of  that  which  EF  has  to  BC  ;  which  was  fhewn  to  be  impof- 
iibb::  Therefore  the  fphere  ABC  has  not  to  any  fphere  greater 
than  DEF  the  triplicate  ratio  of  that  which  BC  has  to  EF  : 

And  it  was  demonffrated,  that  neither  has  it  that  ratio  to  any 
fphere  lefs  than  DEF.  Therefore  the  fphere  ABC  has  to  the 
fphere  DEF,  the  triplicate  ratio  of  that  which  BG  has  to  EF. 
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NOTES,  &c. 

DEFINITION  I.  BOOK  I, 

IT  is  neceffary  to  confider  a  folid,  that  is,  a  magnitude  which 
has  length,  breadth,  and  thicknefs,  in  order  to  underftand 
aright  the  definitions  of  a  point,  line,  and  fuperficies ;  for  thefe 
all  arife  from  a  folid,  and  exifi  in  it :  The  boundary,  or  boun¬ 
daries  which  contain  a  folid  are  called  fuperficies,  or  the  bounT 
dary  which  is  common  to  two  folids  which  are  contiguous,  or 
which  divides  one  folid  into  two  contiguous  parts,  is  called  a 
fuperficies  :  Thus,  if  BCGF  be  one  of  the  boundaries  which 
contain  the  folid  ABCDEFGH,  or  which  is  the  common 
boundary  of  this  folid,  and  the  folid  BKLCFNMG,  and  is  there¬ 
fore  in  the  one  as  well  as  the  other  folid,  is  called  a  fuperficies, 
and  has  no  thicknefs :  For,  if  it  have  any,  this  thicknefs  mull 
either  be  a  part  of  the  thicknefs 
of  the  folid  AG,  or  the  folid 
BM,  or  a  part  of  the  thicknefs 
of  each  of  them.  It  cannot  be  a 
part  of  the  thicknefs  of  the  folid 
BM  ;  becaufe  if  this  folid  be  re¬ 
moved  from  the  folid  AG,  the 
fuperficies  BCGF,  the  boundary 
of  the  folid  AG,  remains  ftill  the 
fame  as  it  was.  Nor  can  it  be  a  1  s 

part  of  the  thicknefs  of  the  folid  AG;  becaufe,  if  this  be  re¬ 
moved  from  the  folid  BM,  the  fuperficies  BCGF,  the  boundary 
of  the  folid  BM  does  neverthelefs  remain,  therefore  the  fuper¬ 
ficies  BCGF  has  no  thicknefs,  but  only  length  and  breadth. 

The  boundary  of  a  fuperficies  is  called  a  line,  or  a  line  is  the 
common  boundary  of  two  fuperficies  that  are  contiguous,  or 
which  divides  one  fuperficies  into  twm  contiguous  parts  :  Thus, 
if  BC  be  one  of  the  boundaries  which  contain  the  fuperficies 
ABCD,  or  which  is  the  common  boundary  of  this  fuperficies, 
and  of  the  fuperficies  KBCL  which  is  contiguous  to  it,  this 
boundary  BC  is  called  a  line,  and  has  no  breadth  :  For  if  it 
have  any,  this  mud  be  part  either  of  the  breadth  of  the  fuper¬ 
ficies  ABCD,  or  of  the  fuperficies  KBCJL  or  part  of  each  of 
them.  It  is  not  part  of  the  breadth  of  the  fuperficies  KBCL; 
for,  if  this  fuperficies  be  removed  from  the  fuperficies  ABCD, 
l  the 
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the  line  BC  which  is  the  boundary  of  the  fuperficies  ABCD 
remains  the  fame  as  it  was:  Nor  can  the  breadth  that  BC  is 
fuppofed  to  have,  be  a  part  of  the  breadth  of  the  fuperficies 
ABCD  becaufe,  if  this  be  removed  from  the  fuperficies, KBCL, 
the  line  BC  which  is  the  boundary  of  the  fuperficies  K  CL 
does  nevertherlefs  remain  :  Therefore  the  line  BC  has  no 
breadth  :  And  becaufe  the  line  BC  is  in  a  fuperficies,  and  that 
a  fuperficies  has  no  thicknefs,  as  was  fhewn  ;  therefore  a  line 
has  neither  breadth  nor  thicknefs,  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point  is  the 
common  boundary  or  extremity 
of  two  lines  that  are  conti  guous  : 

Thus,  if  B  be  the  extremity  of 
the  line  AB,  or  the  common  ex-  JTJ 
tremity  of  the  two  lines  AB,  KB, 
this  extremity  is  called  a  point, 
and  has  no  length  :  For  if  it  have 
any,  this  length  mull  either  be 
part  of  the  length  of  the  line  AB, 
or  of  the  fine  KB.  It  is  not  part 
of  the  length  of  KB  ;  for  if  the  line  KB  be  removed  from  AB, 
the  point  B  which  is  the  extremity  of  the  line  AB  remains  the 
fame  as  it  was  :  Nor  is  it  part  of  the  length  of  the  line  AB  ; 
for,  if  AB  be  removed  from  the  line  KB,  the  point  B,  which  is 
the  extremity  of  the  line  KB,  does  neverthelels  remain  :  There¬ 
fore  the  point  B  has  no  length:  And  becaufe  a  point  is  in  a  line, 
and  a  line  has  neither  breadth  nor  thicknefs,  therefore  a  point 
lias  no  length,  breadth,  nor  thicknefs.  And  in  this  manner  the 
definitions  of  a  point,  line,  and  fuperficies,  are  to  be  underliood. 
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D  E  F.  VII.  B.  I. 


Inflead  of  this  definition  as  it  is  in  the  Greek  copies,  a  more 
difiind;  one  is  given  from  a  property  of  a  plane  fuperficies, 
which  is  manifefjly  fuppofed  in  the  elements,  viz.  that  a  llraight 
line  drawn  from  any  point  in  a  plane  to  any  other  in  it,  is 
wholly  in  that  plane. 

D  E  F.  VIII.  B.  I. 

It  feems  that  he  who  made  this  definition  deligned  that  it 
Ihould  comprehend  not  only  a  plane  angle  contained  by  two 
llraight  lines,  but  likewife  the  angle  which  fome  conceive  to 
be  made  by  a  flraight  line  and  a  curve,  or  by  two  curve  lines, 
which  meet  one  anotherin  a  plane  :  But,  tho’  the  meaning  of 
i  the 
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the  words  ett*  £v$£ia$,  that  is,  in  a  ftraight  line,  or  in  the  fame  ^ook  I. 
direftion,  be  plain,  when  two  ftraight  lines  are  faid  to  be  in  a 
ftraight  line,  it  does  not  appear  what  ought  to  be  underftood 
by  thel'e  words,  when  a  ftraight  line  and  a  curve,  or  two  curve 
lines,  are.  faid  to  be  in  the  fame  direction  ;  at  leaft  it  cannot  be 
explained  in  th«  place  ;  which  makes  it  probable  that  this  de¬ 
finition,  and  that  of  the  angle  of  a  fegment,  and  what  is  faid  of 
the  angle  of  a  femicircle,  and  the  angles  of  fegments,  in  the 
16.  and  31.  propofitions  of  Book  3.  are  the  additions  of  fome 
lefs  fkilful  editor  :  On  which  accoun  efpecially  fince  they  are 
quite  ufelefs,  thefe  definitions  are  diftinguifhed  from  the  reft  by 
inverted  double  commas. 


DEF.  XVII.  B.  I. 

The  words,  “  which  alfo  divides  the  circle  into  two  equal 
parts,”  are  added  at  the  end  of  this  definition  in  all  the  copies, 
but  are  now  left  out  as  not  belonging  to  the  definition,  being 
only  a  corollary  from  it.  Proclus  demonftrates  it  by  conceiving 
one  of  the  parts  into  which  the  diameter  divides  the  circle,  to 
be  applied  to  the  other ;  for  it  is  plain  they  muft  coincide,  elfe 
the  ftraight  lines  from  the  centre  to  the  circumference  would 
not  be  all  equal  :  The  fame  thing  is  eafiiy  deduced  from  the 
31.  prop,  of  Book  3.  and  the  24.  of  the  fame  ;  from  the  firft  of 
which  it  follows  that  femicircles  are  fimilar  fegments  of  a 
circle:  And  from  the  other,  that  they  are  equal  to  one  another. 


DEF.  XXXIII.  B.  I. 


This  definition  has  one  condition  more  than  is  necefiary  ; 
becaufe  every  quadrilateral  figure  which  has  its  oppofite  fides 
equal  to  one  another,  has  likewife  its  oppofite  angles  equal ; 
and  on  the  contrary. 

Let  ABCD  be  a  quadrilateral  figure  of  which  the  oppofite 

fides  AB,  CD  are  equal  to  one  an-  a  _ _  f 

other;  as  alfo  AD  and  BC  :  Join 
BD  ;  the  two  fides  AD,  DB  are  e- 
qualtothe  twoCB,BD,  and  the  bafe 
AB  is  equal  to  the  bafe  CD ;  there¬ 
fore  by  prop.  8.  of  Book  1.  the  angle 
ADB  is  equal  to  the  angle  CBD  ;  and  by  prop.  4.  B.  1.  the 
angle  BAD  is  equal  to  the  angle  DCB,  and  ABD  to  BDC ; 
and  therefore  alio  the  angle  ADC  is  equal  to  the  angle  ABC. 

And 
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And  if  the  angle  BAD  be  equal  to  the  oppofite  angle  BCD, 
and  the  angle  ABC  to  ADC  ;  the  oppolite  fides  are  equal : 
Beeaufe,  by  prop.  32.  B.  1.  all  the  angles  of  the  quadrilateral 
figure  ABCD  are  together  equal  to 
four  right  angles,  and  the  two  angles 
BAD,  ADC  are  together  equal  to 
the  two  angles  BCD,  \BC:  Where¬ 
fore  BAD,  ADC  are  the  half  of  all 
the  four  angles  ;  that  is,  BAD  and 
ADC  are  equal  to  two  right  angles  :  And  therefore  AB,  CD 
are  parallels  by  prop.  28.  B.  1.  In  the  fame  manner  AD,  BC 
are  parallels  :  Therefore  ABCD  is  a  parallelogram,  and  its  op- 
pofiie  fides  are  equal  by  34.  prop.  B.  1. 


PROP.  VII.  B.  I. 


There  are  two  cafes  of  this  propofition,  one  of  which  is  not 
In  the  Greek  text,  but  is  as  neceffary  as  the  other  :  And  that  the 
cafe  left  out  has  been  formerly  in  the  text,  appears  plainly  from 
this,  that  the  fecond  part  of  prop.  5.  which  is  neceffary  to  the 
demonftration  of  this  cafe,  can  be  of  no  ufe  at  all  in  the  ele¬ 
ments,  or  any  where  elfe,  but  in  this  demonftration  ;  beeaufe 
the  fecond  part  of  prop,  5.  clearly  follows  from  the  firft  part, 
and  prop.  13.  B.  1.  This  part  muft  therefore  have  been  added 
to  prop.  5.  upon  account  of  fome  propofition  betwixt  the  3.  and 
13.  but  none  of  thefe  ftand  in  need  of  it  except  the  7.  propo¬ 
fition,  on  account  of  which  it  has  been  added :  Befides,  the  tranf- 
lation  from  the  Arabic  has  this  cafe  explicitly  demonftrated. 
And  Proclus  acknowledges  that  the  fecond  part  of  prop.  5. 
was  added  upon  account  of  prop.  7.  but  gives  a  ridiculous  rea- 
fon  for  it,  “  that  it  might  afford  an  anfwer  to  objections  made 
“  againft  the  7.”  as  if  the  cafe  of  the  7.  which  is  left  out,  were, 
as  he  exprefsly  makes  it,  an  obje&ion  againft:  the  propofition 
itfelf.  Whoever  is  curious  may  read  what  Proclus  fays  of  this 
in  his  commentary  on  the  5.  and  7.  propofitions  ;  for  it  is  not 
worth  while  to  relate  his  trifles  at  full  length. 

It  was  thought  proper  to  change  the  enunciation  of  this  7. 
prop,  fo  as  to  preferve  the  very  fame  meaning;  the  literal  trans¬ 
lation  from  the  Greek  being  extremely  harffi,  and  difficult  to 
be  underftood  by  beginners. 


PROP, 
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PROP.  XL  B.  I. 


Book  I. 


A  corollary  is  added  to  this  proportion,  which  is  neeeffary  t« 
Prop.  1.  B.  11.  and  otherwife. 

I 

PROP.  XX.  and  XXI.  B.  I. 

Proclus,  in  his  commentary  relates,  that  the  Epicureans  de¬ 
rided  this  propofition,  as  being  manifeft  even  to  afles,  and  need¬ 
ing  no  demonftration  ;  and  his  anfwer  is,  that  though  the  truth 
of  it  be  manifeft  to  our  fenfes,  yet  it  is  fcience  which  mid 
give  the  reafon  why  two  lides  of  a  triangle  are  greater  than 
the  third  :  But  the  right  anfwer  to  this  objection  againft  this 
and  the  21ft,  and  fome  other  plain  proportions,  is,  that  the 
number  of  axioms  ought  not  to  be  encreafed  without  fleceffity*. 
as  it  mult  be  if  thefe  proportions  be  not  demonftrated.  Monf. 
Clairault,  in  the  preface  to  his  elements  of  geometry,  publifhed 
in  French  at  Paris,  anno  1741,  fays,  That  Euclid  has  been  at 
the  pains  to  prove,  that  the  two  lides  of  a  triangle  which  is  in¬ 
cluded  within  another  are  together  lefs  than  the  two  lides  of 
the  triangle  which  includes  it ;  but  he  has  forgot  to  add  this 
condition,  viz.  that  the  triangles  mull  be  upon  the  fame  bafe  y 
becaufe,  unlefs  this  be  added,  the  lides  of  the  included  triangle 
may  be  greater  than  the  lides  of  the  triangle  which  includes  it> 
in  any  ratio  which  is  lefs  than  that  of  two  to  one,  as  Pappus 
Alexandrinus  has  demonftrated  in  Prop.  3.  B.  3.  of  his  mathe¬ 
matical  collections. 

PROP.  XXII,  B.  I. 


X/ 


Jr 


Some  authors  blame  Euclid  becaufe  he  does  not  demonftrate, 
that  the  two  circles  made  ufe  of  in  the  conftruClion  of  this 
problem  muft  cut  one  another  :  But  this  is  very  plain  from  the 
determination  he  has  given,  viz.  that  any  two  of  the  ftraight 
lines  DF,  F G,  GH  muft  be  great¬ 
er  than  the  third  :  For  who  is  fo 
dull,  tho’  only  beginning  to  learn 
the  elements,  as  not  to  perceive 
that  the  circle  defcribed  from  the 
centre  F,  at  the  diftance  FD, 
muft  meet  FH  betwixt  F  and  H, 
becaufe  FD  is  lefs  than  FH;  and 
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tlsac  f  -r  the  like  reafon, 
G,  at  the  dift an  cc  GH  or 


the  circle  defcribed  from  the  centre 
GM,.  muft  meet  DG  betwixt  D 

and 
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Book  I.  and  G  ;  shd  that  thefe  circles  mutt  meet  one  another,  becaufe 
FD  and  GHare  together  greater 
than  FG?  And  this  determina¬ 
tion  iseafiertobe  underftood  than 
that  which  Mr  Thomas  Simpfon 
derives  from  it,  and  puts  inhead 
of  Euclid’s,  in  the  49th  page  of 
his  elements  of  geometry,  that"  JM  r  O 
he  may.fupply  the  omiffion  he 

blames  Euclid  for,  which  determination  is,  that  any  of  the  three 
ftraight  lines  mu(i  be  lefs  than  the  fum,  but  greater  than  the 
difference  of  the  other  two  :  From  this  he  fhews  the  circles 
muft  meet  one  another,  in  one  cafe  :  and  fays,  that  it  may  be 
proved  after  the  fame  manner  in  any  other  cafe  :  But  the 
ftraight  line  GM  which  he  bids  take  from  GF  may  be  greater 
than  it,  as  in  the  figure  here  annexed  ;  in  which  cafe  his  de- 
monftration  muft  be  changed  into  another. 


PROP.  XXIV.  B.  I. 


To  this  is  added,  “  of  the  two  fides  DE,  DF,  let  DE  be1 
“  that  which  is  not  greater  than  the  other  that  is,  take  that 
fide  of  the  two  DE,  DF  which  is  not  greater  than  the  other,  in 
order  to  make  with  it  the  angle  EDG  | ) 
equal  to  BAG  ;  becaufe  without  this 
reftri&ion,  there  might  be  three  differ¬ 
ent  cafes  of  the  propofition,  as  Campa¬ 
ri  us  and  others  make. 

Mr  Thomas  Simpfon,  in  p.  262.  of 
the  fecond  edition  of  his  elements  of 
geometry,  printed  anno  1 760,  obferves 
in  his  notes,  that  it  ought  to  have  been  rV 
fhown,  that  the  point  F  falls  below  the 
line  EG  ;  this  probably  Euclid  omitted,  1"* 

as  it  is  very  eafy  to  perceive  that  DG  being  equal  to  DF,  the 
point  G  is  in  the  circumference  of  a  circle  deferibed  from  the 
centre  D  at  the  diftance  DF,  and  muft  be  in  that  part  of  it 
which  is  above  the  ftraight  line  EF,  becaufe  DG  falls  above 
DF,  the  angle  EDG  being  greater  than  the  angle  EDF. 


PROP.  XXIX.  B.  I. 

The  propofition  which  is  ufually  called  the  5th  poftulate,  or 
nth  axiom,  by  fome  the  1 2th, on  which  this  29th  depends,  has 

'  given 
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given  a  great  deal  to  do,,  both  to  ancient  and  modern  geome-  Book  E 
ters  :  It  feems  not  to  be  properly  placed  among  the  Axioms, 
as  indeed,  it  is  not  felf- evident  ;  but  it  may  be  demonllrated 
thus  : 

DEFINITION!. 

The  diftance  of  a  point  from  a  flraight  line,  is  the  perpendi¬ 
cular  drawn  to  it  from  the  point. 

D  E  F.  2. 

One  flraight  line  is  faid  to  go  nearer  to,  or  further  from,  an¬ 
other  llraight  line,  when  the  difiances  of  the  points  of  the  firfl 
from  the  other  flraight  line  become  lei's  or  greater  than  they 
were  ;  and  two  flraight  lines,  are  faid  to  keep  the  fame  diftance 
from  one  another,  when  the  diftance  of  the  points  of  one  of 
them  from  the  other  is  always  the  fame. 

AXIOM. 

A  flraight  line  cannot  firfl  come  nearer  to  another  flraight 
line,  and  then  go  further  from  A  •  t>  r 

it,  before  it  cuts  it ;  and,  in  like -  k' 

manner,  a  flraight  line  cannot 

go  further  from  another  flraight  _ 

line,  and  then  come  nearer  to  F  AT  '  H 

it ;  nor  can  a  flraight  line  keep 

the  fame  diftance  from  another  flraight  line,  and  then  come 
nearer  to  it,  or  go  further  from  it ;  for  a  flraight  line  keeps  al¬ 
ways  the  fame  direction. 

For  example,  the  flraight  line  ABC  cannot  firfl  come  near- 


E 


er  to  the  flraight  line  DE,  as 
from  the  point  A  to  the  point 
B,  and  then,  from  the  point  B 
to  the  point  C,  go  further  from 
the  fame  DE:  And  in  like  man¬ 
ner,  the  flraight  line  FGH  can- 
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See  the  fi¬ 
gure  above. 


not  go  further  from  DE,  as  from  F  to  G,  and  then,  from  Gto 
H,  come  nearer  to  the  fame  DE  :  And  fo  in  the  lafl  cafe,  as  in 
fig.  2. 

PROP.  I. 

Ii  two  equal  flraight  lines  AC,  BD,  be  each  at  right  angles 
to  the  fame  flraight  line  AB  :  If  the  points  C,  D  be  joined  by 
the  flraight  line  CD,  the  flraight  line  EF  drawn  from  any  poinc 
E  in  AB  unto  CD,  at  right  angles  to  AB,  fhall  be  equal  to  AC, 
or  BD. 

It  EF  be  not  equal  to  AC,  one  of  them  mufl  be  greater 
than  the  other  ;  let  AC  be  the  greater  j  then,  becaufe  FE  is 

lefs 
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^  Book  I.  ]ef3  than  C  A,  the  ftraight  line  CFD  is  nearer  to  the  ftraight 
line  AB  at  the  point  F  than  at  the 
point  C,  that  is,  CF  comes  nearer 
to  AB  from  the  point  C  to  F :  But 

becaufe  DB  is  greater  than  FE  - 

the  ftraight  line  CFD  is  further 
from  AB  at  the  point  D  than  atF, 
that  is,  FD  goes  further  from  AB 
from  F  to  D  :  Therefore  the  - 
ftraight  line  CFD  firft  comes  /n.  JA.  13 

nearer  to  the  ftraight  line  AB,  and  then  goes  further  from  it, 
before  it  cuts  it  *,  which  is  impoflible.  If  FE  be  faid  to  be 
greater  than  CA,  or  DB,  the  ftraight  line  CFD  firft  goes  fur¬ 
ther  from  the  ftraight,  line  AB,  and  then  comes  nearer  to  it  *, 
which  is  alfo  impoilible.  Therefore  FE  is  not  unequal  to  AC, 
that  is,  it  is  equal  to  it. 


F 

> 

a  4.  1. 


b  8.  1, 


PROP.  2. 

If  two  equal  ftraight  lines  AC,  BD  be  each  at  right  angles  t® 
the  fame  ftraight  line  AB  ;  the  ftraight  line  CD  which  joins 
their  extremities  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC;  and  becaufe,  in  the  triangles  CAB,  DBA, 
CA,  AB  are  equal  to  DB,  BA,  and  the  angle  CAB  equal  to 
the  angle  DBA  ;  the  bale  BG  is  equal  a  to  the  bafe  AD :  And 
in  the  triangles  ACD,  BDC,  AC,  CD  are  equal  to  BD,  DC, 
and  the  bafe  AD  is  equal  to  the  bafe 
BC  :  Therefore  the  angle  ACD  is 
equal b  to  the  angle  BDC:  From ^ 
any  point  E  in  AB  draw  EF  unto 
CD,  at  right  angles  to  AB  ;  there¬ 
fore  by  Prop.  I.  EF  is  equal  to  AC, 
or  BD  ;  wherefore,  as  has  been  juft  A 
now  ihown,the  angle  ACF  is  equal 

to  the  angle  EFG  :  In  the  fame  manner,  the  angle  BDF  is  e- 
qual  to  the  angle  EFD;  but  the  angles  ACD,  BDC  are  equal; 
therefore  the  angles  EFC  and  EFD  are  equal,  and  right 
c  10.  def.j. angles  c  ;  wherefore  alfo  the  angles  ACD,  BDC  are  right 
angles. 

Cor.  Plence,  if  two  ftraight  lines  A3,  CD  be  at  right  angles 
to  the  fame  ftraight  line  AC,  and  if  betwixt  them  a  ftraight 
line  BD  be  drawn  at  right  angles  to  either  of  them,  as  to  AB ; 
then  8D  is  equal  to  AC,  and  BOG  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  take  BG  equal  to  AC,  and 
join  CG  :  Therefore,  by  this  Proposition,  the  angle  ACG  is  a 
right  angle  ;  but  ACD  is  alfo  a  right  angle ;  wherefore  the  an¬ 
gles 
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gles  ACD,  ACG  are  equal  to  one  another,  which  is  impoftible. 
Therefore  BD  is  equal  to  AC  ;  and  by  this  proportion  BDC 
is  a  right  angle. 

PROP.  3. 

If  two  ftraight  lines  which  contain  an  angle  be  produced, 
there  may  be  found  in  either  of  them  a  point  from  which  the 
perpendicular  drawn  to  the  other  ftiali  be  greater  than  any  gi¬ 
ven  ftraight  line. 

Let  AB,  AC  be  two  ftraight  lines  which  make  an  angle  with 
one  another,  and  let  AD  be  che  given  ftraight  line ;  a  point 
may  be  found  either  in  AB  or  AC,  as  in  AC,  from  which  the 
perpendicular  drawn  to  the  other  AB  ftiall  be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  EF  perpendicular  to 
AB  ;  produce  AE  to  G,  fo  that  EG  be  equal  to  AE  ;  and 
produce  FE  to  H,  and  make  EH  equal  to  FE,  and  join  FIG. 
Becaufe,  in  the  triangles  AEF,  GEH,  AF,  EF  are  equal  to 
GE,  EH,  each  to  each,  and  contain  equal  a  angles,  the  angle  a  15- 
GHE  is  therefore  equal b  to  the  angle  AFE  which  is  a  right  an-  b  4.  1. 
gle :  Draw  GK  perpendicular  to  AB;  and  becaufe  the  ftraight 
lines  FK,  HG 


are  at  right  an-  A 
gles  t6  FH,  and 
KG  at  right  an-  J 


P 


K  B  M 


-- 

"e' 

- i  . 

H 

C 

by  Cor.  Pr.  2. 
that  is,  to  the 
double  of  FE.« 

In  the  fame  manner,  if  AG  be  produced  to  L,  fo  that  GL  be 
equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB,  then 
LM  is  double  of  GK,  and  fo  on.  In  AD  take  AN  equal  to 
FE,  and  AO  equal  to  KG,  that  is,  to  the  double  of  FE,  or 
AN;  alfo,  take  AP,  equal  to, LM,  that  is,  to  the  double  of 
KG,  or  AO  ;  and  let  this  be  done  till  the  ftraight  line  taken 
be  greater  than  AD  :  Let  this  ftraight  line  fo  taken  be  AP, 
and  becaufe  AP  is  equal  to  LM,  therefore  LM  is  greater <haa 
AD.  Which  was  to  be  done. 


PROP.  4. 

If  two  ftraight  lines  AB,  CD  make  equal  angles  EAB, 
ECD  with  another  ftraight  line  EAC  towards  the  fame  parts 
of  it  ;  AB  and  CD  are  at  right  angles  to  fome  ftraight  line. 

U  Bifect 
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a  15, 
b  4. 


I. 


c  '3-  1. 
d  14.  1. 


Bifefr  AC  in  F,  and  draw  FG  perpendicular  to  AB  ;  take 
CH  in  the  ftraight  line  CD  equal  to  AG,  and  on  the  contrary 
fide  of  AC  to  that  on  \vhich  AG  is,  and  join  FH  :  Therefore, 
in  the  triangles  AFG,  CFH,i  the  fides  FA,  AG  are  equal  to 
FC,  CH,  each  to  each,  and  the  angle 
FAG,  that  a  is  EAB  is  equal  to  the 
angle  FCH;  wherefore  b  the  angle 
AGF  is  equal  to  CHF,  and  AFG  to 
the  angle  CFH:  To  thefe  laft  add  the 
common  angle  AFH ;  therefore  the 
two  angles  AFG,  AFH  are  equal  to 
the  two  angles  CFH,  HFA,  which 
two  laft  are  equal  together  to  two  C  H 
right  angles  c,  therefore  alfo  AFG, 


D 


AFH  are  equal  to  two  right  angles,  and  confequently  d  GF 
and  FH  are  in  one  ftraight  line.  And  becaufe  AGF  is  a  right 
angle,  CHF  which  is  equal  to  it  is  alfo  a  right  angle  ;  Therefore 
the  ftraight  lines  AB,  CD  are  at  right  angles  to  GH. 


PROP.  5. 

If  two  ftraight  lines  AB,  CD  be  cut  by  a  third  ACE  fo  as 
to  make  the  interior  angles  BAC,  ACD,  on  the  fame  fide  of 
it,  together  lefs  than  two  right  angles;  AB  and  CD  being  pro¬ 
duced  fhall  meet  one  another  towards  the  parts  on  which  are 
the  two  angles  which  are  lefs  than  two  right  angles, 
a  23.  1.  At  the  point  C  in  the  ftraight  line  CE  make  a  the  angle 
ECF  equal  to  the  angle  EAB,  and  draw  to  AB  the  ftraight 
line  CG  at  right  angles  to  CF :  Then,  becaufe  the  angles  ECF, 
EAB  are  equal  to  one  an¬ 
other,  and  that  the  angles 
ECF,  FCA  are  together 
b  13.  1.  equal b  to  two  right  angles, 
the  angles  EAB,  FCA  are 
equal  to  two  right  angles. 

But  by  thehypothefis,  the 
angles  EAB, ACD  are  to¬ 
gether  lefs  than  two  right  a  ^ 

angles;  therefore  the  angle  zsL  O  VJ' 

FCA  is  greater  than 
ACD,  and  CD  falls  between  CF  and  AB  :  And  becaufe  CF 
and  CD  make  an  angle  with  one  another,  by  Prop.  3.  a  point 
may  be  found  in  either  of  them  CD,  from  which  the  perpen¬ 
dicular  drawn  to  CF  fhall  be  greater  than  the  ftraight  line  GG. 

Let 
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Let  this  point  be  H,  and  draw  HK  perpendicular  to  CF  meet-  t  Eook 
ing  AB  in  L  :  And  becaufe  AB,  CF  contain  equal  angles  with 
AC  on  the  fame  fide  of  it,  by  Prop.  4.  AB  and  CF  are  at  right 
angles  to  the  ftraight  line  MNO  which  bife£ts  AC  in  N  and  is 
perpendicular  to  CF :  Therefore  by  Cor.  Prop.  2.  CG  and  KL 
which  are  at  right  angles  to  CF  are  equal  to  one  another:  And 
HK  is  greater  than  CG,  and  therefore  is  greater  than  KL,  and 
confequently  the  point  H  is  in  KL  produced.  Wherefore  the 
ftraight  line  CDH  drawn  betwixt  the  points  C,  H  which  are  011  . 
contrary  fides  of  AL,  mult  necelTarily  cut  the  ftraight  line  AB. 

PROP.  XXXV.  B.  I. 

The  demonltration  of  this  Proportion  is  changed,  becaufe,  if 
the  method  which  is  ufed  in  it  was  followed,  there  would  be 
three  cafes  t>>  be  feparately  demonitrated,  as  is  done  in  the 
tranflation  from  the  Arabic  ;  for,  in  the  Elements,  no  cafe  of  a 
Propolition  that  requires  a  different  demonltration,  ought  to 
be  omitted.  On  this  account,  we  have  chofen  the  method 
which  Monf.  Clairault  has  given,  the  firft  of  any,  as  far  as  I 
know,  in  his  Elements,  page  21,  and  which  afterwards  Mr 
Simpfon  gives  in  his  page  32.  But  whereas  Mr  Simpfon  makes 
ufe  of  prop.  26.  B.  1.  from  which  the  equality  of  the  two 
triangles  does  not  immediately  follow,  becaufe,  to  prove  that, 
the  4  of  B.  1.  mult  likevvife  be  made  ufe  of,  as  may  be  feen 
in  the  very  fame  cafe  in  the  34.  Prop.  B.  1.  it  was  thought  bet¬ 
ter  to  make  ufe  only  of  the  4.  of  B.  1. 

PROP.  XLV,  B.  I. 

The  ftraight  line  KM  is  proved  to  be  parallel  to  FL  from 
the  33.  Prop. ;  whereas  KH  is  parallel  to  FG  by  conftruction, 
and  KHM,  FGL  have  been  demonftrated  to  be  ftraight  lines. 

A  corollary  is  added  from  Commandine,  as  being  often  ufed. 

PROP.  XIII.  B.  II. 

s  '  * 

JN  this  Propolition  only  acute  angled  triangles  are  mentioned,  Book  II, 
whereas  it  holds  true  of  every  triangle:  And  the  demon-  ' — — v-~— 
flrations  of  the  cafes  omitted  are  added  ;  Commandine  andCla- 
vius  have  likewife  given  their  demonltrations  of  thefe  cafes. 

v 

-  PROP.  XIV.  B.  II. 

In  the  demonltration  of  this,  fome  Greek  editor  has  ig¬ 
norantly  inferred  the  words,  “  but  if  net,  one  of  the  two  BE, 
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Book  II.  «  ED  is  the  greater  :  let  BE  be  the  greater,  and  produce  it  to 
'  a  F,”  as  if  it  was  of  any  confequence  whether  the  greater  or 
lefler  be  produced :  Therefore,  inftead  of  thefe  words,  there 
ought  to  be  read  only,  “  but  if  not,  produce  BE  to  F.” 

PROP.  I.  B.  III. 

Book  III.  Ot  EVER AL  authors,  efpecially  among  the  modern  mathe- 
~~v  O  maticians  and  logicians,  inveigh  too  feverely  againft  indi¬ 
ted  or  Apagogic  demonftrations,  and  fometimes  ignorantly 
enough ;  not  being  aware  that  there  are  fome  things  that  can- 
•  not  be  demonftrated  any  other  way  :  Of  this  the  prefent  pro¬ 
portion  is  a  very  clear  inftance,  as  no  direct  demonftration 
can  be  given  of  it  :  Becaufe,  befides  the  definition  of  a  circle, 
there  is  no  principle  or  property  relating  to  a  circle  antecedent 
to  this  problem,  from  which  either  a  direct  or  indireft  de¬ 
monftration  can  be  deduced  :  Wherefore  it  is  neceflary  that  the 
point  found  by  the  conftruftion  of  the  problem  be  proved  to 
be  the  centre  of  the  circle,  by  the  help  of  this  definition,  and 
fome  of  the  preceding  proportions :  And  becaufe,  in  the  de¬ 
monftration,  this  propofition  muft  be  brought  in,  viz.  ftraight 
lines  from  the  centre  of  a  circle  to  the  circumference  are  equal, 
and  that  the  point  found  by  the  conftra&ion  cannot  be  afiu- 
med  as  the  centre,  for  this  is  the  thing  to  be  demonftrated  :  it 
is  manifeft  fome  other  point  muft  be  aflumed  as  the  centre  : 
and  if  from  tins  aflumption  an  abfurdity  follows,  as  Euclid  de- 
monftrates  there  muft,  then  it  is  not  true  that  the  point  aflumed 
is  the  centre  •,  and  as  any  point  whatever  was  aflumed,  it  fol¬ 
lows  that  no  point,  except  that  found  by  the  conftru&ion,  can 
be  the  centre,  from  which  the  neceftity  of  an  indirect  demon¬ 
ftration  in  this  cafe  is  evident. 

PROP.  XIII.  B.  III. 

As  it  is  much  eafier  to.  imagine  that  two  circles  may  touch 
one  another  within  in  more  points  than  one,  upon  the  fame 
fide,  than  upon  oppofite  fides  ;  the  figure  of  that  cafe  ought 
not  to  have  been  omitted  ;  but  the  conftru&ion  in  the  Greek 
text  would  not  have  fuited  with  this  figure  fo  well,  becaufe  the 
centres  of  the  circles  muft  have  been  placed  near  to  the  cir¬ 
cumferences  :  On  which  account  another  conftruftion  and  de¬ 
monftration  is  given,  which  is  the  fame  with  the  fecond  part 
of  that  which  Campanus  has  tranflated  from  the  Arabic, 
/  where, 
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where,  without  any  reafon,  the  demonftration  is  divided  into  Book  III. 
two  parts.  v 

PROP.  XV.  B.  III. 

The  converfe  of  the  fecond  part  of  this  propolition  is  want¬ 
ing,  though  in  the  preceding,  the  converfe  is  added,  in  a  like 
cafe,  both  in  the  enunciation  and  demonftration ;  and  it  is  now 
added  in  this.  Belides,  in  the  demonftration  of  the  firft  part 
of  this  15th,  the  diameter  AD  (fee  Commandine’s  figure,  is 
proved  to  be  greater  than  the  ftraight  line  BC  by  means  of  an¬ 
other  ftraight  line  MN ;  whereas  it  may  be  better  done  with¬ 
out  it :  On  which  accounts  we  have  given  a  different  demon¬ 
ftration,  like  to  that  which  Euclid  gives  in  the  preceding  14th, 
and  to  that  which  Theodofius  gives  in  prop.  6.  B.  1.  of  his 
Spherics,  in  this  very  affair. 

PROP.  XVI.  B.  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  tranf- 
lation  literally,  but  have  given  what  is  plainly  the  meaning  of 
the  propofition,  without  mentioning  the  angle  of  the  femicircle, 
or  that  which  fome  call  the  cornicular  angle  which  they  con¬ 
ceive  to  be  made  by  the  circumference  and  the  ftraight  line 
which  is  at  right  angles  to  the  diameter,  at  its  extremity  *,  which 
angles  have  furnifhed  matter  of  great  debate  between  fome  of 
the  modern  geometers,  and  given  occafion  of  deducing  ftrange 
confequences  from  them,  which  are  quite  avoided  by  the  man¬ 
ner  in  which  we  have  expreffed  the  propolition.  And  in  like 
manner,  we  have  given  the  true  meaning  of  prop.  31.  B.  3, 
without  mentioning  the  angles  of  the  greater  or  leffer  fegments : 

Thefe  paffages,  Vieta,  with  good  reafon,  fufpe&s  to  be  adulte¬ 
rated  in  the  386th  page  of  his  Oper.  Math. 

PROP.  XX.  B.  III. 

The  firft  words  of  the  fecond  part  of  this  demonftration, 

(e  3ij  Trahiv,”  are  wrong  tranfiated  by  Mr  Briggs  and 

Dr  Gregory  “  Rurfus  inclinetur  for  the  tranflation  ought  to 
be  “  Rurfus  infle&atur,”  as  Commandine  has  it:  A  ftraight 
line  is  faid  to  be  inhered  either  to  a  ftraight,  or  curve  line, 
when  a  ftraight  line  is  drawn  to  this  line  from  a  point,  and 
from  the  point  in  which  it  meets  it,  a  ftraight  line  making 
an  angle  with  the  former  is  drawn  to  another  point,  as  is  evi¬ 
dent  from  the  90th  prop,  of  Euclid’s  Data  :  For  this  the  whole 
line  betwixt  the  firft  and  laft  points,  is  infle&ed  or  broken  at 

U  3  the 


310 


NOTES. 


Book  III. 


\ 


the  point  of  inflexion,  where  the  two  ftraight  lines  meet.  And 
in  the  like  fenfe  two  ftraight  lines  are  faid  to  be  infie&ed  from 
two  points  to  a  third  poi.it,  when  they  make  an  angle  at  this 
point ;  as  may  be  feen  in  the  defcripuon  given  by  Pappus  A- 
lexandrinus  of  Apollonius’s  Hooks  de  Locis  plains,  m  the  pre¬ 
face  to  his  7th  book:  We  have  made  the  expreffion  fuller  trom 
the  90th  Prop,  of  the  Data. 

PROP.  XXI.  B.  HI- 

There  are  two  cafes  of  this  propofition,  the  fecond  of  which, 
viz.  when  the  angles  are  in  a  tegment  not  greater  than  a  le mi- 
circle,  is  wanting  in  the  Greek  :  And  of  this  a  more  limple 
demonftration  is'  given  than  that  which  is  in  Commandine,  as 
being  derived  only  from  the  firft  cafe,  without  the  help  of  tri- 

angles. 

PROP.  XXIII.  and  XXIV.  B.  III. 

In  propofition  24.  it  is  demonftrated,  that  the  fegment  AER 
muft  coincide  with  the  legmeut  CFD,  (lee  Commandine’s  fi¬ 
gure),  and  that  it  cannot  fall  otherwife,  as  CGD,  fo  as  to  cut 
the  other  circle  in  a  third  point  G,  from  this,  that,  if  it  did,  a 
circle  could  cut  another  in  more  points  than  two:  But  this 
ouo'ht  to  have  been  proved  to  be  impoftiole  in  the  23d  Prop, 
as  well  as  that  one  of  the  fegments  cannot  fall  within  the  other  : 
This  part  then  is  left  out  in  the  24th,  and  put  in  its  proper 
place,  the  23d  Propofition. 

PROP.  XXV.  B.  III. 

This  propofition  is  divided  into  three  cafes,  of  which  two 
have  the  fame  conftruction  and  demonftration  ;  therefore  it  is 
now  divided  only  into  two  cafes. 

PROP.  XXXIII.  B.  Ill- 

This  alfo  in  the  Greek  is  divided  into  three  cafes,  of  which 
two,  viz.  one,  in  which  the  given  angle  is  acute,  and  the  other 
in  which  it  is  obtufe,  have  exaftly  the  fame  conftruclion  and  de¬ 
monftration  ;  on  which  account,  the  demonftration  of  the  laft 
cafe  is  left  out  as  quite  fuperfluous,  and  the  addition  of  fome 
unlkilful  editor;  befides  the  demonftration  of  the  cafe  when  the 
angle  given  is  a  right  angle,  is  done  a  round  about  way,  and  is 
therefore  changed  to  a  more  limple  one,  as  was  done  by  Clavius, 

'  /  PROP 
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PROP.  XXXV.  B.  III. 

As  the  25th  and  33d  proportions  ,are  divided  into  more 
cafes,  fo  this  35th  is  divided  into  fewer  cafes  than  are  neceflary. 

Nor  can  it  be  fuppofed  that  Euclid  omitted  them  becaufe  they 
are  eafy ;  as  he  has  given  the  cafe,  which  by  far  is  the  eafieft 
of  them  all j  viz.  that  in  which  both  the  ftraight  lines  pafs 
through  the  centre  :  And  in  the  following  proportion  he  fepa- 
rately  demonftrates  the  cafe  in  which  the  ftraight  line  paffes 
through  the  centre,  and  that  in  which  it  does  not  pafs  through 
the  centre  :  So  that  it  feems  Theon,  or  fome  other,  has  thought 
them  too  long  to  infert :  But  cafes  that  require  different  de- 
monftrations,  fliould  not  be  left  out  in  the  Elements,  as  was 
before  taken  notice  of :  Thefe  cafes  are  in  the  tranflation  from 
the  Arabic,  and  are  now  put  into  the  text. 

PROP.  XXXVII.  B.  III. 

At  the  end  of  this,  the  words,  “  in  the  fame  manner  it  may 
“  be  demonftrated,  if  the  centre  be  in  AC,”  are  left  out  as  the 
>■  addition  of  fome  ignorant  editor. 

DEFINITIONS  of  BOOK  IV. 

HEN  a  point  is  in  a  ftraight  line,  or  any  other  line,  this  Book  IV. 

point  is  by  the  Greek  geometers  faid  a'ET&aSou,  to  be  ’’ - * - 

upon,  or  in  that  line,  and  when  a  ftraight  line  or  circle  meets 
a  circle  any  way,  the  one  is  faid  avsTEaSou  to  meet  the  other:  But 
when  a  ftraight  line  or  circle  meets  a  circle  fo  as  not  to  cut  it, 
it  is  faid  £<pa7rTE<7$a<,  to  touch  the  circle ;  and  thefe  two  terms  > 
are  never  promifcuoufly  ufed  by  them:  Therefore,  in  the  5th 
definition  of  B.  4.  the  compound  s(pa,7ny\T<xi  muftbe  read, inftead 
of  the  fimple  anrynou  :  And  in  the  ift,  2d,  3d,  and  6th  defi¬ 
nitions  in  Commandine’s  tranflation,  “  tangit,”  muff  be  read 
inftead  of  “  contingit  :”  ,  And  in  the  2d  and  3d  definitions  of 
Book  3.  the  fame  change  muff  be  made:  But  in  the  Greek 
text  of  propofitions  nth,  12th,  13th,  18th,  19th,  Book  3.  the 
compound  verb  is  to  be  put  for  the  fimple. 

PROP.  IV.  B.  IV.  v. 

In  this,  as  alfo  in  the  8th  and  13th  propofitions  of  this  book, 

is  demonftrated  indirectly,  that  the  circle  touches  a  ftraight 
line-,  whereas  in  the  17th,  33d,  and  37th  propofitions  of  book 
3.  the  fame  thing  is  direCtly  demonftrated  :  And  this  way  we 
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Book  IV.  have  chofen  to  ufe  in  the  propofitions  of  this  book,  as  it  is 
iliorter. 


P  R  O  P.  V.  B.  IV. 

The  demonftration  of  this  has  been  fpoiled  by  fome  unlkilful 
band:  For  he  does  not  demonftrate,  as  is  neceiTary,  that  the 
two  ftraight  lines  which  bileft  the  fides  of  the  triangle  at  right 
angles  mud  meet  one  another  ;  and,  without  any  reafon,  he  di¬ 
vides  the  propofition  into  three  cafes  ;  whereas,  one  and  the 
fame  conftruCtion  and  demonftration  ferves  for  them  all,  as  Cam- 
panus  has  obferved  ;  which  ufelefs  repetitions  are  now  left  out : 
The  Greek  text  alfo  in  the  corollary  is  manifeftly  vitiated, 
where  mention  is  made  of  a  given  angle,  though  there  neither 
is,  nor  can  be  any  thing  in  the  propofition  relating  to  a  given 
angle. 


PROP.  XV.  and  XVI.  B.  IV. 


In  the  corollary  of  the  firft:  of  thefe,  the  words  equilateral 
and  equiangular  are  wanting  in  the  Greek  :  And  in  prop.  16. 
inftead  of  the  circle  ABCD,  ought  to  be  read  the  circumference 
ABCD  :  Where  mention  is  made  of  its  containing  fifteen 
equal  parts. 

D  E  F.  III.  B.  V. 


Book  V. 


MANY  of  the  modern  mathematicians  reje£t  this  defi¬ 
nition  :  The  very  learned  Dr  Barrow  has  explained  it 
at  large  at  the  end  of  his  third  le&ure  of  the  year  1666,  in 
which  alfo  he  anfwers  the  objections  made  againft  it  as  well  as 
the  fubjeCt  would  allow  :  And  at  the  end  gives  his  opinion 
upon  the  whole,  as  follows : 

“  I  (hall  only  add,  that  the  auth<?r  had,  perhaps,  no  other 
u  defign  in  making  this  definition,  than  (that  he  might  more 
“  fully  explain  and  embellifh  his  fubjeCt)  to  give  a  general 
“  and  fummary  idea  of  ratio  to  beginners,  by  premifing 
“  this  metaphyfical  definition,  *to  the  more  accurate  defini- 
“  tions  of  ratios  that  are  the  fame  to  one  another,  or  one  of 
“  w'hich  is  greater,  or  lefs  than  the  bther  :  I  call  it  a  meta- 
“  phyfical,  for  it  is  not  properly  a  mathematical  definition, 
“  fince  nothing  in  mathematics  depends  on  it,  or  is  deduced, 
nor,  as  I  judge,  can  be  deduced  from  it :  And  the  defini- 
ff  tion  of  analogy,  which  follows,  viz..  Analogy  is  the  fimi- 
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litude  of  ratios,  is  of  the  lame  kind,  and  can  ferve  for  no  Book  V. 
purpofe  in  m-nhematics,  bat  only  to  give  beginners  fome 
general,  tho’  grofs  and  confufed  notion  of  analogy :  But  the 
whole  of  the  do&rine  of  ratios,  and  the  whole  of  mathema¬ 
tics,  depend  upon  the  accurate  mathematical  definitions  which 
follows  this  :  To  thefe  we  ought  principally  to  attend, as  the 
“  doctrine  of  ratios  is  more  perfectly  explained  by  them ;  this 
third,  and  others  like  it,  maybe  entirely  fpared  without  any 
lofs  to  geometry;  as  we  fee  in  the  7th  book  of  the  elements, 
where  the  proportion  of  numbers  to  one  another  is  defined, 
and  treated  of,  yet  without  giving  any  definition  of  the  ratio 
of  numbers ;  tho*  fuch  a  definition  was  as  necefiary  and  ufe- 
ful  to  be  given  in  that  book,  as  in  this  :  But  indeed  there  is 
fcarce  any  need  of  it  in  either  of  them  :  Though  I  think  that 
a  thing  of  fo  general  and  abflraffed  a  nature,  and  thereby 
the  more  difficult  to  be  conceived  and  explained,  cannot  be 
more  commodioufly  defined  than  as  the  author  has  done  : 

Upon  which  account  1  thought  fit  to  explain  it  at  large,  and 
defend  it  againft  the  captious  obje&ions  of  thofe  who  attack 
it.”  To  this  citation  from  Dr  Barrow  I  have  nothing  to 
add,  except  that  1  fully  believe  the  3d  and  8th  definitions  are 
not  Euclid’s,  but  added  by  fome  unlkilful  editor. 
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D  E  F.  XI.  B.  V. 

It  was  necefiary  to  add  the  word  “  continual”  before  “  pro- 
“  portienals”  in  this  definition ;  and  thus  it  is  cited  in  the  33d 
prop,  of  Book  11. 

After  this  definition  ought  to  have  followed  the  definition  of 
compound  ratio,  as  this  was  the  proper  place  for  it ;  duplicate 
and  triplicate  ratio  being  fpecies  of  compound  ratio.  But  Theon 
has  made  it  the  5th  def.  of  B.  6.  where  he  gives  an  abfurd  and 
entirely  ufelefs  definition  of  confound  ratio  :  For  this  reafon 
we  have  placed  another  definition  of  it  betwixt  the  nth  and 
1 2th  of  this  book,  which,  no  doubt,  Euclid  gave  ;  for  he  cites 
it  exprefsly  in  prop.  23.  B.  6.  and  which  Clavius,  Herigon, 
and  Barrow,  have  likewife  given,  but  they  retain  alio  Theon’s, 
which  they  ought  to  have  left  out  of  the  elements. 


DEF.  XIII.  B.  V. 

This,  and  the  reft  of  the  definitions  following,  contain  the  ex¬ 
plication  of  fome  terms  which  are  ufed  in  the  5th  and  following 
books;  which,  except  a  few?  are  eafily  enough  underftood  from 

the 
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^ v  •  the  propofitions  of  this  book  where  they  are  firft  mentioned  : 
~ v  They  feem  to  have  been  added  by  Theon,  or  fome  other. 

However  it  be,  they  are  explained  fomething  more  didinclly 
for  the  fake  of  learners. 

:  '  l 

lf  PRO  P.  IV.  B.  V. 

In  the  condruction  preceding  the  demonftration  of  this, 
the  words  k  e^uxs,  any  whatever,  are  twice  wanting  in  the 
Greek,  as  alfo  in  the  Latin  trandations  j  and  are  now  added, 
as  being  wholly  neceffary. 

Ibid,  in  the  demonltration  ;  in  the  Greek,  and  in  the  Latin 
trandation  of  Commandme,  and  in  that  of  Mr  Henry  Briggs, 
which  was  publifhed  at  London  in  1620,  together  with  the 
Greek  text  of  the  fird  fix  books,  which  trandation  in  this  place 
is  followed  by  Dr  Gregory  in  his  edition  of  Euclid,  there  is  this 
fentence  following,  viz.  “  and  of  A  and  G  have  been  taken  e- 
“  quimultiples  K,  L  ;  and  of  B  and  D,  any  equimultiples 
“  whatever  (a  M,  N  which  is  not  true,  the  words 

“  any  whatever  ought  to  be  left  out :  And  it  is  ftrange  that 
neither  Mr  Briggs,  who  did  right  to  leave  out  thefe  words  in 
one  place  of  prop.  13.  of  this  book,  nor  Dr  Gregory,  who  chan¬ 
ged  them  into  the  word  “  fome”  in  three  places,  and  left  them 
out  in  a  fourth  of  that  fame  prop.  13.  did  not  alfo  leave  them 
out  in  this  place  of  prop.  4.  and  in  the  fecond  of  the  two  places 
where  they  occur  in  prop.  17.  of  this  book,  in  neither  of  which 
they  can  Itand  confident  with  truth  :  And  in  none  of  all  thefe 
places,  even  in  thofe  which  they  corre£ted  in  their  Latin  tranf- 
lation  have  they  cancelled  the  words  k  in  the  Greek  text, 
as  they  ought  to  have  done. 

The  fame  words  k  et are  found  in  four  places  of  prop.  1 1 . 
of  this  book,  in  the  lird  and  lad  of  which  they  are  necelTary, 
but  in  the  fecond  and  third,  though  they  are  true,  they  are 
quite  fuperfluous  *,  as  they  likewife  are  in  the  fecond  of  the  two 
places  in  which  they  are  found  in  the  12th  prop,  and  in  the 
like  places  of  Prep.  22.  23.  of  this  book  ;  but  are  wanting  in 
the  lad  place  of  prop.  23.  as  alfo  in  prop.  25.  Book  11. 

COR.  IV.  PROP.  B.  V. 

This  corollary  has  been  unfkil  fully  annexed  to  this  propo- 
fition,  and  has  been  made  inllead  of  the  legitimate  demon- 
dration,  which,  without  doubt,  Theon,  or  feme  other  editor, 
has  taken  away,  not  from  this,  but  from  its  proper  place  in 

this 
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this  book :  The  author  of  it  defigned  to  demondrate,  that  if 
four  magnitudes  E,  G,  F,  H,  be  proportionals,  they  are  alfo 
proportionals  inversely  ;  that  is,  G  is  to  E,  as  H  to  F  ;  which 
is  true ;  but  the  demondration  of  it  does  not  in  the  lead:  depend 
upon  this  4th  prop,  or  its  demondration  :  For,  when  he  lays, 
“  becaufe  it  is  demondr  ated  that  if  K  be  greater  than  M,  L  is 
“  greater  than  N,”  &x.  This  indeed  is  fhewn  in  the  demon¬ 
dration  of  the  4th  prop.-but  not  from  this,  that  E,  G,  F,  H  are 
proportionals  ;  for  this  lad  is  the  conclufion  of  the  propofition. 
Wherefore  thefe  words,  “  becaufe  it  is  demondrated,”  &c.  are 
wholly  foreign  to  his  defign  :  And  he  diould  have  proved,  that 
if  K  be  greater  than  M,  L  is  greater  than  N,  from  this,  that 
E,  G,  F,  H  are  proportionals,  and  from  the  5th  def.  of  this 
book,  which  he  has  not  ;  but  is  done  in  propofition  B,  which 
we  have  given  in  its  proper  place,  indead  of  this  corollary  ;  and 
another  corollary  is  placed  after  the  4th  prop,  which  is  often  of 
life  ;  and  is  necedary  to  the  demondration  of  prop.  j8.  of  this 
book 


P  R  O  P.  V.  B.  V. 


In  the  condnndion  which  precedes  the  demondration  of 
this  propofition,  it  is  required  that  EB  may  be  the  fame  mul¬ 
tiple  of  CG,  that  AE  is  of  CF  ;  that  is,  that  EB  be  divided 
into  as  many  equal  parts,  as  there  are  parts  in  AE  equal  to 
CF  :  From  which  it  is  evident,  that  this  condru&ion  is  not 
Euclid’s;  for  he  does  not  fhow  the  way  of  dividing  draight 
lines,  and  far  lefs  other  magnitudes,  into  any  number  of  equal 
parts,  until  the  9th  propofition  of  B.  6  ;  and  he  never  requires 
any  thing  to  be  done  in  the  condruftion  of  which  he  had  not 
before  given  the  method  of  doing:  For  this  rea¬ 
son,  we  have  ^changed  the  condruclion  to  one, 
which,  without  doubt,  is  Euclid’s,  in  which  no 
thing  is  required  but  to  add  a  magnitude  to  itfelf 
a  certain  number  of  times;  and  this  is  to  be  found 
in  the  tranflation  from  the  Arabic,  though  the  e- 
nunciation  of  the  propofition  and  the  demondra¬ 
tion  are  there  very  much  fpoiled.  Jacobus  Peleta- 
rius,  who  was  the  fird.  as  far  as  I  know,  who  took 
notice  of  this  error,  gives  alfo  the  right  condruc- 
tion  in  his  edition  of  Euclid,  after  he  had  given  the  other  which 
he  blames:  He  fays,  he  would  not  leave  it  out,  b  c  ufe  it  was 
^ine?  and  might  Iharpen  one’s  genius  to  invent  others  like  it ; 
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.Book  V.  whereas  there  is  not  the  leaf!  difference  between  the  two  demon- 
ftrations,  except  a  finale  word  in  the  conftru&ion,  which  very 
probably  has  been  owing  to  an  unlkilful  librarian.  Clavius  like- 
wife  gives  both  the  wajs ;  but  neither  he  nor  Peletarius  takes 
notice  of  the  reafon  why  the  one  is  preferable  to  the  other. 

PROP.  VI.  B.  V. 

There  are  two  cafes  of  this  proportion,  of  which  only  the 
firlt.  and  fimplelt  is  demonftrated  in  the  Greek  :  And  it  is  pro¬ 
bable  Theon  thought  it  was  fufficient  to  give  this  one,  lince  he 
was  to  make  life  of  neither  of  them  in  his  mutilated  edition  of 
the  y  th  l  ook  •,  and  he  might  as  well  have  left  out  the  other, 
as  alfo  the  5th  propolition,  for  the  fame  reafon  •,  The  demon- 
flration  of  the  other  cafe  is  now  added,  becaufe  both  of  them, 
as  alfo  the  fifth  propofition,  are  neceffary  to  the  demonftration 
of  the  1 8th  propolition  of  this  Book.  The  tranflation  from  the 
Arabic  gives  both  cafes  briefly. 

P  R  O  P.  A.  B.  V. 

This  propofition  is  frequently  ufed  by  geometers,  and  it  is 
neceffary  in  the  23th  prop,  of  this  book,  31ft  of  the  6th,  and 
3 4 th  of  the  nth,  and  15th  of  the  12th  book  :  It  feems  to  have 
been  taken  out  of  the  elements  by  Theon,  becaufe  it  appeared 
evident  enough  to  him,  and  others,  who  fubifitute  the  confufed 
and  indiftin£t  idea  the  vulgar  have  of  proportionals,  in  place 
of  that  accurate  idea  which  is  to  be  got  from  the  5th  def.  of 
this  book.  Nor  can  there  be  any  doubt  that  Eudoxus  or  Eu¬ 
clid  gave  it  a  place  in  the  elements,  when  we  fee  the  7th  and 
9th  of  the  fame  book  demonftrated,  tho’  they  are  quite  as  eafy 
and  evident  as  this.  Alphonfus  Borellus  takes  occafion  from 
this  propofition  to  cenfure  the  3th  definition  of  this  book  very 
feverely,  but  moft  unjuftly  :  In  p.  126.  of  his  Euclid  reftored, 
printed  at  Pifa  in  1638,  he  lays,  “  Nor  can  even  this  leaf!  de- 
“  gree  of  knowledge  be  obtained  from  the  forefaid  property,” 
viz.  that  which  is  contained  in  3th  def.  5.  “  That,  if  four 

“  magnitudes  be  proportionals,  the  third  muft  neceffarily  lie 
“  greater  than  the  fourth,  when  the  firft  is  greater  than  the 
“  lecond  :  as  Clavius  acknowledges  in  the  16th  prop,  of  the 
“  5th  bock  of  the  elements.”  But  though  Clavius  makes  no 
fuch  acknowledgment  exprefsly,  he  has  given  Borellus  a  han- 
•  die  to  fay  this  of  him  ;  becaufe  when  Clavius,  in  the  above  ci¬ 
ted  place,  cenfures  Commandine,  and  that  very  juftly,  for  de- 
monftrating  this  propofition  by  help  of  the  16th  of  the  5th  ; 
yet  he  himfelf  gives  no  demonftration  of  it,  but  thinks  it  plain 

from 
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from  the  nature  of  proportionals,  as  he  writes  in  the  end  of  the  Book  V. 
14th  and  1 6th  prop.  B.  5.  of  his  edition,  and  is  followed  by  He*-  ^  " 

rigon  in  Schol.  1.  prop.  14th  B.  5.  as  if  there  was  any  nature  of 
proportionals  antecedent  to  that  which  is  to  be  derived  and  un- 
derftood  from  the  definition  of  them  :  And  indeed,  though  it 
is  very  eafy  to  give  a  right  demonftration  of  it,  no  body,  as  far 
as  I  know,  has  given  one,  except  the  learned  Dr  Barrow,  who, 
in  anfwer  to  Borrellus’s  objection,  demonftrates  it  indirectly, 
but  very  briefly  and  clearly,  from  the  5th  definition,  in  the 
322  page  of  his  Le£t.  Mathem.  from  which  definition  it  may 
alfo  be  eafily  demonftrated  direflly  :  On  which  account  we 
have  placed  it  next  to  the  propofitions  concerning  equimultiples* 

PROP.  B.  B  O  O  K  V. 

This  alfo  is  eafily  deduced  from  the  5th  def.  B.  5*  and  there¬ 
fore  is  placed  next  to  the  other;  for  it  was  very  ignorantly 
made  a  corollary  from  the  4th  prop,  of  this  Book.  See  the 
note  on  that  corollary. 

P  R  O  P.  C.  B.  V. 


This  is  frequently  made  ufe  of  by  geometers,  and  is  necpflary 
to  the  5th  and  6th  propofitions  of  the  icth  book.  Clavius,  in 
his  notes  fubjoined  to  the  8th  def.  of  book  5.  demonllrates  it 
only  in  numbers,  by  help  of  fome  of  the  propofitions  of  the  7th 
book :  in  order  to  demonftrate  the  property  contained  in  the  5th 
definition  of  the  5th  book,  when  applied  to  numbers,  from  the 
property  of  proportionals  contained  in  the  20th  def.  of  the  7th 
book :  And  mod  of  the  commentators  judge  it  difficult  to  prove 
that  four  magnitudes  which  are  proportionals  according  to  the 
20th  def.  of  7th  book,  are  alfo  proportionals  according  to  the 
5th  def.  of  5th  book.  But  this  is  eafily  made  out,  as  follows  : 

Firft,  if  A,  B,  C,  D  be  four  mag¬ 
nitudes,  fuch  that  A  is  the  fame  mul¬ 
tiple,  or  the  fame  part  of  B,  which 
C  is  of  D  ;  A,  B,  C,  D  are  propor¬ 
tionals  :  This  is  demonftrated  in  pro- 
pofition  C. 

Secondly,  if  AB  contain  the  fame 
parts  of  CD  that  EF  does  of  GH  ;  in 
this  cafe  likewife  AB  is  to  CD,  as  EF 
to  GH. 
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^  Book  V.  Let  CK  be  a  part  of  CD,  and  GL  the  fame  part  of  GH; 
v  v  and  let  AB  be  the  fame  multiple  of 

CK,  that  EF  is  of  GL  :  Therefore,  O 
by  prop.  C.  of  5th  book,  AB  is  to 
CK,  as  EF  to  GL  :  And  CD,  GH 
are  equimultiples  of  CK,  GL  the 
fecond  and  fourth  ;  wherefore,  by 
Cor.  prop.  4.  book  5.  AB  is  to  CD, 
as  EF  to  GH. 

And  if  four  magnitudes  be  pro-  \y  Ik  Ct 

portionals  according  to  the  5th  def. 

of  book  5.  they  are  alfo  proportionals  according  to  the  2Cth 
def.  of  book  7.  * 

Fir  ft,  if  A  be  to  B,  as  C  to  D  ;  then  if  A  be  any  multiple 
or  part  of  B,  C  is  the  fame  multiple  or  part  of  D,  by  prop.  D. 
of  B  5. 

Next,  if  AB  be  to  CD,  as  EF  to  GH  ;  then  if  AB  contains 
any  parts  of  CD,  EF  contains  the  fame  parts  of  GH :  For  let 
CK  be  a  part  of  CD,  and  GL  the  fame  part  of  GH,  and  let 
AB  be  a  multiple  of  CK  :  EF  is  the  fame  multiple  of  GL ; 
Take  M  the  fame  multiple  of  GL  that  AB  is  of  CK  5  there¬ 
fore  by  prop.  C.  of  B.  5.  A  B  is  to  CK,  as  M  to  GL  ;  and  CD, 
GH  are  equimultiples  of  CK,  GL;  wherefore  by  Cor.  prop. 
4.  B.  5.  AB  is  to  CD,  as  M  to  GH.  And,  by  the  hypothefis, 
AB  is  to  CD,  as  EF  to  GH  ;  therefore  M  is  equal  to  EF  by 
prop.  9.  book  5.  and  confequently  EF  is  the  fame  multiple  of 
GL  that  AB  is  of  CK. 

PROP.  D.  B.  V. 

This  is  not  unfrequently  ufed  in  the  demonftration  of  other 
proportions,  and  isnecellary  in  that  of  prop.  9.  B.  6.  It  feerns 
Theon  has  left  it  out  for  the  reaions  mentioned  in  the  notes  at 
prop.  A.  -  * 

PROP.  VIII.  B.  V. 

In  the  demonftration  of  this,  as  it  is  now  in  the  Greek, 
there  are  two  cafes,  (fee  the  demonftration  in  Hergavius,  or 
Dr  Gregory’s  edition),  of  which  the  firft  is  that  in  which  AE 
is  lefs  than  EB  ;  and  in  this,  it  neceffarily  fellows  that  HO 
the  multiple  EB  is  greater  than  ZH  the  fame  multiple  of  AE, 
which  laft  multiple,  by  the  con  If  ruction,  is  greater  than  A  ; 
whence  alfo  HO  muft  be  greater  than  A  :  But  in  the  fecond 
cafe,  viz.  that  in  which  EB  is  lefs  than  AE,  th<>’  ZH  be  greater 
than  A,  yet  HO  may  be  lefs  than  the  fame  A  *,  fo  that  there 
cannot  be  taken  a  multiple  of  A  which  is  the  firft  that  is 

greater 


'  « 


greater  than  K  or  H@,  becaufe  A  itfelf  is  greater  than  it :  Up. 
on  this  account,  the  author  ot  this  demonftration  found  it  ne- 
ceftary  to  change  one  part  of  the  conftruftion  that  was  made 
life  of  in  the  firft  cafe  :  But  he  has,  without  any  neceffity, 
changed  alfo  another  part  of  it,  viz.  when  he  orders  to  take 
N  that  multiple  of  A  which 
is  the  firft  that  is  greater  than 
ZH;  for  he  might  have  taken 
that  multiple  of  A  which  is 
the  firft  that  is  greater  than 
H@,  or  K,  as  was  done  in  the 
firft:  cafe  :  He  likewife  brings 
in  this  K  into  the  demonftra- 
tion  of  both  cafes,  without 
any  reafon  j  for  it  ferves  to  no 
purpofe  but  to  lengthen  the 
demonftration.  There  is  alfo 
a  third  cafe,  which  is  not  mentioned  in  this  demonllration,  viz. 
that  in  which  AE  in  the  firft,  or  EB  in  the  fecond  of  the  two 
other  cafes,  is  greater  than  D  ;  and  in  this  any  equimultiples, 
as  the  doubles,  of  AE,  KB  are  to  be  taken,  as  is  done  in  this 
edition,  where  all  the  cafes  are  at  once  £demonftrated :  And  from 
this  it  is  plain  that  Theon,  or  fome  other  unfkilful  editor,  has 
vitiated  this  propofition. 

PROP.  IX.  B.  V. 

Of  this  there  is  given  a  more  explicit  demonftration  than  that 
which  is  now  in  the  elements. 

P  R  O  P.  X.  B.  V. 

It  was  neceffary  to  give  another  demonftration  of  this  pro¬ 
portion,  becaufe  that  which  is  in  the  Greek  and  Latin,  or  o- 
ther  editions,  is  not  legitimate  :  For  the  words  greater ,  the  favie 
or  equal ,  lejfer ,  have  a  quite  different  meaning  when  applied 
to  magnitudes  and  ratios,  as  is  plain  from  the  5th  and  7th  de¬ 
finitions  of  book  5.  By  the  help  of  thefe  let  us  examine  the 
demonftration  of  the  10th  prop,  which  proceeds  thus  :  “  Let  A 
“  have  to  C  a  greater  ratio,  than  B  to  G  :  I  fay  that  A  is  greater 
“  than  B.  For  if  it  is  not  greater,  it  is  either  equal,  or  lefs. 
“  But  A  cannot  be  ‘equal  to  B,  becaufe  then  each  of  them 
iJ  would  have  the  fame  ratio  to  C  ;  but  they  have  not.  There- 
“  fore  A  is  not  equal  to  B.”  The  force  of  which  reafoning  is 
this,  if  A  had  to  C  the  fame  ratio  that  B  has  to  C,  then  if 
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^Book  V.  any  equimultiples  whatever  of  A  and  B  be  taken,  and  any 
multiple  whatever  of  C  ;  if  the  multiple  of  A  be  greater  than 
the  multiple  of  C,  then,  by  thfc  5th  def.  of  book  5.  the  multiple 
of  B  is  all'o  greater  than  that  of  C  ;  but,  from  the  hypothefis 
that  A  has  a  greater  ratio  to  C,  than  B  has  to  C,  there  muft, 
by  the  7th  def.  of  book  5.  be  certain  equimultiples  of  A  and  B, 
and  fome  multiple  of  G  fuch,  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  B  is  not  greater 
than  the  fame  multiple  of  C  :  And  this  proportion  dire&ly 
contradi&s  the  preceding ;  wherefore  A  is  not  equal  to  B. 
The  demonftration  of  the  10th  prop,  goes  on  thus :  “  But  nei- 
44  ther  is  A  lefs  than  B ;  becaufe  then  A  would  have  a  lefs  ra- 
44  tio  to  C,  than  B  has  to  it :  But  it  has  not  a  lefs  ratio,  there - 
44  fore  A  is  not  lefs  than  B,”  &.c.  Here  it  is  laid  that  “  A 
44  would  have  a  lefs  ratio  to  C,  than  B  has  to  C,”  or.  which 
is  the  fame  thing,  that  B  would  have  a  greater  ratio  to  C,  than 
A  to  C  ;  that  is  by  7th  def.  book  5.  there  muft  be  fome  equi¬ 
multiples  of  B  and  A,  and  fome  muhiple  of  C,  fuch  that  the 
multiple  of  B  is  greater  than  the  multiple  of  C,  but  the  mul¬ 
tiple  of  A  is  not  greater  than  it  :  And  it  ought  to  have  been 
proved  that  this  can  never  happen  if  the  ratio  of  A  to  C  be 
greater  than  the  ratio  of  B  to  C  ;  that  is,  it  Ibould  have  been 
proved,  that,  in  this  cafe,  the  multiple  of  A  is  always  greater 
than  the  multiple  of  C,  whenever  the  multiple  of  B  is  greater 
than  the  multiple  of  C  ;  for,  when  this  is  demonftrated,  it  will 
be  evident  that  B  cannot  have  a  greater  ratio  to  C,  than  A  has 
to  C,  or,  which  is  the  fame  thing,  that  A  cannot  have  a  lefs  ra¬ 
tio  to  C,  than  B  has  to  C  :  But  this  is  not  at  all  proved  in 
the  icth  proportion  :  but  if  the  10th  were  once  demonftrated, 
it  would  immediately  follow  from  it,  but  cannot  without  it  be 
eaftly  demonftrated,  as  he  that  tri,es  to  do  it  will  find.  Where¬ 
fore  the  10th  propofition  is  not  fufficiently  demonftrated.  And 
it  feems  that  he  who  has  given  the  demonftration  of  the  10th 
propofition  as  we  now  have  it,  inllead  of  that  which  Eudoxus 
or  Euclid  had  given,  has  been  deceived  in  applying  what  is 
manifeft,  when  underftood  of  magnitudes,  unto  ratios,  viz.  that 
a  magnitude  cannot  be  both  greater  and  lefs  than  another. 
That  thofe  things  which  are  equal  to  the  fame  are  equal  to 
one  another,  is  a  moll  evident  axiom  when  underftood  of 
magnitudes  ;  yet  Euclid  does  not  make  ufe  of  it  to  infer  that 
thole  ratios  which  are  the  fame  to  the  fame  ratio,  are  the  fame 
to  one  another  ;  but  explicitly  demonftrates  this  in  prop.  it. 
of  book  5.  The  demonftration  we  have  given  of  the  icth  prop. 
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If  A  have  to  C  a 


is  no  doubt  the  fame  with  that  of  Eudoxus  or  Euclid,  as  it  is  Book  v* 
immediately  and  dire&ly  derived  from  the  definition  of  a 
greater’  ratio,  viz.  the  7  of  the  5. 

The  above  mentioned  propofition,  viz. 
greater  ratio  than  B  to  C;  and  if  of  A 
and  B  there  be  taken  certain  equimulti- 
plies,  and  fome  multiple  of  C  ;  then  if  the 
multiple  of  B  be  greater  than  the  multiple 
of  C,  the  multiple  of  A  is  alfo  greater 
than  the  fame,  is  thus  demonftrated.  A. 

Let  D,  E  be  equimultiples  of  A,  B,  and 
F  a  multiple  of  C,  fuch,  that  E  the  mul¬ 
tiple  of  B  is  greater  than  F ;  D  the  mul¬ 
tiple  of  A  is  alfo  greater  than  Fj. 

Becaufe  A  has  a  greater  ratio  to  C,  than 
B  to  C,  A  is  greater  than  B,  by  the  icth 
prop.  B.  5.  therefore  D  the  multiple  of  A 
is  greater  than  E  the  fame  multiple  of  B: 

And  E  is  greater  than  F  ;  much  more 
therefore  D  is  greater  than  F. 


c 

F 


B 

E 


C 
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PROP.  XIII.  B.  V. 

% 

In  Commandine’s,  Briggs’s,  and  Gregory’s  tranfiations,  at  the 
beginning  of  this  demonftration,  it  is  faid,  “  And  the  multi- 
44  pie  of  C  is  greater  than  the  multiple  of  D  ;  but  the  multi- 
44  pie  cf  E  is  not  greater  than  the  multiple  of  F  which 
words  are  a  literal  tranflation  from  the  Greek  :  But  the  fenfe 
evidently  requires  that  it  be  read,  “  fo  that  the  multiple  of  C 
44  be  greater  than  the  multiple  of  D  ;  but  the  multiple  of  E  be 
44  not  greater  than  the  multiple  of  F.”  And  thus  this  place 
Was  reftored  to  the  true  reading  in  the  firft  editions  of  Com- 
mandine’s  Euclid,  printed  in  8vo  at  Oxford  ;  but  in  the  latter 
editions,!  at  leaf!  in  that  of  1747,  the  error  of  the  Greek  text 
was  kept  in. 

There  is  a  corollary  added  to  prop.  13.  as  it  is  neceftary  to 
the  20th  and  2  ift  prop,  of  this  book,  and  is  as  ufeful  as  the 
propofition. 


PROP.  XIV.  B.  V. 

The  two  cafes  of  this,  which  are  not  in  the  Greek,  are  add¬ 
ed  ;  the  demonftration  of  them  not  being  exactly  the  fame  with 
that  of  the  firft  cafe. 


X 


PROP. 
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Book  V. 


PROP.  XVII.  B.  V. 

The  order  of  the  words  in  a  claufe  of  this  is  changed  to  one 
more  natural :  'As  was  alfo  done  in  prop.  I. 


PROP.  XVIII.  B.  V. 

The  demonfiration  of  this  is  none  of  Euclid’s,  nor  is  it  legi¬ 
timate  ;  for  it  depends  upon  this  hypothecs,  that  to  any  three 
magnitudes,  two  of  which,  at  lead,  are  of  the  fame  kind, 
there  may  be  a  fourth  proportional :  which,  if  not  proved,  the 
demonfiration  now  in  the  text  is  of  no  force  :  But  this  is  af- 
fumed  without  any  proof ;  nor  can  it,  as  far  as  I  am  able  to 
difcern,  be  demoniirated  by  the  proportions  preceding  this  : 
fo  far  is  it  from  deferving  to  foe  reckoned  an  axiom,  as  Cla- 
vius,  after  other  commentators,'  would  have  it,  at  the  end  of 
the  definitions  of  the  5th  book.  Euclid  does  not  demonftrate 
it,  nor  does  he  Ihew  how  to  find  the  fourth  proportional,  be¬ 
fore  the  1 2th  prop,  of  the  6th  book  :  And  he  never  aflumes 
any  thing  in  the  demonfiration  of  a  propofition,  which  he  had 
not  before  demoniirated  ;  at  leall,  he  afiumes  nothing  the  exig¬ 
ence  of  which  is  not  evidently  pofiible;  for  a  certain  conclufion 
ccm  never  be  deduced  by  the  means  of  an  uncertain  propofition : 
Upon  this  account,  we  have  given  a  legitimate  demonfiration 
of  this  propofition  inftead  of  that  in  the  Greek  and  other  e- 
ditions,  which  very  probably  Theon,  at  leaft  fome  other,  has 
put  in  the  place  of  Euclid’s,  becaufe  he  throught  it  too  prolix  : 
And  as  the  27th  prop,  of  which  this  18th  is  the  converfe,  is 
demoniirated  by  help  of  the  ill  and  2d  propofitions  of  this 
book;  fo,  in  the  demonfiration  now  given  of  the  18th,  the  5th 
prop,  and  both  cafes  of  the  6th  are  neceflary,  and  thefe  two 
propofitions  are  the  converfes  of  the  ill  and  2d.  Now  the  5th 
and  6th  do  not  enter  into  the  demonfiration  of  any  propofition 
in  this  book  as  we  now  have  it :  Nor  can  they  be  of  ufe  in  any 
propofition  of  the  Elements,  except  in' this  18th,  and  this  is  k 
manifeft  proof,  that  Euclid  made  ufe  of  them  in  his  demon¬ 
firation  of  it,  and  that  the  demonfiration  now  given,  which  is 
cxaftly  the  converfe  of  that  of  the  17th,  as  it  ought  to  be,  dif¬ 
fers  nothing  from  that  of  Eudoxus  or  Euclid  :  For  the  5th  and 
6th  have  undoubtedly  been  put  into  the  5th  book  for  the  fake 
of  fome  propofitions  in  it,  as  all  the  other  propofitions  about 
equimultiples  have  been. 

Hieronymus  Saccherius,  in  his  book  named  “  Euclides  ab 
“  omni  naevo  vindicatus,”  printed  at  Milan  ann.  1733,  *n  4t0> 

acknowledges- 
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acknowledges  this  blemifh  in  the  demonftration  of  the  18th,  Book  V. 
and  that  he  may  remove  it,  and  render  the  demonftration  we 
now  have  of  it  legitimate,  he  endeavours  to  demonftrate  the 
following  propofition,  which  is  in  page  115  of  his  book,  viz. 

44  Let  A,  B,  C,  D  be  four  magnitudes,  of  which  the  two 
44  firft  are  of  the  one  kind,  and  alfo  the  two  others  either  of  the 
44  fame  kind  with  the  two  firft,  or  of  fome  other  the  fame 
44  kind  with  one  another.  I  fay  the  ratio  of  the  third  C  to  the 
44  fourth  D,  is  either  equal  to,  or  greater,  or  lefs  than  the  ratio 
44  of  the  firft  A  to  the  fecond  B.” 

And  after  two  propofitions  premifed  as  Lemmas,  he  proceeds 
thus  : 

44  Either  among  all  the  poflible  equimultiples  of  the  firft 
A,  and  of  the  third  C,  and,  at  the  fame  time,  among  all 
the  poftible  equimultiples  of  the  fecond  B,  and  of  the 
fourth  D,  there  can  be  found  fome  one  multiple  EF  of  the 
firft  A,  and  one  IK  of  the  fecond  B,  that  are  equal  to  one 
44  another;  and  alfo  (in  the  fame  cafe)  fome  one  multiple 
64  GH  of  the  third  C  equal  to  LM  the  multiple  of  the  fourth 
“  D,  or  fuch  equality  is  no  where  to  be  found.  If  the  firft 
“  cafe  happen,  &  ^ 

“  [i.  e.  if  fuch  -  E - r 
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B,  as  G  to  D  ;  but  if  fuch  fimultaneous  equality  be  not  to  be 
found  upon  both  fides,  it  will  be  found  either  upon  one 
fide,  as  upon  the  fide  of  A  [and  B  ;]  or  it  will  be  found 
upon  neither  fide;  if  the  firft  happen  ;  therefore  (from 
Euclid’s  definition  of  greater  and  lefTer  ratio  foregoing) 
A  has  to  B,  a  greater  or  lefs  ratio  than  C  to  D  ;  accord¬ 
ing  as  GH  the  multiple  of  the  third  C  is  lefs,  or  greater 
than  LM  the  multiple  of  the  fourth  D  :  But  if  the  fecond 
cafe  happen  ;  therefore  upon  the  one  fide,  as  upon  the  fide 
of  A  the  firft  and  B  the  fecond,  it  may  happen  that  the 
multiple  EF,  [viz.  of  the  firft]  may  be  lefs  than  IK  the 
multiple  of  the  fecond,  while  on  the  contrary,  upon  the  o- 
ther  fide,  [viz.  of  C  and  D]  the  multiple  GH  [of  the  third 
C]  is  greater  than  the  other  multiple  LM  [of  the  fourth 
H  :]  And  then  (from  the  fame  definition  of  Euclid)  the  ra- 

X  2  44  tio 
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Book  V.  «  tio  0f  the  firft  A  to  the  fecond  B,  is  lefs  than  the  ratio  of  the 
v  *  “  third  C  to  the  fourth  D  ;  or  on  the  contrary. 

“  Therefore  the  axiom  [i.  e.the  propolition  before  fet  down], 
“  remains  demonftrated,  ’  &c. 

Not  in  the  leaft  ;  but  it  remains  ftill  undemonftrated :  For 
what  he  fays  may  happen,  may,  in  innumerable  cafes,  never 
happen;  and  therefore  his  demonftration  does  not  hold:  For 
example,  if  A  be  the  fide,  and  B  the  diameter  of  a  fquare  ; 
and  C  the  fide,  and  D  the  diameter  of  another  fquare ;  there 
can  in  no  cafe  be  any  multiple  of  A  equal  to  any  of  B  ;  nor 
any  one  of  G  equal  to  one  of  D,  as  is  well  known  ;  and  yet 
it  can  never  happen  that  when  any  multiple  of  A  is  greater 
than  a  multiple  of  B,  the  multiple  of  C  can  be  lefs  than  the 
multiple  of  D,  nor  when  the  multiple  of  A  is  lefs  than  that  of 
B,  the  multiple  of  C  can  be  greater  than  that  of  D,  viz.  taking 
equimultiples  of  A  and  C,  and  equimultiples  of  B  and  D  :  For 
A,  B,  C,  D  are  proportionals  ;  and  fo  if  the  multiple  of  A  be 
greater,  & c.  than  that  of  B,  fo  muft  that  of  C  be  greater,  &.c. 
than  that  of  D  ;  by  5th  Def.  b.  5.  < 

The  fame  objection  -holds  good  againft  the  demonftration 
which  fome  give  of  the  ift  prop,  of  the  6th  book,  which  we 
have  made  againft  this  of  the  18th  prop,  becaufe  it  depends 
upon  the  fame  infufticient  foundation  with  the  other. 

PROP.  XIX.  B.  V. 

A  corollary  is  added  to  this,  which  is  as  frequently  ufed  as 
the  propolition  itfelf.  The  corollary  which  is  fubjoined  to  it 
in  the  Greek,  plainly  ftiews  that  the  5th  book  has  been  vitiated 
by  editors  who  were  not  geometers  :  For  the  converfion  of  ra¬ 
tios  does  not  depend  upon  this  19th,  and  the  demonftration 
which  feveral  of  the  commentators  on  Euclid  give  of  conver¬ 
fion  is  not  legitimate,  as  Clavius  has  rightly  obferved,  who 
has  given  a  good  demonftration  of  it  which  we  have  put  in  pro- 
pofition  E  ;  but  he  makes  it  a  corollary  from  the  19th,  and  be¬ 
gins  it  with  the  words,  “  Hence  it  eafily  follows,”  though  it 
does  not  at  all  follow  from  it. 

PROP.  XX.  XXI.  XXII.  XXIII.  XXIV.  B.  V. 

The  demonftrations  of  the  20th  and  21ft  propofitions,  are 
fhorter  than  thofe  Euclid  gives  of  eafier  propofitions,  either 
in  the  preceding,  or  following  books  :  Wherefore  it  was  pro¬ 
per  to  make  them  more  explicit,  and  the  2 2d  and  23d  propo¬ 
fitions  are,  as  they  ought  to  be,  extended  to  any  number  of 

magnitudes : 


.  NOTES. 

• 

magnitudes :  And,  in  like  manner,  may  the  24th  be, as  is  taken 
notice  of  in  a  corollary  ;  and  another  corollary  is  added,  as  ufe- 
ful  as  the  proportion,  and  the  words,  “  any  whatever”,are  fup- 
plied  near  the  end  of  prop  23.  which  are  wanting  in  the  Greek 
text,  and  the  translations  from  it. 

In  a  paper  writ  by  Philippus  Naudseus,  and  publifhed  after 
his  death,  in  the  hillory  of  the  Royal  Academy  of  Sciences  of 
Berlin,  anno  1745,  page  5Q.  the  23d  prop,  of  the  5th  book,  is 
cenfured  as  being  obfcurely  enunciated,  and,  becaufe  of  this, 
prolixly  demonftrated  :  The  enunciation  there  given  is  not  Eu¬ 
clid’s  but  Tacquet’s,  as  he  acknowledges,  which,  though  not  fo 
well  exprefTed,  is,  upon  the  matter,  the  fame  with  that  which 
is  now  in  the  Elements.  Nor  is  there  any  thing  obfcure  in  it 
though  the  author  of  the  paper  has  fet  down  the  proportionals 
in  a  difadvantageous  order,  by  which  it  appears  to  be  obfcure: 
But  no  doubt,  Euclid  enunciated  this  23d,  as  well  as  the  22d, 
fo  as  to  extend  it  to  any  number  of  magnitudes,  which,  taken 
two  and  two,  are  proportionals,  and  not  of  fix  only  ;  and  to 
this  general  cafe,  the  enunciation  which  Naudaeus  gives,  can¬ 
not  be  well  applied. 

The  demonllration  which  is  given  of  this  23d,  in  that  paper, 
is  quite  wrong  ;  becaufe,  if  the  proportional  magnitudes  be 
plane  or  folid  figures,  there  can  no  re&angie  (which  he  impro¬ 
perly  calls  a  produEf)  be  conceived  to  be  made  by  any  two  of 
them :  And  if  it  fhould  be  faid,  that  in  this  cafe  ffraight  lines 
are  to  be  taken  which  are  proportional  to  the  figures,  the  de- 
monflration  would  this  way  become  much  longer  than  Euclid’s : 
But,  even  though  his  demonllration  had  been  right,  who  does 
not  fee  that  it  could  not  be  made  ufe  of  in  the  uh  book  ? 

PROP.  F,  G,  H,  K.  B.  V. 

Thefe  proportions  are  annexed  to  the  5th  book, becaufe  they 
are  frequently  made  ufe  of  by  both  ancient  and  modern  geo¬ 
meters  :  And  in  many  cafes,  compound  ratios  cannot  be  brought 
into  demonflration,  without  making  ufe  of  them. 

Whoever  defires  to  fee  the  dodtrine  of  ratios  delivered  in  this 
5th  book  folidly  defended,  and  the  arguments  brought  againft 
it  by  And.  Tacquet,  Alph.  Borellus,  and  others,  fully  refuted, 
may  read  Dr  Barrow’s  mathematical  lectures,  viz.  the  7th  and 
8th  of  the  year  1666. 

The  5th  book  being  thus  corrected,  I  mod  readily  agree  to 
what  the  learned  Dr  Barrow  fays*,  “  That  there  is  nothing 

X  3  “  in 

*  Page  336. 
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Bo°k  v “  in  the  whole  body  of  the  elements  of  a  more  fubtile  inveri- 
“  tion,  nothing  more  folidly  eftablilhed,  and  more  accurately 
“  handled  than  the  doCtrine  of  proportionals.”  And  there  is 
fome  ground  to  hope,  that  geometers  will  think  that  this  could 
not  have  been  laid  with  as  good  reafon,  fince  Theon’s  time  till 
the  prefent. 


D  E  F.  II.  and  V.  of  B.  VI. 


Book  VI. 


THE  2d  definition  does  not  feem  to  be  Euclid’s,  but  fome 
unlkilful  editor’s  :  For  there  is  no  mention  made  bv  Eu- 
did,  nor,  as  far  as  I  know,  by  any  other  geometer,  of  recipro¬ 
cal  figures  :  It  is  obfcurely  expreffed,  which  made  it  proper  to 
render  it  more  diftinCt  :  It  would  be  better  to  put  the  foliow- 
ing  definition  in  place  of  it,  viz. 


DEF.  II. 


Two  magnitudes  are  faid  to  be  reciprocally  proportional  to 
two  others,  when  one  of  the  firfi  is  to  one  of  the  other  magni¬ 
tudes,  as  the  remaining  one  of  the  laft  two  is  to  the  remaining 
one  of  the  firfi. 

But  the  5th  definition,  which,  fince  Theon’s  time,  has  been 
kept  in  the  elements,  to  the  great  detriment  of  learners,  is  now 
juftly  thrown  out  of  them,  for  the  reafon  given  in  the  notes  on 
the  23d  prop,  of  this  book. 

PROP.  I.  and  II.  B.  VI. 


To  the  firfi:  of  thefe  a  corollary  is  added,  which  is  often  ufed’ 
And  the  enunciation  of  the  fecond  is  made  more  general. 


PROP.  III.  B.  VI. 

A  fecond  cafe  of  this,  as  ufeful  as  the  firfi,  is  given  in  prop. 
A  ;  viz.  the  cafe  in  which  the  exterior  angle  of  a  triangle  is  bi- 
fe&ed  by  a  ftraight  line  :  The  demonftration  of  it  is  very  like 
to  that  of  the  firfi  cafe,  and  upon  this  account  may,  probably, 
have  been  left  out,  as  alfo  the  enunciation,  by  fome  unlkilful 
editor.  At  leafi,  it  is  certain,  that  Pappus  makes  ufe  of  this 
cafe,  as  an  elementary  propofition,  without  a  demonftration  of 
it,  in  prop.  39.  of  his  7th  book  of  Mathematical  Collections. 
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PROP.  VII.  B.  VI. 

To  this  a  cafe  is  added  which  occurs  not  unfrequently  in 
demonllration. 

PROP.  VIII.  B.  VI. 

It  Teems  plain  that  Tome  editor  has  changed  the  demonllra¬ 
tion  that  Euclid  gave  of  this  propolition  :  For,  after  he  has  de- 
monftrated,  that  the  triangles  are  equiangular  to  one  another., 
he  particularly  Ihews  that  their  lides  about  the  equal  angles 
are  proportionals,  as  if  this  had  not  been  done  in  the  demon- 
flration  of  the  4th  prop,  of  this  book  :  this  fuperfluous  part  is 
not  found  in  the  tranllation  from  the  Arabic,  and  is  now  left 
out. 

PROP.  IX.  B.  VI. 

This  is  demonflrated  in  a  particular  cafe,  viz.  that  in  which 
the  third  part  of  a  flraight  line  is  required  to  be  be  cut  off;  which 
is  not  at  all  like  Euclid’s  manner  :  Befides,  the  author  of  the 
demonllration,  from  four  magnitudes  being  proportionals,  con¬ 
cludes  that  the  third  of  them  is  the  fame  multiple  of  the  fourth, 
which  the  firft  is  of  the  fecond  ;  now,  this  is  no  where  demon¬ 
flrated  in  the  5th  book,  as  we  now  have  it  :  But  the  editor  af- 
fumes  it  from  the  confufed  notion  which  the  vulgar  have  of 
proportionals  :  On  this  account  it  was  neceffary  to  give  a  gene¬ 
ral  and  legitimate  demonllration  of  this  proportion. 

PRO  P.  XVIII.  B.  VI. 

The  demonllration  of  this  feems  to  be  vitiated  :  For  the  pro¬ 
polition  is  demonflrated  only  in  the  cafe  of  quadrilateral  fi¬ 
gures,  without  mentioning  how  it  may  be  extended  to  figures 
of  five  or  more  lides  :  Befides,  from  two  triangles  being  equi¬ 
angular,  it  is  inferred,  that  a  fide  of  the  one  is  to  the  homolo¬ 
gous  fide  of  the  ether,  as  another  fide  of  the  firlt  is  to  the 
fide  homologous  to  it  of  the  other,  without  permutation  of  the 
proportionals ;  which  is  contrary  to  Euclid’s  manner,  as  is 
clear  from  the  next  propofition  :  And  the  fame  fault  occurs 
again  in  the  conclufion,  where  the  lides  about  the  equal  angles 
are  not  lliewn  to  be  proportionals,  by  reafon  of  again  neglect¬ 
ing  permutation.  On  thefe  accounts,  a  demonllration  is  given 
in  Euclid’s  manner,  like  to  that  he  makes  ufe  of  in  the  20th 
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Book  VI.  prop,  of  this  book  ;  and  it  is  extended  to  five-fided  figures,  by 
which  it  may  be  feen  how  to  extend  it  to  figures  of  any  num¬ 
ber  of  fides. 


PROP.  XXIII.  B.  VI. 

Nothing  is  ufually  reckoned  more  difficult  in  the  elements 
of  geometry  by  learners,  than  the  dodlrine  of  compound  ra¬ 
tio,  which  Theon  has  rendered  abfurd  and  ungeqmetrical,  by 
fubftituting  the  5th  definition  of  the  6th  book  in  place  of  the 
right  definition,  w7hich  without  doubt  Eudoxus  or  Euclid  gave, 
in  its  proper  place,  after  the  definition  of  triplicate  ratio, 
&c.  in  the  5th  book.  Theon ’s  definition  is  this  a  ratio  is 
faid  to  be  compounded  of  ratios  orav  ‘ai  r ccv  ?.oryoov  7ry>>tK0TW£$  e(J>' 
zcturccg  TrcKKaTTKaaiajSsio'ou  'ujoiacn  jtva  :  Which  Cornmandine  thus 
tranflates  :  “  quando  rationum  quantitates  inter  fe  multi- 
“  plicatae  aliquam  efficiunt  ratiohem that  is,  when  the 
quantities  of  the  ratios  being  multiplied  by  one  another  make 
a  certain  ratio.  Dr  Wallis  tranflates  the  word  TnihiKornTEs  “  ra- 
“  tionem  exponentes,”  the  exponents  of  the  ratios  :  And  Dr 
Gregory  renders  the  laft  words  of  the  definition  by  “  illius  fa- 
“  cit  quantitatem,”  makes  the  quantity  of  that  ratio  :  But  in 
whatever  fenfe  the  “  quantities/’  or  “  exponents  of  the  ra- 
“  tios,”  and  their  “  multiplication”  be  taken,  the  definition 
wrill  be  ungeometrical  and  ufelefs  :  For  there  can  be  no  multi¬ 
plication  but  by  a  number :  Now  the  quantity  or  exponent  of 
a  ratio  (according  to  Eutocbips  in  his  comment,  on  prop.  4. 
book  2.  of  Arch,  de  Sph.  et  Cyl.  and  the  moderns  explain  that 
term)  is  the  number  which  multiplied  into  the  confequent  term 
of  a  ratio  produces  the  antecedent,  or,  which  is  the  fame  thing, 
the  number  which  arifes  by  dividing  the  antecedent  by  the  con¬ 
fequent  ;  but  there  are  many  ratios  fuch,  that  no  number  can 
arife  frofii  the  divifion  of  the  antecedent  by  the  confequent ; 
ex.  gr.  the  ratio  of  which  the  diameter  of  a  fquare  has  to  the 
fide  of  it  ;  and  the  ratio  which  the  circumference  of  a  circle  has 
to  its  diameter,  and  fuch  like.  Befides,  that  there  is  not  the 
lead  mention  made  of  this  definition  in  the  writings  of  Eu¬ 
clid,  Archimedes,  Apollonius,  or  other  ancients,  tho’  they  fre¬ 
quently  make  ufe  of  compound  ratio:  And  in  this  23d  prop, 
of  the  6th  book,  where  compound  ratio  is  firfl:  mentioned,  there 
is  not  one  word  which  can  relate  tp  this  definition,  though 
here,  if  in  any  place,  it  was  necelfary  to  be  brought  in  *,  but 
the  right  definition  is  exprefsly  cited  in  thefe  words  :  “  But  the 
“  ratio  of  K  to  M  is  compounded  of  the  ratio  of  K  to  L, 
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<l  and  of  the  ratio  of  L  to  M.”  This  definition  therefore  of  Book  VI. 
Theon  is  quite  ufelefs  and  abfurd  :  For  that  Theon  brought  it  '  v 
into  the  elements  can  fcarce  be  doubted  ;  as  it  is  to  be  found 
in  his  commentary  upon  Ptolemy’s  M ‘eyatai  Xuvrctfa,  page  62. 
where  he  alfo  gives  a  childifh  explication  of  it,  as  agreeing 
only  to  fuch  ratios  as  can  be  expreffed  by  numbers ;  and  from 
this  place  the  definition  and  explication  have  been  exa&ly  co¬ 
pied  and  prefixed  to  the  definitions  of  the  6th  book,  as  ap¬ 
pears  from  Hervagius’s  edition  :  ButZambertus  and  Comman- 
dine,  in  their  Latin  tranflations,  fubjoin  the  fame  to  thefe  de- 
-finitionsi  Neither  Campanus,  nor,  as  it  feems,  the  Arabic 
manufcripts,  from  which  he  made  his  tranflation,  have  this 
definition.  Clavius,  in  his  obfervations  upon  it,  rightly  judges 
that  the  definition  of  compound  ratio  might  have  been  made 
after  the  fame  manner  in  which  the  definitions  of  duplicate 
and  triplicate  ratio  are  given,  viz.  “  That  as  in  feveral  magni- 
s<  tudes  that  are  continual  proportionals,  Euclid  named  the 
4<  ratio  of  the  firfl  to  the  third,  the  duplicate  ratio  of  the 
u  firft:  to  the  fecond  j  and  the  ratio  of  the  firft:  to  the  fourth, 
u  the  triplicate  ratio  of  the  firft  to  the  fecond,  that  is,  the 
“  ratio  compounded  of  two  or  three  intermediate  ratios  that 
,a  are  equal  to  one  another,  and  fo  on  fo,  in  like  manner,  if 
6t  there  be  feveral  magnitudes  of  the  fame  kind,  following  one 
“  another,  which  are  not  continual  proportionals,  the  firft  is 
4‘  faid  to  have  to  the  laft  the  ratio  compounded  of  all  the  inter- 

“  mediate  ratios,- - only  for  this  reafon,  that  thefe  inter- 

“  mediate  ratios  are  interpofed  betwixt  the  two  extremes,  viz. 

“  the  firft  and  laft  magnitudes  ;  even  as,  in  the  10th  definition 
“  of  the  5th  book,  the  ratio  of  the  firft  to  the  third  was  called 
the  duplicate  ratio,  merely  upon  account  of  two  ratios  be- 
g  ing  interpofed  betwixt  the  extremes,  that  are  equal  to  one 
another :  So  that  there  is  no  difference  betwixt  this  com- 
c<  pounding  of  ratios,  ana1  the  duplication  or  triplication  of 
them  which  are  defined  in  the  5th  book,  but  that  in  the  du- 
“  plication,  triplication,  &c.  of  ratios,  all  the  interpofed  ratios 
“  are  equal  to  one  another ;  whereas,  in  the  compounding  of 
u  ratios,  it  is  not  neceffary  tha  t  the  intermediate  ratios  fhould 
“  be  equal  to  one  another.”  Alfo  Mr  Edmund  Scarburgh, 
in  his  Englifh  tranflation  of  th  e  firft  fix  books,  page  238. 

266.  exprefsly  affirms,  that  the  j;t  h  definition  of  the  6th  book, 
is  fuppofitious,  and  that  the  true  cfefinition  of  compound  ratio 
is  contained  in  the  icth  definitiprt  of  the  5th  book,  viz.  the 
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Book  VI.  definition  of  duplicate  ratio,  or  to  be  underftood  from  it,  to 
wit,  in  the  fame  manner  as  Clavius  has  explained  it  in  the  pre¬ 
ceding  citation.  Yet  thefe,  and  the  red  of  the  moderns,  do 
notwithftanding  retain  this  5th  def.  of  the  6th  book,  and  illu- 
drate  and  explain  it  by  long  commentaries,  when  they  ought 
rather  to  have  taken  it  quite  away  from  the  elements. 

For,  by  comparing  def.  5.  book  6.  with  prop.  5.  book  8. 
it  will  clearly  appear  that  this  definition  has  been  put  into  the 
elements  in  place  of  the  right  one  which  has  been  taken  out 
of  them :  becaufe,  in  prop.  5.  book  8.  it  is  demondrated  that 
the  plane  number  of  which  the  fides  are  C,  D  has  to  the  plane 
number  of  which  the  fides  are  E,  Z,  fee  Hergavius’s  or  Gre¬ 
gory’s  edition),  the  ratio  which  is  compounded  of  the  ratios 
of  their  fides  ;  that  is,  of  the  ratios  of  C  to  E,  and  D  to  Z; 
and  by  def.  5.  book  6.  and  the  explication  given  of  it  by  all 
the  commentators,  the  ratio  which  is  compounded  of  the  ratios 
of  C  to  E,  and  D  to  Z,  is  the  ratio  of  the  product  made  by 
the  multiplication  of  the  antecedents  C,  D  to  the  produ£t  by 
the  confequents  E,  Z,  that  is,  the  ratio  of  the  plane  number  of 
which  the  fides  are  C,  D  to  the  plane  number  of  which  the 
fides  are  E,  Z.  Wherefore  the  propofition  which  is  the  5th  def. 
of  book  6.  is  the  very  fame  with  the  5th  prop,  of  book  8.  and 
therefore  it  ought  necedarily  to  be  cancelled  iu  one  of  thefe 
places  •,  becaufe  it  is  abfurd  that  the  fame  propofition  fliould 
Hand  as  a  definition  in  one  place  of  the  dements,  and  be  de- 
monfirated  in  another  place  of  them.  Now,  there  is  no  doubt 
that  prop.  5.  book  8.  fliould  have  a  place  in  the  elements,  as 
the  fame  thing  is  demonfirated  in  it  concerning  plane  numbers, 
which  is  demonfirated  in  prop.  23.  book  6.  of  equiangular 
parallelograms;  wherefore  def.  5.  book  6.  ought  not  to  be  in 
the  elements.  And  from  this  it  is  evident  that  this  definition 
is  not  Euclid’s,  but  Theon’s,  or  fome  other  unfkiiful  geo¬ 
meter’s. 

But  nobody,  as  far  as  I  know,  has  hitherto  fhown  the  true 
ufe  of  compound  ratio,  or  for  what  purpofe  it  has  been  in¬ 
troduced  into  geometry  :  for  every  propofition  in  which  com¬ 
pound  ratio  is  made  ufe  of,  may  without  it  be  both  enunci¬ 
ated  and  demonfirated.  Now  the  ufe  of  compound  ratio 
confifis  wholly  in  this,  that  by  means  of  it,  circumlocutions 
may  be  avoided,  and  thereby  propofitions  may  be  more  briefly 
either  enunciated  or  demonfirated,  or  both  may  be  done,  for 
infiance,  if  this  23d  propofition  of  the  fixth  book  were  to  be 
enunciated,  without  mentioning  compound  ratio,  it  might  be 
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done  as  follows.  If  two  parallelograms  be  equiangular,  and  Book  VI. 
if  as  a  fide  of  the  firfl  to  a  fide  of  the  fecond,  fo  any  afiumed 
ftraight  line  be  made  to  a  fecond  ftraight  line  ;  and  as  the  o- 
ther  fide  of  the  firfl  to  the  other  fide  of  the  fecond,  fo  the  fe¬ 
cond  ftraight  line  be  made  a  third.  The  firfl  parallelogram 
is  to  the  fecond,  as  the  firfl  ftraight  line  to  the  third.  And  the 
demonflration  would  be  exactly  the  fame  as  we  now  have  it. 

But  the  ancient  geometers,  when  they  obferved  this  enuncia¬ 
tion  could  be  made  fhorter,  by  giving  a  name  to  the  ratio 
which  the  firfl  ftraight  line  has  to  the  laft,  by  which  name  the 
intermediate  ratios  might  likewife  be  fignified,  of  the  firfl  to 
the  fecond,  and  of  the  fecond  to  the  third,  and  fo  on,  if  there 
were  more  of  them,  they  called  this  ratio  of  the  firfl  to  the 
laft,  the  ratio  compounded  of  the  ratios  of  the  firfl  to  the  fe¬ 
cond,  and  of  the  fecond  to  the  third  ftraight  line  ;  that  is,  in 
the  prefent  example,  of  the  ratios  which  are  the  fame  with 
the  ratios  of  the  fides,  and  by  this  they  exprefted  the  propofi- 
tion  more  briefly  thus  :  If  there  be  two  equiangular  paralle¬ 
lograms,  they  have  to  one  another  the  ratio  which  is  the  fame 
with  that  which  is  compounded  of  ratios  that  are  the  fame 
with  the  ratios  of  the  fides.  Which  is  lhorter  than  the  pre¬ 
ceding  enunciation,  but  has  precifely  the  fame  meaning.  Or 
yet  fhorter  thus  :  Equiangular  parallelograms  have  to  one  an¬ 
other  the  ratio  which  is  the  fame  with  that  which  is  compound¬ 
ed  of  the  ratios  of  their  fides.  And  thefe  two  enunciations, 
the  firfl  efpecially,  agree  to  the  demonflration  which  is  now 
in  the  Greek.  The  propofition  may  be  more  briefly  demcn- 
ftrated,  as  Candalla  does,  thus  :  Let  ABCD,  CEFG  be  two 
equiangular  parallelograms,  and  complete  the  parallelogram 
CDHG;  then,  becaufe  there  are  three  parallelograms  AC, 

CH,  CF,  the  firfl  AC  (by  the  definition  of  . compound  ratio) 
has  to  the  third  CF,  the  ratio  which 
is  compounded  of  the  ratio  of  the  A 
firfl  AC  to  the  fecond  CH  and  of 
the  ratio  of  CH  to  the  third  CF  ; 
but  the  parallelogram  AC  is  to  the 
parallelogram  CH,  as  the  ftraight 
line  BC  to  CG  ;  and  the  parallelo¬ 
gram  CH  is  to  CF,  as  the  ftraight 

line  CD  is  to  CE  ;  therefore  the  parallelogram  AC  has  to  CF 
the  ratio  which  is  compounded  of  ratios  that  are  the  fame  with 
the  ratios  of  the  fides.  And  to  this  demonflration  agrees  the 
enunciation  which  is  at  prefent  in  the  text,  viz.  Equiangular  pa¬ 
rallelograms 
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rallelograms  have  to  one  another  the  ratio  which  is  compound¬ 
ed  of  the  ratios  of  the  fides  :  For  the  vulgar  reading,  “  which 
“  is  compounded  of  their  fides,”  is  abfurd.  But,  in  this  edi¬ 
tion,  we  have  kept  the  demonftration  which  is  in  the  Greek 
text,  though  not  fo  fhort  as  Candallas  ;  becaufe  the  way  of 
finding  the  ratio  which  is  compounded  of  the  ratios  of  the  fides, 
that  is,  of  finding  the  ratio  of  the  parallelograms,  is  fhewn  in 
that,  but  not  in  Candalla’s  demonfiration  ;  whereby  beginners 
may  learn,  in  like  cafes,  how  to  find  the  ratio  which  is  com¬ 
pounded  of  two  or  more  given  ratios. 

From  what  has  been  laid,  it  may  be  obferved,  that  in  any 
magnitudes  whatever  of  the  fame  kind  A,  B,  C,  D,  See.  the 
ratio  compounded  of  the  ratios  of  the  firfi  to  the  fecond,  of 
the  fecond  to  the  third,  and  fo  on  to  the  laft,  is  only  a  name  or 
exprefiion  by  which  the  ratio  which  the  firfi  A  has  to  the  lafi 
D  is  fignified,  and  by  which  at  the  fame  time  the  ratios  of  all 
the  magnitudes  A  to  B,  B  to  C,  C  to  D  from  the  firfi  to  the 
laft,  to  one  another,  whether  they  be  the  fame,  or  be  not  the 
fame, f  are  indicated  ;  as  in  magnitudes  which  are  continual 
proportionals  A,  B,  C,  D,  Sec.  the  duplicate  ratio  of  the  firfi 
to  the  fecond  is  only  a  name,  or  exprefiion  by  which  the  ratio 
of  the  firfi  A  to  the  third  C  is  fignified,  and  by  which,  at  the 
fame  time,  is  fiiown  that  there  are  two  ratios  of  the  magni¬ 
tudes  from  the  firfi  to  the  laft,  viz.  of  the  firfi  A  to  the  fecond 
B,  and  of  the  fecond  B  to  the  third  or  laft  C,  which  are  the 
fame  with  one  another  ;  and  the  triplicate  ratio  of  the  firfi  to 
the  fecond  is  a  name  or  exprefiion  by  which  the  ratio  of  the 
firfi  A  to  the  fourth  D  is  fignified,  and  by  which,  at  the  fame 
time,  is  fiiown  that  there  are  three  ratios  of  the  magnitudes 
from  the  firfi  to  the  laft,  viz.  of  the  firfi  A  to  the  fecond  B, 
and  of  B  to  the  third  C,  and  of  C  to  the  fourth  or  laft  D, 
which  are  all  the  fame  with  one  another  i  and  fo  in  the  cafe 
of  any  other  multiplicate  ratios.  And  that  this  is  the  right 
explication  of  the  meaning  of  thefe  ratios  is  plain  from  the  de¬ 
finitions  of  duplicate  and  triplicate  ratio  in  which  Euclid  makes 
ufe  of  the  word  teyzrou,  is  faid  to  be,  or  is  called ;  which  word, 
he,  no  doubt,  made  ufe  of  alfo  in  the  definition  of  compound 
ratio,  which  Theon,  or  fome  other,  has  expunged  from  the 
elements  ;  for  the  very  fame  word  is  ftill  retained  in  the 
■wrong  definition  of  compound  ratio,  which  is  now  the  5th  of 
the  6th  book  :  But  in  the  citation  of  thefe  definitions  it  is 
fometimes  retained,  as  in  the  demonfiration  of  prop.  19.  book 
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6.  61  the  firft  is  faid  to  have,  I^eiv  teysTa;,  to  the  third  the  da-  Book  VI* 
“  plicate  ratio,”  &c.  which  is  wrong  tranflated  by  Comman- 
dine  and  others,  “  has”  inftead  of  “  is  faid  to  have  and  fome- 
times  it  is  left  out,  as  in  the  demonftration  of  prop.  33.  of  the 
11th  book,  in  which  we  find  u  the  firft  has,  e%ej,  to  the  third 
“  the  triplicate  ratio;”  but  without  doubt  e^ei,  “  has,”  in  this 
place  fignifies  the  fame  as  eyjtv  teysTaij  is  faid  to  have  :  “  So 
likewife  in  prop.  23.  B.  6.  we  find  this  citation,  “  but  the 
ratio  of  K  to  M  is  compounded,  auynencu,  of  the  ratio  of  K  to 
L,  and  the  ratio  of  L  to  M,”  which  is  a  fhorter  way  of  ex- 
preffing  the  fame  thing,  which,  according  to  the  definition, 
ought  to  have  been  expreffed  by  auyKEu^ai  teysT ou,  is  faid  to  be 
compounded. 

From  thefe  remarks,  together  with  the  propofitions  fubjoined 
to  the  5th  book,  all  that  is  found  concerning  compound  ratio, 
either  in  the  ancient  or  modern  geometers,  may  be  underflood 
and  explained. 

PROP.  XXIV.  B.  VI. 


a 


a 


a 


It  feems  that  fome  unfkilful  editor  has  made  up  this  demon- 
flration  as  we  now  have  it,  out  of  two  others ;  one  of  which 
may  be  made  from  the  2d  prop,  and  the  other  from  the  4th  of 
this  book :  For  after  he  has,  from  the  2d  of  this  book,  and 
compofition  and  permutation,  demonflrated  that  the  lides  about 
the  angle  common  to  the  two  parallelograms  are  proportionals, 
he  might  have  immediately  concluded  that  the  fides  about  the 
other  equal  angles  were  proportionals,  viz.  from  prop.  34. 
B.  1.  and  prop.  7.  book  5.  This  he  does  not,  but  proceeds  to 
fhow  that  the  triangles  and  parallelograms  are  equiangular  •,  and 
in  a  tedious  way,  by  help  of  prop.  4.  of  this  book,  and  the  2 2d 
of  book  5.  deduces  the  fame  conclufion  :  From  which  it  is  plain 
that  this  ill  compofed  demonilration  is  not  Euclid’s :  Thefe  fu- 
perfluous  things  are  now  left  out,  and  a  more  fimple  demon¬ 
ilration  is  given  from  the  4th  prop,  of  this  book,  the  fame  which 
is  in  the  tranflation  from  the  Arabic,  by  help  of  the  2d  prop, 
and  compofition;  but  in  this  the  author  negle&s  permutation, 
and  does  not  fhow  the  parallelograms  to  be  equiangular,  as  is 
proper  to  do  for  the  fake  of  beginners. 

PROP.  XXV.  B.  VI. 


It  is  very  evident  that  the  demonftration  which  Euclid  had 
given  of  this  propofition  has  been  vitiated  by  fome  unfkilful 
hand  :  For,  after  this  editor  had  demonflrated  that  “  as  the 
“  rectilineal  figure  ABC  is  to  the  rectilineal  KGH,  fo  is  the 
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Book  VI.  “  parallelogram  BE  to  the  parallelogram  EF nothing  more 

'  v - '  fhould  have  been  added  but  this,  “  and  the  rectilineal  figure 

“  ABC  is  equal  to  the  parallelogram  BE ;  therefore  the  refli- 
<J  lineal  KGH  is  equal  to  the  parallelogram  EF,”  viz.  from 
prop.  14.  book  5.  But  betwixt  thefe  two  fentences  he  has  in- 
lerted  this ;  “  wherefore,  by  permutation,  as  the  rectilineal  fi- 
“  gure  ABC  tc  the  parallelogram  BE,fo  is  the  rectilineal  KGH 
“  to  the  parallelogram  EF  ;”  by  which,  it  is  plain,  he  thought 
it  was  not  fo  evident  to  conclude  that  the  fecond  of  four  pro¬ 
portionals  is  equal  to  the  fourth  from  the  equality  of  the  firfi 
and  third,  which  is  a  thing  demonftrated  in  the  14th  prop,  of 
B.  '5.  as  to  conclude  that  the  third  is  equal  to  the  fourth,  from 
the  equality  of  the  firfi;  and  fecond,  which  is  no  where  demon- 
fixated  in  the  elements  as  we  now  have  them  :  But  though  this 
propofition,  viz.  the  third  of  four  proportionals  is  equal  to  the 
fourth,  if  the  firfi  be  equal  to  the  fecond,  had  been  given  in 
the  elements  by  Euclid,  as  very  probably  it  was,  yet  he  would 
not  have  made  ufe  of  it  in  this  place  ;  becaufe,  as  was  faid,  the 
conclufion  could  have  been  immediately  deduced  without  this 
fuperfiuous  fiep  by  permutation  :  This  we  have  fiiown  at  the 
greater  length,  both  becaufe  it  affords  a  certain  proof  cf  the 
vitiation  of  the  text  of  Euclid ;  for  the  very  fame  blunder  is 
found  twice  in  the  Greek  text  of  prop.  23.  book  11.  and  twice 
in  prop.  2.  B.  12.  and  in  the  5.  11.  12.  and  18th  of  that  book  ; 
in  which  places  of  book  12.  except  the  laftof  them,  it  is  rightly 
left  out  in  the  Oxford  edition  of  Commandine’s  tranflation ; 
And  alfo  that  geometers  may  bewTare  of  making  ufe  of  permu¬ 
tation  in  the  like  cafes:  for  the  moderns  not  unfrequently  com¬ 
mit  this  miftake,  and  among  others  Commandine  himfelf  in  his 
commentary  on  prop.  5.  book  3.  p.  6.  b.  of  Pappus  Alexandri- 
nus,  and  in  other  places  :  The  vulgar  notion  of  proportionals 
lias,  it  feems,  preoccupied  many  fo  much,  that  they  do  not 
fufficiAtly  underhand  the  true  nature  of  them. 

Befides,  though  the  rectilineal  figure  ABC,  to  which  another 
is  to  be  made  fimilar,  may  be  of  any  kind  whatever;  yet  in  the 
demonfixation  the  Greek  text  has  “  triangle”  inftead  of  “  rec- 
“  tilmeal  figure,”  which  error  is  cor  refled  in  the  above-named 
Oxford  edition. 

PROP.  XXVII.  B.  VI. 

The  fecond  cafe  of  this  has  ’aAA&s,  otherwife,  prefixed  to 
it,  as  if  it  was  a  different  demonftration,  which  probably  has 
been  done  by  fome  unlkilful  librarian.  Dr  Gregory  has  right- 
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ly  left  it  out :  The  fcheme  of  this  fecond  cafe  ought  to  he  Book  VI. 
marked  with  the  fame  letters  of  the  alphabet  which  are  in  the  v  v  " 
fcheme  of  the  firft,  as  is  now  done. 


PROP.  XXVIII.  and  XXIX.  B.  VI. 

Thefe  two  problems,  to  the  firft  of  which  the  27th  prop,  is 
neceftary,  are  the  moft  general  and  ufeful  of  all  in  the  elements, 
and  are  moft  frequently  made  ufe  of  by  the  ancient  geome¬ 
ters  in  the  folution  of  other  problems;  and  therefore  are  very 
ignorantly  left  out  by  Tacquet  and  Dechales  in  their  editions 
of  the  elements,  who  pretend  that  they  are  fcarce  of  any  ufe  • 
The  cafes  of  thefe  problems,  wherein  it  is  required  to  apply  a 
redangle  which  ftiall  be  equal  to  a  given  fquare  ;  to  a  given 
ftraight  line,  either  deficient  or  exceeding  by  a  fquare  ;  as  alfo 
to  apply  a  redangle  which  ftiall  be  equal  to  another  given,  to 
a  given  ftraight  line,  deficient  or  exceeding  by  a  fquare  ;  are 
very  often  made  ufe  of  by  geometers  :  And,  on  this  account, 
it  is  thought  proper,  for  the  fake  of  beginners,  to  give  their 
conftrudions,  as  follows  : 

1.  To  apply  a  redangle  which  ftiall  be  equal  to  a  given 
fquare,  to  a  given  ftraight  line,  deficient  by  a  fquare  :  But  the 
given  fquare  muft  not  be  greater  than  that  upon  the  half  of  the 
given  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon 
the  given  ftraight  line  C  be  that  to  which  the  redangle  to  be 
applied  muft  be  equal,  and  this  fquare,  by  the  determination,  is 
not  greater  than  that  upon  half  of  the  ftraight  line  AB. 

Bifed  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to 
the  fquare  upon  C,  the  thing  required  is  done  :  But  if  it  be  not 
equal  to  it  AD  muft  be 
greater  than  C,  according 
to’the determination:  Draw 
DE  at  right  angles  to  AB, 
and  make  it  equal  to  C  ; 
produce  ED  to  F,  fo  that 
EF  be  equal  to  AD  or  DB, 
and  from  the  centre  E,  at 
the  diftance  EF,  defcribe  a 
circle  meeting  AB  in  G, 
and  upon  GB  deicribe  the  fquare  GBKH,  and  complete  the 
redangle  AGHL  ;  alfo  join  EG  :  And  becaufe  AB  is  bifeded 
in  D,  the  redangle  AG,  GB  together  with  the  fquare  of  DG 
is  equal  -  to  (the  fquare  of  DB,  that  is,  of  EF  or  EG,  that  is, 
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Book  VI.  to)  the  fquares  of  ED,  DG  :  Take  away  the  fquare  of  DG 
v  from  each  of  thefe  equals ;  therefore  the  remaining  redangle 
AG,  GB  is  equal  to  the  fquare  of  ED,  that  is,  of  C  :  But  the 
redangle  AG,  GB  is  the  rectangle  AH,  becaufe  GH  is  equal 
to  GB  :  therefore  the  rectangle  AH  is  equal  to  the  given  fquare 
upon  the  ftraight  line  C.  Wherefore  the  redangle  AH  equal 
to  the  given  fquare  upon  G,  has  been  applied  to  the  given 
ftraight  line  AB,  deficient  by  the  fquare  GK.  Which  was  to 
be  done. 

2.  To  apply  a  redangle  which  fhall  be  equal  to  a  given 
fquare,  to  a  given  ftraight  line*  exceeding  by  a  fquare. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon 
the  given  ftraight  line  C  be  that  to  which  the  rectangle  to  be 
applied  muft  be  equal. 

Bifed  AB  in  D,  and  draw  BE  at  right  angles  to  it,  fo  that 
BE  be  equal  to  C  *,  and  having  joined  DE,  from  the  centre  D 
,  at  the  diftance  DE  defcribe  a  circle  meeting  AB  produced  in 
G ;  upon  BG  defcribe  the  fquare 
BGHK,  and  complete  the  red- 
angleAGHL.  And  becaufe  AB 
is  bifeded  in  D,  and  produced 
to  G,  the  redangle  AG,  GB 
together  with  the  fquare  of  DB 
a  6.  z.  is  equal  a  to  (the  fquare  of  DG, 

*  or  DE,  that  is,  to)  the  fquares 
of  EB,  BD.  From  each  of  thefe 
equals  take  the  fquare  of  DB  ; 
therefore  the  remaining  redangle  AG,  GB  is  equal  to  the 
fquare  of  BE,  that  is,  to  the  fquare  upon  C.  But  the  redan- 
,  gle  AG,  GB  is  the  redangle  AH,  becaufe  GH  is  equal  to  GB. 
Therefore  the  redangle  AH  is  equal  to  the  fquare  upon  C. 
Wherefore  the  redangle  AH,  equal  to  the  given  fquare  upon 
C,  has  been  applied  to  the  given  ftraight  line  AB,  exceeding 
by  the  fquare  GK.  Which  was  to  be  done. 

3.  To  apply  a  redangle  to  a  given  ftraight  line  which  fhall 
be  equal  to  a  given  redangle,  and  be  deficient  by  a  fquare. 
But  the  given  redangle  muft  not  be  greater  than  the  fquare 
upon  the  half  of  the  given  ftraight  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  given  redan¬ 
gle  be  that  which  is  contained  by  the  ftraight  lines  C,  D, 
which  is  not  greater  than  the  fquare  upon  the  half  of  AB  ;  it 
is  required  to  apply  to  A  B  a  redangle  equal  to  the  redangle 
C,  D,  deficient  by  a  fquare. 

Draw 
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I)  raw  AE,  BF  at  right  angles  to  AB,  upon  the  fame  fide  of  Book  VI. 
it,  and  make  AE  equal  to  C,  and  BF  to  D  :  Join  EF  and  bi- 
left  it  in  G;  and  from  the  centre  G,  at  the  didance  GE,  de- 
fcribe  a  circle  meeting  AE  again  in  H  :  join  HF  and  draw 
GK  parallel  to  it,  and  GL  parallel  to  AE  meeting  AB  in  L. 

Becaufe  the  angle  EHF  in  a  Semicircle  is  equal  to  the  right 
angle  EAB,  AB  and  HF  are  parallels,  and  AH  and  BF  are 
parallels  ;  wherefore  AH  is  equal  to  BF,  and  the  rectangle 
EA,  AH  equal  to  the  redangle  EA,  BF,  that  is  to  the 
redangle  C,  D :  And  becaufe  EG,  GF  are  equal  to  one  another, 
and  AE,  LG,  BF  parallels  :  therefore  AL  and  LB  are  equal  *, 
alfo  EK  is  equal  to  KH  a,  and  the  redangle  C,  D  from  the  a  3- 
determination,  is  not  greater  than  the  fquare  of  AL  the  half 
of  AB ;  wherefore  the  redangle  EA,  AH  is  not  greater  than 
the  fquare  of  AL,  that  is  of  KG:  Add  to  each  the  fquare  of 
KE  ;  therefore  the  fquare  b  of  AK  is  not  greater  than  the  b  6. 
fquares  of  EK,  KG,  that  is, 
than  the  fquare  of  EG;  and 
co  .fequently  thedraightline 
AK  or  GL  is  not  greater 
than  GE.  Now,  if  GE  be 
equal  to  GL,  the  circle  EHF 
touches  AB  in  L,  and  there¬ 
fore  the  fquare  of  AL  is  c  c  36. 

equal  to  the  redangle  EA, 

AH,  that  is  to  the  given  red¬ 
angle  C,  D  ;  and  that  which 
was  required  is  done  :  But 
if  EG,  GL  be  unequal,  EG 
mud:  be  the  greater  :  and 
therefore  the  circle  EHF  cuts  the  ftraight  line  AB  :  let  it  cut  it 
in  the  points  M,  N,  and  upon  NB  defcribe  the  fquare  NBOP, 
and  complete  the  redangle  ANPQ:  Becaufe  LM  is  equal  to  d  d  3-  3- 
LN,  and  it  has  been  proved  that  AL,  is  equal  to  LB  ;  there¬ 
fore  AM  is  equal  to  NB,  and  the  redangle  AN,  NB  equal  to 
the  redangle  NA,  AM,  that  is,  to  the  redangle  c  EA,  AHeCor-36-3> 
or  the  redangle  C,  D  :  But  the  redangle  AN,  NB  is  the 
redangle  AP,  becaufe  PN  is  equal  to  NB  :  Therefore  the 
redangle  AP  is  equal  to  the  redangle  Q ,  D  ;  and  the  redangle 
AP  equal  to  the  given  redangle  C.  D  has  been  applied  to  the 
given  ftraight  line  AB,  deficient  by  the  fquare  BP.  Which 
was  to  be  done. 
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4.  To  apply  a  rectangle  to  a  given  llraigbt  line  that  {hall 
be  equal  to  a  given  rectangle,  exceeding  by  a  fquare. 

Let  AB  be  the  given  ftraight  line,  and  the  rectangle  C,  D 
the  given  rectangle,  it  is  required  to  apply  a  rectangle  to  AB 
equal  to  C,  D,  exceeding  by  a  fquare. 

Draw  AE,  BF  at  right  angles  to  AB,  on  the  contrary  lides 
of  it,  and  make  AE  equal  to  G,  and  BF  equal  to  D  :  Join 
EF,  and  bifed  it  in  G  ;  and  from  the  centre  G,  at  the  diftance 
GE,  defcribe  a  circle  meeting  AE  again  in  H  ;  join  IiF,  and 
draw  GL  parallel  to  AE  ; 
let  the  circle  meet  AB  pro¬ 
duced  in  M,  N,  and  upon 
BN  defcribe  the  fquare 
BNOP,  and  complete  the 
redangle  A  NPQ  ;  becaufe 
the  angle  EHF  in  a  femi- 
circle  is  equal  to  the  right 
angle  EAB,  AB  and  HF 
are  parallels,  and  therefore 
AH  and  BF  art  equal,  and 
the  rectangle  EA,  API  equal 
to  the  fedangle  EA,  BF,  that  is,  to  the  redangle  C,  D  :  And 
becaufe  ML  is  equal  to  LN,  and  AL  to  LB,  therefore  MA  is 
equal  to  BN,  and  the  redangle  AN,  NB  to  MA,  AN,  that  is, 
a  to  the  redangle  E  A,  AH,  or  the  redangle  C,  D  :  Therefore 
the  redangle  AN,  NB,  that  is,  AP,  is  equal  to  the  redangle 
C,  D  ;  and  to  the  given  ftraight  line  AB  the  redangle  AP  has 
been  applied  equal  to  the  given  redangle  C,  D,  exceeding  by 
the  fquare  BP.  Which  was  to  be  done. 

Willebrordus  Snellius  was  the  firft,  as  far  as  I  know,  who 
gave  thefe  conftrudions  of  the  3d  and  4th  problems  in  his  Ap- 
pollonius  Batavus:  And  afterwards  the  learned  Dr  Halley  gave 
them  in  the  Scholium  of  the  18th  prop,  of  the  8th  book  of 
Apollonius’s  conics  reftored  by  him. 

The  3d  problem  is  other  wife  enunciated  thus  :  To  cut  a 
given  ftraight  line  AB  in  the  point  N,  fo  as  to  make  the  red¬ 
angle  AN,  NB  equal  to  a  given  fpace  :  Or,  which  is  the 
fame  thing,  having  given  AB  the  fum  of  the  fides  of  a  red¬ 
angle,  and  the  magnitude  of  it  being  likewife  given,  to  find 
its  fides. 

And  the  4th  problem  is  the  fame  with  this,  To  find  a  point 
N  in  the  given  ftraight  line  AB  produced,  fo  as  to  make  ^he 
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re£langle  AN,  NB  equal  to  a  given  fpace  :  Or,  which  is  the  -Book 
fame  thing,  having  given  A.B  the  difference  of  the  fides  of  a 
redangle,  and  the  magnitude  of  it,  to  find  the  fides. 

PROP.  XXXI.  B.  VI. 

In  the  demonflration  of  this,  the  inverfion  of  proportionals  is 
twice  negle&ed,  and  is  now  added,  that  the  conclufion  may  be 
legitimately  made  by  help  of  the  24th  prop,  of  B.  5.  as  Clavius 
had  done. 


PROP.  XXXII.  B.  VI. 

The  enunciation  of  the  preceding  26th  prop,  is  not  general 
enough  :  becaufe  not  only  two  fimilar  parallelograms  that  have 
an  angle  common  to  both,  are  about  the  fame  diameter ;  but 
likewife  two  fimilar  parallelograms  that  have  vertically  oppo- 
fite  angles,  have  their  diameters  in  the  fame  ftraight  line  :  But 
there  feems  to  have  been  another,  and  that  a  dired  demon- 
flration  of  thefe  cafes,  to  which  this  3  2d  propolltion  was  need¬ 
ful :  And  the  3  2d  maybe  otherwife,  and  fomething  more 
briefly  demonftrated  as  follows. 


PROP.  XXXII.  B.  VI. 

If  two  triangles  which  have  two  fides  of  the  one,  Sec. 

Let  GAF,  HFC  be  two  triangles  which  have  two  fides  AG, 

GF,  proportional  to  the  two  fides  FH,  HC,  viz.  AG  to  GF, 
as  FH  to  HC  ;  and  let  AG  be  pa¬ 
rallel  to  FH,  and  GF  to  HC  ;  AF 
and  FC  are  in  a  ftraight  line. 

Draw  CK  parallel  a  to  FH,  and 
let  it  meet  GF  produced  in  K : 

Becaufe  AG,  KC  are  each  of  them 
parallel  to  FH,  they  are  parallel  b 
to  one  another,  and  therefore  the  } 
alternate  angles  AGF,  FKC  are  C 

equal:  And  AG  is  to  GF,  as  (FH  toHC,  that  isc)  CK  to  c  34.  1. 
KF ;  wherefore  the  triangles  AGF,  CKF  are  equiangular  d  d  6.  6. 
and  the  angle  AFG  equal  to  the  angle  CFK  :  But  GFK  is  a 
ftraight  line,  therefore  AF  and  FC  are  in  a  ftraight  line  e.  e  14.  1. 

The  26th  prop,  is  demonftrated  from  the  32,  as  follows* 

If  two  fimilar  and  fimilarly  placed  parallelograms  have  an 
angle  common  to  both,  or  vertically  oppofite  angles  j  their 
diameters  are  in  the  fame  ftraight  line. 

"  Y  2-  Firft, 
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Book  VI.  ^  Firft,  Let  the  parallelograms  ABCD,  AEFG  have  the  an¬ 
gle  BAD  common  to  both,  and  be  fimilar,  and  fimilarly 
placed  ABCD,  AEFG  are  about  the  fame  diameter. 

Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC;  then  be- 
caufe  the  parallelograms  ABCD,  AEFG  are  ftmilar,  DA 
is  to  AB,  as  GA  t  o  A.E  :  where- 
a  C01.  19.  fore  the  remainder  DG  is  a  to  the 
•5*  remainder  EB,  as  G  A  to  AE:  But 
DG  is  equal  to  FH,  EB  to  HC, 
and  AE  to  GF  :  Therefore  as  FH 
to  HC,  fo  is  AG  to  GF  ;  and 
FH,  HC  are  parallel  to  AG,  GF; 
and  the  triangles  AGF,  FHC  are 
joined  at  one  angle,  in  the  point 
ft  32.6.  F  ;  wherefore  AF,  FC  are  in  the  fame  ftraight  line  E 

Next,  Let  the  parallelograms  KFHC,  GFEA,  which  are  fi- 
milar  and  fimilarJy  placed,  have  their  angles  KFH,  GFE  ver¬ 
tically  oppofite  ;  their  diameters  AF,  FC  are  in  the  fame 
ftraight  line. 

Becaufe  AG,  GF  are  parallel  to  FH,  IIC  ;  and  that  AG 
is  to  GF,  as  FH  to  HC  ;  therefore  AF,  FC  are  in  the  fame 
ftraight  line  E 

~  PROP.  XXXIII.  B.  VI. 

The  words,  “  becaufe  they  are  at  the  centre,”  are  left  out 
as  the  addition  of  fome  unikilful  hand. 

In  the  Greek,  as  alfo  in  the  Latin  tranftation,  the  words 
a.  etu ve,  “  any  whatever,”  are  left  out  in  the  demonftration  of 
both  parts  of  the  propofttion,  and  are  now  added  as  quite  ne- 
ceflary  ;  and,  in  the  demonftration  of  the  fecond  part,  where 
the  triangle  BGC  is  proved  to  be  equal  to  CGK,  the  illative 
particle  apa  in  the  Greek  text  pught  to  be  omitted. 

The  fecond  part  of  the  propofttion  is  an  addition  of  Theon’s, 
as  he  tells  in  his  commentary  on  Ptolomy’s  MsyaA)]  2vvt«|/£, 

P*  5C- 

PROP.  B.  C.  D.  B.  VI. 

Thefe  three  propofitions  are  added,  becaufe  they  are  fre¬ 
quently  made  uie  of  by  geometers. 
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NOTE  S. 


DEF.  IX.  an*  XI.  B.  XI. 

THE  fimllitude  of  plane  figures  is  defined  from  the  equa¬ 
lity  of  their  angles,  and  the  proportionality  of  the  fides 
about  the  equal  angles ;  for  from  the  proportionality  of  the 
fides  only,  or  only  from  the  equality  of  the  angles,  the  fimili  - 
tude  of  the  figures  does  not  follow,  except  in  the  cafe  when 
the  figures  are  triangles  :  The  fimilar  pofition  of  the  fides 
which  contain  the  figures,  to  one  another,  depending  partly 
upon  each  of  thefe  :  And  for  the  fame  reafon,  thofe  are  fi¬ 
milar  folid  figures  which  have  all  their  folid  angles  equal,  each 
to  each,  and  'are  contained  by  the  fame  number  of  fimilar 
plane  figures  :  For  there  are  lome  folid  figures  contained  by  fi¬ 
milar  plane  figures,  of  the  fame  number,  and  even  of  the 
fame  magnitude,  that  are  neither  fimilar  nor  equal,  as  fSiall  be 
demonftrated  after  the  notes  on  the  ioth  definition  :  Upon 
this  account  it  was  necefiary  to  amend  the  definition  of  fimi¬ 
lar  folid  figures,  and  to  place  the  definition  of  a  folid  angle 
before  it:  and  from  this  and  the  icth  definition,  it  is  fuffici- 
ently  plain  how  much  the  elements  have  been  fpoiled  by  un¬ 
skilful  editors. 

i  DEF.  X.  B.  XI. 

Since  the  meaning  of  the  word  “  equal”  is  known  and 
eftablifh°.d  before  it  comes  to  be  ufed  in  this  definition  : 
therefore  the  propofition  which  is  the  ioth  definition  of  this 
book,  is  a  theorem,  the  truth  or  falfehood  of  which  ought  to 
be  demonftrated,  not  afl’umed  ;  fo  that  Theon,  or  fome  o- 
ther  Editor,  has  ignorantly  turned  a  theorem  which  ought 
to  be  demonftrated  into  this  ioth  definition  :  That  figures  are 
fimilar,  ought  to  be  proved  from  the  definition  of  fimilar 
figures  ;  that  they  are  equal  ought  to  be  demonftrated  from 
the  axiom,  “  Magnitudes  that  wholly  coincide,  are  equal 
“  to  one  another  or  from  prop.  A.  of  book  5.  or  the  9th 
prop,  or  the  14th  of  the  fame  book,  from  one  of  which  the 
equality  of  all  kind  of  figures  muft  ultimately  be  deduced. 
In  the  preceding  books,  Euclid  has  given  no  definition  of  e- 
qual  figures,  and  it  is  certain  he  did  not  give  this :  For  what  is 
called  the  firil  def.  of  the  third  book,  is  really  a  theorem  in 
which  thefe  circles  are  faid  to  be  equal,  that  have  the  ftraight 
lines  from  their  centres  to  the  circumferences  equal,  which  is 
plain,  from  the  definition  of  a  circle  \  and  therefore  has  by 

Y  3  for$$ 


34* 

Book  XT. 


I 


NOTES. 


342 


Book 


a  12. 


b  4.  I. 


XI.  fome  editor  been  improperly  placed  among  the  definitions.  The 
equality  of  figures  ought  not  to  be  defined,  but  demonftrated  : 
Therefore,  though  it  were  true,  that  folid  figures  contained  by 
the  fame  number  of  fimilar  and  equal  plane  figures  are  equal 
to  one  another,  yet  he  would  juftly  deferve  to  be  blamed 
who  would  make  a  definition  of  this  propofition  which  ought 
to  be  demonftrated.  But  if  this  propofition  be  not  true,  muft 
it  not  be  confelfed,  that  geometers  have,  for  thefe  thirteen 
hundred  years,  been  miftaken  in  this  elementary  matter  ?  And 
this  fliould  teach  us  modefty,  and  to  acknowledge  how  little, 
through  the  weaknefs  of  our  minds,  we  are  able  to  prevent 
miftakes  even  in  the  principles  of  fciences  which  are  juftly 
reckoned  amongft  the  moft  certain  ;  for  that  the  propofition 
is  not  univerfally  true,  can  be  ihewn  by  many  examples  :  The 
following  is  fufficient. 

Let  there  be  any  plane  redilineal  figure,  as  the  triangle 
11.  ABC,  and  from  a  point  D  within  it  draw  a  the  ftraight  line 
DE  at  right  angles  to  the  plane  ABC  ;  in  DE  take  DE,  DF 
equal  to  one  another,  upon  the  oppofite  fides  of  the  plane, 
and  let  G  be  any  point  in  EF  ;  join  DA,  DB,  DC  ;  EA 
EB,  EC  ;  FA,  FB,  FC  ;  GA,  GB?  GC  :  Becaufe  the  ftraight 
line  EDF  is  at  right  angles  to  the  plane  ABC,  it  makes  right 
angles  with  DA,  DB,  DC  which  it  meets  in  that  plane;  and 
in  the  triangles  EDB,  FDB,  ED  and  DB  are  equal  to  FD  and 
DB,  each  to  each,  and  they  contain  right  angles ;  therefore 
the  bafe  EB  is  equal  b 


c  8.  1. 


to  the  bafe  FB  ;  in  the 
fame  manner  EA  is  e- 
qual  to  FA,  and  EC  to 
FC  :  And  in  the  triangles 
EBA,  FBA,  EB,  BA 
are  equal  to  FB,  BA, 
and  the  bafe  EA  is  e- 
qual  to  the  bafe  FA  ; 
wherefore  the  angle 
EB  A  is  equal  c  to  the 
angle  FBA,  and  the  tri- 


G 


6. 
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the  triangle  FBA,  and 
the  other  angles  equal  to 
the  other  angles  ;  there¬ 
fore  thefe  triangles  are 
def-  fimilar  d :  la  the  fame  manner  the  triangle  EBC  is  fimilar  to 
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the  triangle  FBC,  and  the  triangle  EAC  to  FAC  *,  therefore 
there  are  two  folid  figures  each  of  which  is  contained  by  fix 
triangles,  one  of  them  by  three  triangles,  the  common  vertex 
of  which  is  the  point  G,  and  their  bales  the  flraight  lines  AB, 
BC,  CA  and  by  three  other  triangles- the  common  vertex 
of  which  is  the  point  E  and  their  bafis  the  fame  lines  A3, 
BC,  C  A  :  The  other  folid  is  contained  by  the  fame  three  tri¬ 
angles  the  common  vertex  of  which  is  G,  and  their  bales  AB, 
BC,  CA;  and  by  three  other  triangles  of  which  the  common 
vertex  is  the  point  F,  and  their  bales  the  fame  flraight  lines 
AB,  BC,  CA  :  Now  the  three  triangles  GAB,  GBC,  GC  A 
are  common  to  both  folids,  and  the  three  others  F  AB,  EEC, 
EC  A  of  the  firlt  folid  have  been  fhown  equal  and  fimilar  to  the 
three  others  FAB,  FBC,  FC  A  of  the  other  folid,  each  ro  each ; 
therefore  thefe  two  folids  are  contained  by  the  fame  number  of 
equal  and  fimilar  planes  :  But  that  they  are  not  equal  is  mani- 
fell,  becaufe  the  firft  of  them  is  contained  in  the  other :  There¬ 
fore  it  is  not  univerfally  true  that  folids  are  equal  which  me 
contained  by  the  fame  number  of  equal  and  fimilar  planes. 

Cor.  From  this  it  appears  that  two  unequal  folid  angles  may 
be  contained  by  the  fame  number  of  equal  plane  angles. 

For  the  folid  angle  at  B,  which  is  contained  by  the  four 
plane  angles  EBA,  EBC,  GBA^  GBC  is  not  equal  to  the  fo¬ 
lid  angle  at  the  fame  point  B  which  is  contained  by  the  four 
plane  angles  FBA,  FBC,  GBA,  GBC  ;  for  this  lail  contains 
the  other  :  And  each  of  them  is  contained  by  four  plane  angles, 
which  are  equal  to  one  another,  each  to  each,  or  are  the  felf 
fame ;  as  has  been  proved:  And  indeed  there  may  be  innu¬ 
merable  folid' angles  all  unequal  to  one  another,  which  are  each 
of  them  contained  by  plane  angles  that  are  equal  to  one  an¬ 
other,  each  to  each  :  It  is  likewife  manifefl  that  the  before- 
mentioned  folids  are  not  fimilar,  fince  their  folid  angles  are  not 
all  equal. 

And  that  there  may  be  innumerable  folid  angles  all  unequal 
to  one  another,  which  are  each  of  them  contained  by  the  fame 
plane  angles  difpoled  in  the  fame  order,  will  be  plain  from 
the  three  following  propositions. 


Book  XI. 


PROP.  I.  PROBLEM. 

Three  magnitudes,  A,  B,  C  being  given,  to  find  a  fourth 
fuch,  tfiat  every  three  lhall  be  greater  than  the  remaining  one. 

Y  4  Let 


i 


344 


NOTES. 


Book  XI. 


Let  D  be  the  fourth :  therefore  D  muft  be  lefs  than  A,  B, 
C  together:  Of  the  three  A,  B,  C,  let  A  be  that  which  is  not 
lefs  than  either  of  the  two  B  and  G  :  And  firft,  let  B  and  C 
together  be  not  lefs  than  A ;  therefore  B,  C,  D  together  are 
greater  than  A  ;  and  becaufe  A  is  not  lefs  than  B ;  A,  C,  D 
together  are  greater  than  B  :  In  the  like  manner  A,  B,  D  to¬ 
gether  are  greater  than  C  :  Wherefore  in  the  cafe  in  which  B 
and  C  together  are  not  lefs  than  A,  any  magnitude  D  which 
is  lefs  than  A,  B,  C  together  will  anfwer  the  problem. 

But  if  B  and  C  together  be  lefs  than  A  ;  then,  becaufe  it  is 
required  that  B,  C,  D  together  be  greater  than  A,  from  each 
of  thefe  taking  away  B,  G,  the  remaining  one  D  muft  be 
greajter  than  the  excels  of  A  above  B  and  C  :  Take  therefore 
any  magnitude  D  which  is  lefs  than  A,  B,  C  together,  but 
greater  than  the  excefs  of  A  above  B  and  G  :  Then  B,  C,  D 
together  are  greater  than  A  ;  and  becaufe  A  is  greater  than 
either  B  or  C,  much  more  will  A  and  D,  together  with  either 
of  the  two  B,  C  be  greater  than  the  other  :  And,  by  the  con- 
flru£tion,  A,  B,  C  are  together  greater  than  D. 

Cor.  If  befides  it  be  required,  that  A  and  B  together  fhall 
not  be  lefs  than  C  and  D  together  ;  the  excefs  of  A  and  B  to¬ 
gether  above  C  muft;  not  be  lefs  than  D,  that  is,  D  muft  not 
be  greater  than  that  excefs. 


P  R  O  P.  II.  PROBLEM. 

Four  magnitudes  A,  B,  C,  D  being  given,  of  which  A  and 
B  togerher  are  not  lefs  than  C  and  D  together,  and  fuch  that 
any  three  of  them  whatever  are  greater  than  the  fourth ;  it  is 
required  to  find  a  fifth  magnitude  E  fu.ch,  that  any  two  of  the 
three  A,  B,  E  (hall  be  greater  than  the  third,  and  alfo  that  any 
two  of  the  three  C,  D,  E  lhall  be  greater  than  the  third.  Let 
A  be  not  lefs  than  B  :  And  C  npt  lefs  than  D. 

Firft,  Let  the  excefs  of  C  above  D  be  not  lefs  than  the  ex¬ 
cefs  of  A  above  B  :  It  is  plain  that  a  magnitude  E  can  be  ta¬ 
ken  which  is  lefs  than  the  fum  of  C  and  D,  but  greater  than 
the  excefs  of  C  above  D;  let  it  be  taken  *,  then  E  is  greater 
likewife  than  the  excefs  of  A  above  B;  wherefore  E  and  B 
together  are  greater  than  A  ;  and  A  is  not  lefs  than  B ;  there¬ 
fore  A  and  E  together  are  greater  than  B  ;  And,  by  the  hy- 
pothefis,  A  and  B  together  are  not  lefs  than  C  and  D  toge¬ 
ther,  and  C  and  D  together  are  greater  than  E ;  therefore 
likewife  A  and  B  are  greater  than  E. 

But 
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But  let  the  excefs  of  A  above  B  be  greater  than  the  excefs  J500^ 
of  C  above  D  :  And  becaufe,  by  the  hypothefis,  the  three  B, 

C,  D  are  together  greater  than  the  fourth  A  >  C  and  D  toge¬ 
ther  are  greater  than  the  excefs  of  A  above  B  :  Therefore  a 
magnitude  may  be  taken  which  is  lefs  than  C  and  D  together, 
but  greater  than  the  excefs  of  A  above  B.  Let  this  magnitude 
be  E ;  and  becaufe  E  is  greater  than  the  excefs  of  A  above  B, 

B  together  with  E  is  greater  than  A  :  And,  as  in  the  preced¬ 
ing  cafe,  it  may  be  fhown  that  A  together  with  E  is  greater 
than  B,  and  that  A  together  with  B  is  greater  than  E  :  There¬ 
fore,  in  each  of  the  cafes,  it  has  been  fhown  that  any  two  of 
the  three  A,  B,  E  are  greater  than  the  third. 

And  becaufe  in  each  of  the  cafes  E  is  greater  than  the  excefs 
of  C  above  D,  E  together  with  D  is  greater  than  C  ;  and  by 
the  hypothecs,  C  is  not  lefs  than  D  ;  therefore  E  together 
with  C  is  greater  than  D  ;  and,  by  the  conftru6lion,  C  and  D 
together  are  greater  than  E  :  Therefore  any  two  of  the  three, 

C,  D,  E  are  greater  than  the  third. 

PROP.  III.  THEORE  M. 

There  may  be  innumerable  folid  angles  all  unequal  to  one 
-another,  each  of  which  is  contained  by  the  fame  four  plane  an¬ 
gles,  placed  in  the  fame  order. 

Take  three  plane  angles.  A,  B,  C,  of  which  A  is  not  lefs 
than  either  of  the  other  two,  and  fuch,  that  A  and  B  toge¬ 
ther,  are  lefs  than  two  right  angles:  and  by  problem  i.  and 
its  corollary,  find  a  fourth  angle  D  fuch,  that  any  three  what¬ 
ever  of  the  angles  A,  B,  C,  D  be  greater  than  the  remaining 
angle,  and  fuch,  that  A  and  B  together  be  not  lefs  than  C 
and  D  together  :  And  by  problem  2.  find  a  fi  th  angle  E  luch 
that  any  two  pf  the  angles  A,  B,  E  be  greater  than  the  third 
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Book  XI.  the  third  :  And  becaufe  A  and  B  together  are?  lefs  than  two 

'*~n "  v  '  right  angles,  the  double  of  A  and  B  together  is  lefs  than  four 
right  angles  :  But  A  and  B  together  are  greater  than  the  angle 
E  ;  wherefore  the  double  of  A,  B  together  is  greater  than 
the  three  angles  A,  B,  E  together,  which  three  are  conle- 
quently  lefs  than  four  right  angles  and  every  two  of  the 
fame  angles  A,  B,  E  are  greater  than  the  third  ;  therefore,  by 
prop.  23.  11.  a  foiid  angle  may  be  made  contained  by  three 
plane  angles  equal  to  the  angles  A  B,  E,  each  to  each.  Let 
this  be  the  angle  F  contained  by  the  three  plane  angles  GFH, 
HFK,  GFK  which  are  equal  to  the  angles  A,  B,  E,  each  to 
each  :  And  becaufe  the  angles  C,  D  together  are  not  greater 
than  the  angles  A,  B  together,  therefore  the  angles  C,  D,  E 
are  not  greater  than  the  angles  A?  B,  E  :  But  thefe  laft  three 
are  lefs  than  four  right  angles,  as  has  been  demonflrated  :  where¬ 
fore  alfo  the  angles  C,  D,  E  are  together  lefs  than  four  right 
angles,  and  every  two  of  them  are  greater  than  the  third  *, 
therefore  a  foiid  angle  may  be  made,  which  fhall  be  contained 
by  three  plane  angles  equal  to  the  angles  C,  D,  E,  each  to 


a  23. 11.  each  a  :  And  by  prop.  26  11.  at  the  point  F  in  the  flraight 
line  FG  a  foiid  angle  may  be  made  equal  to  that  which  is  con¬ 
tained  by  the  three  plane  angles  that  are  equal  to  the  angles 
C,  D,  E  :  Let  this  be  made,  and  let  the  angle  GFK,  which  is 
equal  to  E,  be  one  of  the  three  ;  and  let  KFL,  GFL  be  the 
other  two  which  are  equal  to  the  angles,  C,  D,  each  to  each. 
Thus  there  is  a  foiid  angle  conflituted  at  the  point  F  contained 
by  the  four  plane  angles  GFH,  HFK,  KFL,  GFL  which  are 
equal  to  the  angles  A,  B,  C,  D,  each  to  each. 

Again,  Find  another  angle  M  fuch,  that  every  two  of  the 
three  angles  A,  B,  M  be  greater  than  the  third,  and  alfo 
every  two  of  the  three  C,  D,  M  be  ^greater  than  the  third  : 

And* 
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,And,  as  in  the  preceding  part,  it  may  be  demonftrated  that 
the  three  A,  B,  M  are  lefs 
than  four  right  angles,  as  alfo 
that  the  three  C,  D’,  M  are 
lefs  than  four  right  angles. 

Make  therefore  a  a  folid  angle 
at  N  contained  by  the  three 
plane  angles  ONP,  PNQ^, 

ONQ^.  which  are  equal  to  A, 

B,  M,  each  to  each  :  And  by 
prop.  26.  11.  make  at  the 
point  N  intheftraight  line  ON  a  folid  angje  contained  by  three 
plane  angles  of  which  one  is  the  angle  ONQ^equal  to  M,  and 
the  other  two  are  the  angles  QNR,  ONR  which  are  equal  to 
the  angles  C,  D,  each  to  each.  Thus,  at  the  point  N,  there  is 
a  folid  angle  contained  by  the  four  plane  angles  ONP,  PNQj 
QNR,  ONR  which  are  equal  to  the  angles  A,  B,  C,  D  each 
to  each.  And  that  the  two  folid  angles  at  the  points  F,  N, 
each  of  which  is  contained  by  the  above  named  four  plane  an¬ 
gles,  are  not  equal  to  one  another,  or  that  they  cannot  coin¬ 
cide,  will  be  plain  by  confidering  that  the  angles  GFK,  ONQy 
that  is,  the  angles  E,  M,  are  unequal  by  the  conftru&ion  \  and 
therefore  the  ftraight  lines  GF,  FK  cannot  coincide  with  ON, 
NQ^,  nor  confequently  can  the  folid  angles,  which  therefore 
are  unequal. 

And  becaufe  from  the  four  plane  angles  A,  B,  C,  D,  there 
can  be  found  innumerable  other  angles  that  will  ferve  the  fame 
purpofe  with  the  angles  E  and  M  ;  it  is  plain  that  innumerable 
other  folid  angles  may  be  conftituted  which  are  each  contained 
by  the  fame  four  plane  angles,  and  all  of  them  unequal  to  one 
another,  Q^E.  D. 

And  from  this  it  appears  that  Clavius  and  other  authors  are 
miftaken,  who  aflert  that  thofe  folid  angles  are  equal  which 
are  contained  by  the  fame  number  of  plane  angles  that  are  e- 
qual  to  one  another,  each  to  each.  Alfo  it  is  plain  that  the 
26th  prop,  of  book  11.  is  by  no  means  fufficiently  demon¬ 
ftrated,  becaufe  the  equality  of  two  folid  angles,  whereof  each 
is  contained  by  three  plane  angles  which  are  equal  to  one  an¬ 
other,  each  to  each,  is  only  aflumed,  and  not  demonftrated. 
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PROP.  I.  B.  XI. 

The  words  at  the  end  of  this,  “  for  a  flraight  line  cannot 
tl  meet  a  draight  line  in  more  than  one  point,”  are  left  out,  as 
an  addition  by  fome  unlkilful  hand  ;  for  this  is  to  be  demon- 
llrated,  not  adorned. 

Mr  Thomas  Simpfon,  in  his  notes  at  the  end  of  the  2d  edi¬ 
tion  of  his  elements  of  geometry,  p.  262.  after  repeating  the 
words  of  this  note, \  adds,  “  Now,  can  it  podibly  fhow  any  want 
“  of  fkill  in  an  editor  (he  means  Euclid  or  Theon)  to  refer  to 
li  an  axiom  which  Euclid  himfelf  hath  laid  dov/n,  Book  1. 

4  No.  14.”  he  means  Barrow’s  Euclid,  for  it  is  the  10th  in  the 
Greek,  “  and  not  to  have  demondrated,  what  no  man  can  de- 
“  mondrate  ?’*  -  But  all  that  in  this  caie  can  follow  from  that 
axiom  is,  that,  if  two  draight  lines  could  meet  each  other  in 
two  points,  the  parts  of  them  betwixt  thefe  points  mull  coin¬ 
cide,  and  fo  they  would  have  a  fegment  betwixt  thefe  points 
common  to  both.  Now,  as  it  has  not  been  lliown  in  Euclid, 
that  they  cannot  have  a  common  fegment,  this  does  not  prove 
that  they  cannot  meet  in  two  points  from  which  their  not 
having  a  common  fegment,  is  deduced  in  the  Greek  edition  : 
But,  on  the  contrary,  becaufe  they  cannot  have  a  common 
fegment,  as  is  lhown  in  Cor.  of  nth  prop.  Book  1.  of  4to  e- 
dition,  it  follows  plainly  that  they  cannot  meet  in  two  points, 
which  the  remarker  fays  no  man  can  demondrate. 

Mr  Simpfon,  in  the  fame  notes,  p.  265.  judly  obferves,  that 
in  the  corollary  of  prop.  11.  Book  1.  4toedit.  the  flraight  lines 
AB,  BD,  BC,  are  fuppofed  to  be  all  in  the  fame  plane,  which 
cannot  be  affumed  in  id  prop,  book  11.  This,  Icon  after  the 
4to  edition  was  publidied,  1  obferved  and  corredfed  as  it  is 
now  in  this  edition  :  He  is  rridaken  in  thinking  the  icth 
axiom  he  mentions  here  to  be  Euclid’s;  it  is  none  of  Euclid’s, 
but  is  the  10th  in  Dr  Barrow’s  edition,  who  had  it  from  Heri- 
gcn’s  Curfus,  vol.  i.and  in  place  of  it  the  corollary  of  icth 
prop.  Book  1.  was  added. 

I  <  v 

P  R  O  P.  II.  B.  XI. 

This  propofition  feems  to  have  been  changed  and  vitiated 
by  feme  editor  ;  for  all  the  figures  defined  in  the  id  book  of 
the  elements,  and  among  them  triangles,  are  by  the  hypothe- 
fis,  plane  figures  ;  that  is,  fuch  as  are  deferibed  in  a  plane; 
wherefore  the  feccnd  part  of  the  enunciation  needs  nodemon- 
flration.  Befi.des,  a  convex  fuperficies  may  le  terminated  by 
2  three 
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three  flraight  lines  meeting  one  another  :  The  thing  that  Book  xr. 
fhould  have  been  demonflrated  is,  that  two,  or  three  flraight  y'~~” 
lines,  that  meet  one  another,  are  in  one  plane.  And  as  this 
is  not  fufficiently  done,  the  enunciation  and  demonflration  are 
changed  into  thofe  now  put  into  the  text. 

PROP.  III.  R.  XI. 

In  this  proportion  the  following  words  near  to  the  end  of  it 
are  left  out,  viz.  (i  therefore  DEB,  DFB  are  not  flraight  lines; 

“  in  the  like  manner  it  may  be  demonflrated  that  there  can  be 
“  no  other  flraight  line  between  the  points  D,  B  Becaufe 
from  this,  that  two  lines  include  a  fpace,  it  only  follows  that 
one  of  them  is  not  a  flraight  line  :  And  the  force  of  the  argu¬ 
ment  lies  in  this,  viz.  if  the  common  fedlion  of  the  planes  be 
not  a  flraight  line,  then  two  flraight  lines  could  include  a  fpace, 
which  is  abfurd;  therefore  the  common  fe£lion  is  a  flraight  line. 

PROP.  IV.  B.  XI. 

The  words  “  and  the  triangle  AED  to  the  triangle  BEC” 
are  omitted,  becaufe  the  whole  conclufion  of  the  4th  prop. 

B  1.  has  been  fo  often  repeated  in  the  preceding  books,  it  was 
needlefs  to  repeat  it  here. 

PROP.  V.  *  B.  XI.  * 

In  this,  near  to  the  end,  *z7ri7rzbu,  ought  to  be  left  out  in  the 
Greek  text :  And  the  word  “  plane”  is  rightly  left  out  in  the 
Oxford  edition  of  Commandine’s  tranflation. 

PROP.  VII.  B.  XI. 

This  proportion  has  *been  put  into  this  book  by  fome  un- 
fkilful  editor,  as  is  evident  from  this,  that  flraight  lines  which 
are  drawn  from  one  point  to  another  in  a  plane,  are,  in  the 
preceding  books,  fuppofed  to  be  in  that  plane  :  And  if  they 
were  not,  fome  demonflrations  in  which  one  flraight  line  is 
fuppofed  to  meet  another  would  not  be  consclulive,  becaufe 
thefe  lines  would  not  meet  one  another:  For  inftance,  in  prop. 

30.  B.  1.  the  flraight  line  GK  would  not  meet  EF,  if  GK  were 
not  in  the  plane  in  which  are  the  parallels  AB,  CD,  and  in 
which,  by  hypothecs,  the  flraight  line  EF  is:-  Befides,  this 
7th  proportion  is  demonflrated  by  the  preceding  3.  in  which 
the  very  thing  which  is  propofed  to  be  demcnfl rated  in  the  7th, 
is  twice  affumcd,  viz.  that  the  flraight  line  drawn  from  one 
point  to  another  in  a  plane, isin  that  plane*,  and  the  fame  thing 
is  afTumed  in  the  preceding  6th  prop,  in  which  the  flraight  line 
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Book  XI.  which  joins  the  points  B,  D  that  are  in  the  plane  to  which  AB 
and  CD  are  at  right  angles,  is  fuppofed  to  be  in  that  plane  : 
And  the  7th,  of  which  another  demonftration  is  given,  is  kept 
in  the  book  merely  to  preferve  the  number  of  the  propofitions; 
for  it  is  evident  from  the  7th  and  35th  definitions  of  the  ift 
book,  though  it  had  not  been  in  the  elements. 

PROP.  VIII.  B.  XI.  '  1 

In  the  Greek,  and  in  Commandine’s  and  Dr  Gregory’s 
tranflations,  near  to  the  end  of  this  propofition,  are  the  follow¬ 
ing  words :  But  DC  is  in  the  plane  through  BA,  AD,”  in- 
ftead  of  which,  in  the  Oxford  edition  of  Commandine’s  tranl- 
lation  is  rightly  put  “  but  DC  is  in  the  plane  through  BD, 
“  DA  But  all  the  editions  have  the  following  words,  viz. 
“  becaufe  AB,  BD  are  in  the  plane  thro’  BD,  DA,  and  DC 
“  is  in  the  plane  in  which  are  AB,  BD,”  which  are  manifefily 
corrupted,  or  have  been  added  to  the  text ;  for  there  was  not 
the  leaft  neceflity  to  go  fo  far  about  to  Ihow7  that  DC  is  in  the 
fame  plane  in  which  are  BD,  DA  becaufe  it  immediately  fol¬ 
lows  from  prop.  7.  preceding,  that  BD,  DA,  are  in  the  plane 
in  which  are  the  parallels  AB,  CD  :  Therefore,  inftead  of  thefe 
words,  there  ought  only  to  be  “  becaufe  all  three  are  in  the 
plane  in  which  “  are  the  parallels  AB,  CD.” 

PROP.  XV.  B.  XI. 

After  the  words,  “  and  becaufe  BA  is  parallel  to  GH,”  the 
following  are  added,  “  for  each  of  them  is  parallel  to  DE,  and 
“  are  not  both  in  the  fame  plane  with  it,”  as  being  manifefily 
forgotten  to  be  put  into  the  text. 

PROP.  XVI.  B.  XI. 

In  this,  near  to  the  end,  infiead  of  the  words,  "  but  ftraight 
“  lines  wrhich  meet  neither  way”  ought  to  be  read,  “  but 
“  ftraight  lines  in  the  fame  plane  which  produced  meet  neither 
“  way  Becaufe,  though  in  citing  this  definition  in  prop.  27. 
book  1.  it  w?as  not  neceflary  to  mention  the  wmrds,  “  in  the 
“  fame  plane,”  all  the  ftraight  lines  in  the  books  preceding 
this  being  in  the  fame  plane ;  yet  here  it  was  quite  neceflary, 

PROP.  XX.  B.  XI. 

In  this  near  the  beginning,  are  the  words,  “  But  if  not,  let 
“  BAC  be  the  greater:”  But  the  angle  BAC  may  happen  to 
be  equal  to  one  of  the  other  twro  :  Wherefore  this  place  fhould 
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be  read  thus,  “  But  if  not,  let  the  angle  BAG  be  not  lefs  than  Book  XI. 
“  either  of  the  other  two,  but  greater  than  DAB.” 

At  the  end  of  this  propofition  it  is  faid,  “  in  the  fame  man- 


“  ner  it  may  be  demonftrated,”  though  there  is  no  need  of  any 
demonftration;  becaufe  the  angle  BAC  being  not  lefs  than 
either  of  the  other  two,  it  is  evident  that  BAG  together  with 
one  of  them  is  greater  than  the  other. 


PROP.  XXII.  B.  XI. 


And  likewife  in  this,  near  the  beginning,  it  is  faid,  “  But 
“  if  not,  let  the  angles  at  B  E,  H  be  unequal,  and  let  the  an- 
"  gle  at  B  be  greater  than  either  of  thofe  at  E,  H  Which 
words  manifeftly  fhow  this  place  to  be  vitiated,  becaufe  the  an¬ 
gle  at  B  may  be  equal  to  one  of  the  other  two.  They  ought 
therefore  to  be  read  thus,  “  But  if  not,  let  the  angles  at  B,  E 
“  H  be  unequal,  and  let  the  angle  at  B  be  not  lefs  than  either 
“  of  the  other  two  at  E,  H :  Therefore  the  ftraight  line  AC 
**  is  not  lefs  than  either  of  the  two  DF,  GK.M 

PROP.  XXIII.  B.  XI. 

The  demonftration  of  this  is  made  fomething  fhorter,  by  not 
repeating  in  the  third  cafe  the  things  which  were  demonftrated 
in  the  firft  *,  and  by  making  ufe  of  the  conftru£Hon  which 
Campanus  has  given  ;  but  he  does  not  demonftrate  the  fecond 
and  third  cafes  :  The  conftru&ioh  and  demonftration  of  the 
third  cafe  are  made  a  little  more  fimple  than  in  the  Greek  text. 


PROP.  XXIV.  B.  XI. 

The  word  “  fimilar”  is  added  to  the  enunciation  of  this  pro¬ 
position,  becaufe  the  planes  containing  the  folids  which  are  to 
be  demonftrated  to  be  equal  to  one  another,  in  the  25  th  pro- 
poSition,  ought  to  be  Similar  and  equal,  that  the  equality  of  the 
folids  may  be  inferred  from  prop.  C.  of  this  book:  And,  in  the 
Oxford  edition  of  Commandine’s  tranflation,  a  corrollary  is 
added  to  prop.  24.  to  Show  that  the  parallelograms  mentioned 
in  this  propofition  are  Similar,  that  the  equality  of  the  folids 
in  prop.  25.  may  be  deduced  from  the  10th  def.  of  book  11. 

PROP.  XXV.  and  XXVI.  B.  XI. 

In  the  25th  prop,  folid  figures  which  are  contained  by  the 
fame  number  of  firnilar  and  equal  plane  figures,  are  fuppofed 
to  be  equal  to  one  another.  And  it  feems  that  Theon,  or  fome 

other 


35* 


NOTES. 


Book  XI.  other  editor,  that  he  might  fave  himfelf  the  trouble  of  demon- 
fixating  the  folid  figures  mentioned  in  this  propofition  to  be 
equal  to  one  another,  has  inferted  the  ioth  def.  of  this  book, 
to  ferve  inftead  of  a  demonfiration  ;  which  was  very  ignorant¬ 
ly  done. 

Likewife  in  the  26th  prop,  two  folid  angles  are  fuppofed  to 
be  equal :  If  each  of  them  be  contained  by  three  plane  angles 
wffiich  are  equal  to  one  another,  each  to  each.  And  it  is  ftrange 
enough  that  none  of  the  commentators  on  Euclid  have,  as  far 
as  I  know,  perceived  that  fomething  is  wanting  in  the  demon- 
fixations  of  thefe  two  propoiitions.  Clavius,  indeed,  in  a  note 
upon  the  nth  def.  of  this  book,  affirms,  that  it  is  evident  that 
thofe  folid  angles  are  equal  which  are  contained  by  the  fame 
number  of  plane  angles,  equal  to  one  another,  each  to  each, 
becaufe  they  will  coincide,  if  they  be  conceived  to  be  placed 
within  one  another;  but  this  is  faid  without  any  proof,  nor  is  it 
always  true,  except  when  the  folid  angles  are  contained  by  three 
plane  angles  only,  which  are  equal  to  one  another,  each  to 
each  :  And  in  this  cafe  the  propofition  is  the  fame  with  this, 
that  two  fpherical  triangles  that  are  equilateral  to  one  another, 
are  alfo  equiangular  to  one  another,  and  can  coincide  :  which 
ought  not  to  be  granted  without  a  demonfixation.  Euclid  does 
not  aflume  this  in  the  cafe  of  redilineal  triangles,  but  demon- 
ftrates  in  prop.  8.  book  1.  that  triangles  which  are  equilateral 
to  one  another  are  alfo  equiangular  to  one  another  ;  and  from 
this  their  total  equality  appears  by  prop.  4.  book  1.  And  Me- 
nelaus,  in  the  4th  prop,  of  his  firft  book  of  fpherics,  explicitly 
demonftrates  that  fpherical  triangles  which  are  mutually  equi¬ 
lateral,  are  alfo  equiangular  to  one  another  ;  from  which  it  is 
eafy  to  fliow  that  they  mult  coincide,  providing  they  have  their 
fides  difpofed  in  the  fame  order  and  fituation. 

To  fupply  thefe  defeds,  it  wTas  necefiary  to  add  the  three 
propoiitions  marked  A,  B,  C  to  this  book.  For  the  25th, 
26th  and  28th  propoiitions  of  it,  and  confequently  eight  others, 
viz.  the  27th,  3 ill,  32d,  33d,  34th,  36th,  37th,  and  40th  of 
the  fame,  which  depend  upon  them,  have  hitherto  Hood  upon 
an  infirm  foundation  ;  as  alfo,  the  8th,  1  2th,  Cor.  cif  17th  and  ^ 
i8thof  12th  book,  which  depend  upon  the  9th  definition.  For 
it  has  been  Ihown  in  the  notes  on  def.  10.  of  this  book,  that 
folid  figures  which  are  contained  by  the  fame  number  of  fi- 
milar  and  equal  plane  figures,  as  alfo  folid  angles  that  are  con¬ 
tained  by  the  fame  number  of  equal  plane  angles,  are  not  al¬ 
ways  equal  to  one  another. 
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It  is  to  be  obferved  that  Tacquet,  in  his  Euclid,  defines  equal  XI. 
folid  angles  to  be  fuch,  •*  as  being  put  within  one  another  do 
“  coincide  But  this  is  an  axiom,  not  a  definition  ;  for  it  is 
true  of  a  1  magnitude^vhatever.  He  made  this  ulelefs  defini- 
t  on,  that  by  it  he  demonflrate  the  36th  prop,  of  this 

book,  without  the  help  of  the  35th  of  the  fame  :  Concerning 
which  demonftration,  fee  the  note  upon  prop.  36.  . 

PROP.  XXVIII.  B.  XI. 

In  this  it  ought  to  have  been  demonflrated,  not  afTumed, 
that  the  diagonals  are  in  one  plane.  Clavius  hasfupplied  this 
defe£L 

PROP.  XXIX.  B.  XI. 

There  are  three  cafes  of  this  proportion  ;  the  firft  is,  when 
the  two  parallelograms  oppofite  to  the  bafe  AB  have  a  lide 
common  to  both  ;  the  fecond  is,  when  thefe  parallelograms  are 
feparated  from  one  another  ;  and  the  third,  when  there  is  a 
part  of  them  common  to  both ;  and  to  this  laft  only,  the  de¬ 
monftration  that  has  hitherto  been  in  the  elements  does  agree. 

Tne  firft  cafe  is  immediately  deduced  from  the  preceding  28th 
prop,  which  feems  for  this  purpofe  to  have  been  premil'ed  to 
this  29th,  for  it  is  neceflary  to  none  but  to  it,  and  to  the  40th 
of  this  book,  as  we  now  have  it,  to  which  laft,  it  would,  with¬ 
out  doubt,  have  been  premifed,  if  Euclid  had  not  made  ufe  of 
it  in  the  29th ;  but  fome  unfkilful  editor  has  taken  it  away 
from  the  elements,  and  has  mutilated  Euclid’s  demonftration 
of  the  other  two  cafes,  which  is  now  reftored,  and  ferves  for 
both  at  once. 

PROP.  XXX.  B.  XI. 

In  the  demonftration  of  this,  the  oppofite  planes  of  the  folid 
CP,  in  the  figure  in  this  edition,  that  is,  of  the  folid  CO  in 
Commandine’s  figure,  are  not  proved  to  be  parallel ;  which  it 
is  proper  to  do  for  the  fake  of  learners. 

PROP.  XXXI.  B.  XL 

There  are  two  cafes  of  this  propofition  ;  the  firft  i$,  when 
the  infilling  ftraight  lines  are  at  right  angles  to  the  bafes  •,  the 
other,  when  they  are  not :  The  firft  cafe  is  divided  again  into 
two  others,  one  of  which  is,  when  the  bafes  are  equiangular 
parallelograms  j  the  other,  when  they  are  not  equiangular  # 
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Book  XI.  The  Greek  editor  makes  no  mention  of  the  firft  of  thefe  two 
laft  cafes,  but  has  inferted  the  demonftration  of  it  as  a  part  of 
that  of  the  other  :  And  therefore  Ihouid  have  taken  notice  of 
it  in  a  corollary  ;  but  we  thought  it  better  to  give  thefe  two 
cafes  feparately  :  The  demonftration  alfo  is  made  fomething 
fhorter  by  following  the  way  Euclid  has  made  ufe  of  in  prop. 
14.  book  6.  Befides,  in  the  demonftration  of  the  cafe  in  which 
the  infilling  ftraight  lines  are  not  at  right  angles  to  the  bafes,  the 
editor  does  not  prove  that  the  folids  defcribed  in  the  conftruc- 
tion,  are  parallelepipeds,  which  it  is  not  to  be  thought  that  Eu¬ 
clid  neglected:  Alfo  the  words,  “  of  which  the  infilling  ftraight 
“  lines  are  not  in  the  fame  ftraight  lines, have  been  added  by 
fome  unlkilful  hand ;  for  they  may  be  in  the  fame  ftraight  lines. 

PROP.  XXXII.  B.  XL 

The  editor  has  forgot  to  order  the  parallelogram  FH  to  be 
applied  in  the  angle  FGH  equal  to  the  angle  LCG,  which  is 
neceflary.  Clavius  has  fupplied  this. 

Alfo,  in  the  conftru&ion,  it  is  required  to  complete  the 
folid  of  which  the  bafe  is  FH,  and  altitude  the  fame  with  that 
of  the  folid  CD  :  But  this  does  not  determine  the  folid  to  be 
completed,  fince  there  may  be  innumerable  folids  upon  the 
fame  bafe,  and  of  the  fame  altitude  :  It  ought  therefore  to  be 
faid,  “  complete  the  folid  of  which  the  bafe  is  FH,  and  one  of 
M  its  infilling  ftraight  lines  is  FD  The  fame  correction  mult 
be  made  in  the  following  propofition  33. 

P  R  O  P.  D.  B.  XI. 

It  is  very  probable  that  Euclid  gave  this  propofition  a  place 
in  the  elements,  fince  he  gave  the  like  propofition  concerning 
equiangular  parallelograms  in  the  23d.  B.  6. 

PRO  P.  XXXIV.  B.  XI. 

In  this  the  words,  ^  v  ai  tywrdxrai  eictiv  zm  t%v  auT%v  sv9eiuvf 
tl  of  which  the  infilling  ftraight  lines  are  not  in  the  fame 
Ci  ftraight  lines,*’  are  thrice  repeated  but  thefe  words  ought 
either  to  be  left  out,  as  they  are  by  Clavius,  or,  in  place  of 
them,  ought  to  be  put,  “  whether  the  infilling  ftraight  lines  be, 

or  be  not  in  the  fame  ftraight  lines  :'*  For  the  other  cafe  is 
without  any  reafon  excluded  j  alfo  the  words,  «v  rao^n,  of 
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<c  which  the  altitudes,”  are  twice  put  for  Sv  cu  tyzrvxTai,  “  of  Book  XI. 
“  which  the  infilling  ftraight  lines  which  is  a  plain  miftake  :  "  v 
For  the  altitude  is  always  at  right  angles  to  the  bafe. 

PROP.  XXXV.  B.  XI. 

The  angles  ABH,  DEM  are  demonftrated  to  be  right  an¬ 
gles  in  a  ftiorter  way  than  in  the  Greek  ;  and  in  the  fame  way 
ACH,  DFM  may  be  demonftrated  to  be  right  angles  :  Alfo 
the  repetition  of  the  fame  demonftration,  which  begins  with 
“  in  the  fame  manner,”  is  left  out,  as  it  was  probably  added 
to  the  text  by  fome  editor  :  for  the  words  “  in  like  manner 
“  we  may  demonftrate,”  are  not  inferted  except  when  the  de¬ 
monftration  is  not  given,  or  when  it  is  fomething  different 
from  the  other  if  it  be  given,  as  in  prop.  26.  of  this  book. 
Companus  has  not  this  repetition. 

We  have  given  another  demonftrartion  of  the  corollary,  bo¬ 
lides  the  one  in  the  original,  by  help  of  which  the  following 
36th  prop,  may  be  demonftrated  without  the  35th. 

PROP.  XXXVI.  B.  XI.  ‘  , 

Tacquet  in  his  Euclid  demonftrates  this  propofition  without 
the  help  of  the  35th  ;  but  it  is  plain,  that  the  folids  mentioned 
in  the  Greek  text  in  the  enunciation  of  the  propofition  as  equi¬ 
angular,  are  fuch  that  their  folid  angles  are  contained  by  three 
plane  angles  equal  to  one  another,  each  to  each  ;  as  is  evident 
from  the  conftru&ion.  Now  Tacquet  does  not  demonftrate, 
but  affumes  thefe  folid  angles  to  be  equal  to  one  another  ;  for 
he  fuppofes  the  folids  to  be  already  made,  and  does  not  give 
the  conftru&ion  by  which  they  are  made  :  But,  by  the  fecond 
demonftration  of  the  preceding  corollary,  his  demonftration  is 
rendered  legitimate  likewife  in  the  cafe  where  the  folids  are 
conftru&ed  as  in  the  text. 

PROP.  XXXVII.  B.  XI. 

In  this  it  is  alTumed  that  the  ratios  which  are  triplicate  of 
thofe  ratios  wrhich  are  the  fame  w7ith  one  another,  are  likewife 
the  fame  with  one  another  ;  and  that  thofe  ratios  are  the  fame 
with  one  another,  of  which  the  triplicate  ratios  are  the  fame 
with  one  another;  but  this  ought  not  to  be  granted  without  a 
demonftration ;  nor  did  Euclid  affume  the  firft  and  eafieft  of 
thefe  two  propofitions,  but  demonftrated  it  in  the  cafe  of  du¬ 
plicate  ratios,  in  the  2 2d  prop,  book  6.  On  this  account,  an¬ 
other  demonftration  is  given  of  this  propofition  like  to  that 
which  Euclid  gives  in  prop.  22.  book  6.  as  Clavius  has  done. 
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PROP.  XXXVIII.  B.  XI. 


When  it  is  required  to  draw  a  perpendicular  from  a  point  in 
one  plane  which  is  at  right  angles  to  another  plane,  unto  this 
laft  plane,  it  is  done  by  drawing  a  perpendicular  from  the  point 
to  the  common  fedlion  of  the  planes ;  for  this  perpendicular 
will  be  perpendicular  to  the  plane,  by  Def.  4.  of  this  book  : 
And  it  would  be  foolilh  in  this  cafe  to  do  it  by  the  nth  prop* 
a  17.  n. in  0f  the  fame:  But  Euclid a,  Apollonius,  and  other  geometers, 
tions  C(ii  when  have  occalion  for  this  problem,  direct  a  perpendi¬ 
cular  to  be  drawn  from  the  point  to  the  plane,  and  conclude  that 
it  will  fall  upon  the  common  fedlion  of  the  planes,  becaufe  this 
is  the  very  fame  thing  as  if  they  had  made  ufe  of  the  conftruc- 
tion  above  mentioned,  and  then  concluded  that  the  ftraight  line 

•  O 

muff  be  perpendicular  to  the  plane ;  but  is  exprefled  in  fewer 
words:  borne  editor,  not  perceiving  this,  thought  it  was  ne- 
ceflary  to  add  this  propolition,  which  can  never  be  of  any  ufe 
to  the  nth  book,  and  its  being  near  to  the  end  among  propo¬ 
rtions  with  which  it  has  no  connexion,  is  a  mark  of  its  ha¬ 
ving  been  added  to  the  text. 


PROP.  XXXIX.  B.  XI. 

In  this  it  is  fuppofed,  that  theftraight  lines  which  bifeft  the 
fides  of  the  oppofite  planes,  are  in  one  plane,  which  ought  to 
have  been  demonftrated ;  as  is  now  done. 


B.  XII. 

Book  XII.  'T>HE  learned  Mr  Moor,  profeflor  of  Greek  in  the  Univer- 

w — - '  JL  fity  of  Glafgow,  obferved  to  me,  that  it  plainly  appears 

from  Archimedes’s  epiftle  to  Dofitheus,  prefixed  to  his  books 
of  the  Sphere  and  Cylinder,  which  epiftle  he  has  reftored  from 
ancient  manuferipts,  that  Eudoxus  was  the  author  of  the  chief 
propofitions  in  this  1  2th  book. 

PROP.  II.  B.  XII. 

At  the  beginningof  this  it  is  faid,  “  if  it  be  not  fo,  the  fquare 
“  of  BD  fhall  be  to  the  fquare  of  FH,  as  the  circle  ABCD  is 
“  to  feme  fpace  either  lefs  than  the  circle  EFGH,  or  greater 
11  th?.n  it And  the  like  is  to  be  found  near  to  the  end  of  this 
proportion,  as  alfo  in  prop.  5.  11.  12.  18.  of  this  book:  Con¬ 
cerning 
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cerning  which,  it  is  to  be  obferved,  that  in  the  denionftration  Book  XL 
of  theorems,  it  is  fufficient,  in  this  and  the  like  cafes,  that  a 
thing  made  ufe  of  in  the  reafoning  can  poflibly  exilt,  provi¬ 
ding  this  be  evident,  though  it  cannot  be  exhibited  or  found 
by  a  geometrical  conftru&ion  :  So,  in  this  place,  it  is  a  flamed, 
that  there  may  be  a  fourth  proportional  to  theie  three  magni¬ 
tudes,  viz.  the  fquares  of  BD,  EH,  and  the  circle  ABCD  ;  be- 
caufe  it  is  evident  that  there  is  fome  fquare  equal  to  the  circle 
ABCD  though  it  cannot  be  found  geometrically  ;  and  to  the 
three  re&iiineal  figures,  viz.  the  fquares  of  BD,  FH,  and  the 
fquare  which  is  equal  to  the  circle  ABCD,  there  is  a  fourth 
fquare  proportional;  becaufe  to  the  three  ftraight  lines  which  are 
their  fides,  there  is  a  fourth  ftraight  line  proportional  a,  and  a  13.  6. 
this  fourth  fquare,  or  a  fpace  equal  to  it,  is  the  fpace  which  in 
this  propofition  is  denoted  by  the  letter  S  :  And  tiie  like  is  to 
be  underftood  in  the  other  places  above  cited  :  And  it  is  pro¬ 
bable  that  this  has  been  Ihewn  by  Euclid,  but  left  out  by  fome 
editor;  for  the  lemma  which  fome  unlkilful  hand  has  added  to 
this  propofition  explains  nothing  of  it.  ’  T/J 

PROP.  III.  B.  XII. 

In  the  Greek  text  and  the  tranflations,  it  is  faid,  “  and 
“  becaufe  the  two  ftraight  lines  BA,  AC  which  meet  one  an- 
“  other,”  &c.  here  the  angles  BAG,  KHL  are  demonftrated  to 
be  equal  to  one  another  by  10th  prop.  B.  11.  which  had  been 
done  before  :  Becaufe  the  triangle  EAG  was  proved  to  be 
fimilar  to  the  triangle  KHL  :  This  repetition  is  left  out,  and 
the  triangles  BAC,  KHL  are  proved  to  be  fimilar  in  a  fhorter 
way  by  prop.  21.  B.  6. 

PROP.  IV.  B.  XII. 

A  few  things  in  this  are  more  fully  explained  than  in  the 
Greek  text. 

PROP.  V.  B.  XII. 

In  this,  near  to  the  end,  are  the  words,  Eot.7rpQar§Ev 
“  as  was  before  fhown,”  and  the  fame  are  found  again  in  the 
end  of  prop.  18.  of  this  book  ;  but  the  demon ftration  referred 
to,  except  it  be  the  ufelefs  lemma  annexed  to  the  2d  prop,  is 
no  where  in  thefe  elements,  and  has  been  perhaps  left  out  by 
fome  editor  who  has  forgot  to  cancel  tliofe  words  alfo. 
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Book  xil.  PROP.  VI.  B.  XII. 

A  (hotter  demonftration  is  given  of  this  ;  and  that  which 
is  in  the  Greek  text  may  be  made  (horter  by  a  ftep  than  it  is  : 
For  the  author  of  it  makes  ufe  of  the  2 2d  prop,  of  B.  5.  twice : 
Whereas  once  would  have  ferved  his  '  purpofe  ;  becaufe  that 
propolition  extends  to  any  number  of  magnitudes  which  are 
proportionals  taken  two  and  two,  as  well  as  to  three  which 
are  proportional  to  other  three. 


COR.  PROP.  VIII.  B.  XII. 

The  demonftration  of  this  is  imperfect,  becaufe  it  is  not 
(hown,  that  the  triangular  pyramids  into  which  thofe  upon 
multangular  bales  are  divided,  are  limilar  to  one  another,  as 
ought  neceftarily  to  have  been  done,  and  is  done  in  the  like 
cafe  in  prop.  12.  of  this  book  :  The  full  demonftration  of  the 
corollary  is  as  follows  : 

Upon  the  .polygonal  bafes  ABODE,  FGHKL,  let  there  be 
(imilar  and‘ (Imilarly  (ituated  pyramids  which  have  the  points 
M,  N  for  their  vertices  :  The  pyramid  ABC  DEM  has  to  the 
pyramid  FGHKLN  the  triplicate  ratio  of  that  which  the  (ids  i 
AB  has  to  the  homologous  fide  FG.  ; 

Let  the  polygons  be  divided  into  the  triangles  ABE,  EBC, 
a  20.  6.  £CD ;  FGL,  LGH,  LHK,  which  are  fimilar  a  each  to  each  ; 
b  11.  def.  j^n(]  becaufe  the  pyramids  are  fimilar,  therefore  b  the  triangle 
EAM  is  limilar  to  the  triangle  LFN,  and  the  triangle  ABM 
e  4-  6.  to  FGN  :  Wherefore  c  ME  is  to  EA,  as  NL  to  LF ;  and  as 


AE  to  EB,  fo  is  FL  to  LG,  becaufe  the  triangles  EAB,  LFG 
are  limilar ;  therefore,  ex  aequali,  as  ME  to  EB,  fo  is  NL  to 
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LG  ;  In  like  manner  it  may  be  fhewn  that  EB  is  to  BM,  as  Book  XII. 
LG  to  GN  ;  therefore,  again,  ex  Eequali,  as  EM  to  MB,  fo  is  '  *  * 

LN  to  NG  :  Wherefore  the  triangles  EMB,  LNG  having 
their  fides  proportionals  are  d  equiangular,  and  limilar  to  one  d  $. 
another  :  Therefore  the  pyramids  which  have  the  triangles 
EAB,  LFG  for  their  bafes,  and  the  points  M,  N  for  their  ver¬ 
tices,  are  limilar  b  to  one  another,  for  their  folid  angles  are  e  e-  b  n.  def, 
qual,  and  the  folids  themfelves  are  contained  by  the  fame  num-  ”* 
ber  of  limilar  planes :  In  the  fame  manner  the  pyramid  EBCM 
may  be  fhewn  to  be  limilar  to  the  pyramid  LGHN,  and  the 
pyramid  ECDM  to  LHKN  :  And  becaufe  the  pyramids 
EABM,  LFGN  are  limilar,  and  have  triangular  bafes,  the  py¬ 
ramid  EABM  has  f  to  LFGN  the  triplicate  ratio  of  that  which  f 
EB  has  to  the  homologous  lide  LG.  And,  in  the  fame  man¬ 
ner,  the  pyramid  EBCM  has  to  the  pyramid  LGHN  the  tri¬ 
plicate  ratio  of  that  which  EB  has  to  LG  :  Therefore  as  the 
pyramid  EABM  is  to  the  pyramid  LFGN,  fo  is  the  pyramid 
EBCM  to  the  pyramid  LGHN  :  In  like  manner,  as  the  pyra¬ 
mid  EBCM  is  to  LGHN,  fo  is  the  pyramid  ECDM  to  the 
pyramid  LHKN  :  And  as  one  of  the  antecedents  is  to  one  of 
the  confequents,  fo  are  all  the  antecedents  to  all  the  confe- 
quents  :  Therefore  as  the  pyramid  EABM  to  the  pyramid 
LFGN,  fo  is  the  whole  pyramid  ABCDEM  to  the  whole  py¬ 
ramid  FGHKLN  :  And  the  pyramid  EABM  has  to  the  py¬ 
ramid  LFGN  the  triplicate  ratio  of  that  which  AB  has  to  FG; 
therefore  the  whole  pyramid  has  to  the  whole  pyramid  the 
triplicate  ratio  of  that  which  AB  has  to  the  homologous  lide 
FG.  CL  E.  D. 

PROP.  XL  and  XII.  B.  XII. 

The  order  of  the  letters  of  the  alphabet  is  not  obferved  in 
thefe  two  proportions,  according  to  Euclid's  manner,  and  is 
now  reltored:  By  which  means,  the  firfl:  part  of  prop.  12.  may 
be  demonflrated  in  the  fame  words  with  the  firll  part  of  prop. 
ii.  j  on  this  account  the  demonftration  of  that  lirlt  part  is  left 
out,  and  alfumed  from  prop.  11. 

PROP.  XII.  B.  XII. 


In  this  propolition  the  common  fedlion  of  a  plane  parallel  to 
the  bafes  of  a  cylinder,  with  the  cylinder  itfelf,  is  fuppofed  to 
be  a  circle,  and  it  was  thought  proper  briefly  to  demonftrate 
it ;  from  whence  it  is  fufliciently  manifeft,  that  this  plane  di¬ 
vides  the  cylinder  into  two  others:  And  the  fame  thing  is  un¬ 
flood  to  be  fup plied  in  prop.  14. 
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PROP.  XV.  B.  XII. 

“  And  complete  the  cylinders  AX,  EO,”  both  the  enun¬ 
ciation  and  expofition  of  the  propofition  reprefent  the  cylin¬ 
ders  as  well  as  the  cones,  as  already  defcribed  :  Wherefore  the 
reading  o  ght  rather  to  be,  “  and  let  the  cones  be  ALC,  ENG  ; 

and  the  cylinders  AX,  EO.” 

The  firft  cafe  in  the  fecond  part  of  the  demonflrat  on  is 
wanting;  and  fometiiing  alfo  in  the  fecond  cafe  of  tha  pari, 
before  the  repetition  of  the  conftru&ion  is  mentioned  ;  which 
are  now  added. 

PROP.  XVII.  B.  XII. 

In  the  enunciation  of  this  proportion,  the  Greek  words  tig 
ryv  (xsiZova  aCpaipav  trrspeov  n rchusfyov  eyfpa^ai  /jlyi  y^auov  Trig  s^atruovog 
ctyaipag  nara  tyiv  E7rt(puvsia,v,  are  thus  tranflated  by  Commandine 
and  others,  “  in  majori  folidum  polyhedrum  defcribere  quod 
il  minoris  fphaeras  fuperficiem  non  tangat that  is,  “  to  de- 
“  fcribe  in  the  greater  fphere  a  folid  polyhedron  which  fhall 
“  not  meet  the  fuperficies  of  the  leffer  fphere:”  Whereby 
they  refer  the  words  none  a  tw  em^aveiav  to  thefe  next  to  them 
‘TYig  E^acrcrcvog  crpaipag :  But  they  ought  by  no  means  to  be  thus 
tranflated,  for  the  folid  polyhedron  doth  not  only  meet  the  fu¬ 
perficies  of  the  leffer  fphere,  but  pervades  the  whole  of  that 
fphere  :  Therefore  the  forefaid  words  are  to  be  referred  to 
to  (TTEgEcv  'Eo'Kus'frpcv,  and  ought  thus  to  be  tranflated,  viz.  to  de* 
fcribe  in  the  greater  fphere  a  folid  polyhedron  whofe  fuperfi¬ 
cies  fhall  not  meet  the  leffer  fphere  :  as  the  meaning  of  the 
propofition  neceffarily  requires. 

The  demonft ration  of  the  propofition  is  fpoiled  and  mutila¬ 
ted  :  For  fome  eafy  things  are  very  explicitly  demonflrated, 
while  others  not  fo  obvious  are  not  fufficiently  explained  ;  for 
example,  when  it  is  affirmed,  that  the  fquare  of  KB  is  greater 
than  the  double  of  the  fquare  of  BZ,  in  the  firft  demonflra- 
tion  ;  and  that  the  angle  BZK  is  obtufe,  in  the  fecond  :  Both 
which  ought  to  have  been  demonfrrated  :  Beiides,  in  the  firft 
demOntlration,  it  is  faid,  “  draw  KX2  from  the  point  K  perpen- 
Li  dicular  to  BD  ;  whereas  it  ought  to  have  been  faid,  “  join 
il  KV,”  and  it  fhould  have  been  demonflrated  that  KV  is 
perpendicular  to  BD  :  For  it  is  evident  from  the  figure  in  Her- 
vagius’s  and  Gregory’s  editions,  and  from  the  words  of  the 
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demonftration,  that  the  Greek  Editor  did  not  perceive  that  Book  xil 
the  perpendicular  drawn  from  the  point  K  to  the  ftraight  line  — — v— ' 
BD  mull  neceffarily  fail  upon  the  point  V,  for  in  the  figure  it 
is  made  to  fall  upon  the  point  li  a  different  point  from  V, 
which  is  likewife  fuppofed  in  the  demonftration.  lomman- 
dine  feems  to  have  been  aware  of  this  ;  for  in  this  figure  he 
marks  one  and  the  fame  point  with  the  two  letters  V,  £1 ;  and 
before  Commandine,  the  learned  John  Dee,  in  the  commen¬ 
tary  he  annexes  to  this  propofition  in  Henry  Billinfley’s  trans¬ 
lation  of  the  Elements  printed  at  London,  ann.  1570,  exprefsly 
takes  notice  of  this  error,  and  gives  a  demonftration  fuited  to 
the  conftru£Hon  in  the  Greek  text,  by  which  he  lhews  that  the 
perpendicular  dratvn  from  the  point  K  to  BD,  rauft  neceiTarily 
fall  upon  the  point  V. 

Likewife  it  is  not  demonftrated  that  the  quadrilateral  figures 
SOP  I,  TPRY,  and  the  triangle  YRX  do  not  meet  the  lelfer 
Sphere,  as  was  neceffary  to  have  been  done  :  Only  Clavius,  as 
far  as  I  know,  has  obferved  this,  and  demonftrated  it  by  a  lem¬ 
ma,  which  is  now  premifed  to  this  propofition,  fomething 
altered  and  more  briefly  demonftrated. 

In  the  corollary  of  this  propofition,  it  is  fuppofed  that  a 
folid  polyhedron  is  defcribed  in  the  other  fphere  fimilar  to  that 
which  is  defcribed  in  the  fphere  BCDE  ;  but,  as  the  conftruc- 
tion  by  which  this  may  be  done  is  not  given,  it  was  thought 
proper  to  give  it,  and  to  demonftrate,  that  the  pyramids  in  it 
are  fimilar  to  thofe  of  the  fame  order  in  the  folid  polyhedron 
defcribed  in  the  fphere  BCDE. 

From  the  preceding  notes,  it  is  fufficiently  evident  how 
much  the  elements  of  Euclid,  who  was  a  moft  accurate  geo¬ 
meter,  have  been  vitiated  and  mutilated  by  ignorant  editors. 

The  opinion  which  the  greateft  part  of  learned  men  have  en¬ 
tertained  concerning  the  prefent  Greek  edition,  viz.  that  it  is 
very  little  or  nothing  different  from  the  genuine  work  of  Eu¬ 
clid,  has  without  doubt  deceived  them,  and  made  them  lefs 
attentive  and  accurate  in  examining  that  edition  ;  whereby  fe- 
veral  errors,  fome  of  them  grofs  enough,  have  efcaped  their 
notice  from  the  age  in  which  Theon  lived  to  this  time.  Upon 
which  account  there  is  fome  ground  to  hope  that  the  pains  we 
have  taken  in  corre&ing  thofe  errors,  and  freeing  the  Ele¬ 
ments  as  far  as  we  could  from  blemifhes,  will  not  be  unac¬ 
ceptable 


I 


362 


NOTES. 


Book  XII.  ceptable  to  good  judges  who  can  difcern  when  demonftrations 
-  v  are  legitimate,  and  when  they  are  not. 

The  objections  which,  fince  the  fir#  edition,  have  been 
made  again#  fome  things  in  the  notes,  efpecially  again#  the 
doftrine  of  proportionals,  have  either  been  fully  anfwered  in 
Dr  Barrow’s  Left.  Mathemat.  and  in  thefe  notes ;  or  are  fuch, 
except  one  which  has  been  taken  notice  of  in  the  note  on 
prop.  I.  book  11.  as  Ihew  that  the  perfon  who  made  them 
has  not  fufficiently  confidered  the  things  again#  which  they 
are  brought ;  fo  that  it  is  not  neceflary  to  make  any  further 
anfwer  to  thefe  objeftions  and  others  like  them  again#  Euclid’s 
definition  of  proportionals  5  of  which  definition  Dr  Barrow 
juftly  fays  in  page  297.  of  the  above  named  book,  that  “  Ni- 
u  fi  machinis  impulfa  validioribus  seternum  perfiftet  incon- 
«  enffa.” 
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PREFACE. 


EUCLID’S  DATA  is  the  firft  in  order  of  the 
books  written  by  the  ancient  geometers  to 
facilitate  and  promote  the  method  ofrefolution 
or  analyfis.  In  the  general,  a  thing  is  faid  to  be 
given  which  is  either  actually  exhibited,  or  can 
be  found  out,  that  is,  which  is  either  known  by 
hypothefis,  or  that  can  be  demonftrated  to  be 
known ;  and  the  propofitions  in  the  book  of 
Euclid’s  Data  fhew  what  things  can  be  found 
out  or  known  from  thofe  that  by  hypothefis  are 
already  known  ;  fo  that  in  the  analyfis  or  in- 
vefiigation  of  a  problem,  from  the  things  that 
are  laid  down  to  be  known  or  given,  by  the  help 
of  thefepropofitions  otherthingsaredemonftra- 
ted  to  be  given,  and  from  thefe,  other  things  are 
again  fhewn  to  be  given,  and  fo  on,  until  that 
which  was  propofed  to  be  found  out  in  the 
problem  is  demonftrated  to  be  given,  and  when 
this  is  done,  the  problem  is  folved,  and  its  com- 
pofition  is  made  and  derived  from  the  compo- 
fitions  of  the  Data  which  were  made  ufe  of  in 
the  analyfis.  And  thus  the  Data  of  Euclid  are 
of  the  moft  general  and  necefiary  ufe  in  the 
folution  of  problems  of  every  kind. 

Euclid  is  reckoned  to  be  the  author  of  the 
Book  of  the  Data,  both  by  the  ancient  and  mo¬ 
dern  geometers  ;  and  there  feems  to  be  no  doubt 
of  his  having  written  a  book  on  this  fubje<ft,but 
which,  in  the  courfe  of  fo  many  ages,  has  been 
much  vitiated  by  unfkilful  editors  in  feveral 
places,  both  in  the  order  of  the  propofitions, 
and  in  the  definitions  and  demonft  rations  them- 

felves. 
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felves.  To  correct  the  errors  which  are  now 
found  in  it,  and  bring  it  nearer  to  the  accuracy 
with  which  it  was,  no  doubt,  at  firft  written  by 
Euclid,  is  the  defign  of  this  edition,  that  fo  it 
may  be  rendered  more  ufeful  to  geometers, 
at  leaft  to  beginners  who  defire  to  learn  the  in- 
veftigatory  method  of  the  ancients.  And  for 
their  fakes,  the  compofitions  of  mod  of  the 
Data  are  fubjoined  to  their  demonftrations, 
that  the  compofitions  of  problems  folved  by  help 
of  the  Data  may  be  the  more  eafily  made. 

Marinus  the  philofopher’s  preface,  which,  in 
the  Greek  edition,  is  prefixed  to  the  Data,  is 
here  left  out,  as  being  of  no  ufe  to  underftand 
them.  At  the  end  of  it,  he  fays,  that  Euclid 
has  not  ufed  the  fynthetical,  but  the  analytical 
method  in  delivering  them  $  in  which  he  is 
quite  miftaken  }  for,  in  the  analyfis  of  a  theo¬ 
rem,  the  thing  to  be  demonftrated  is  afiumed 
in  the  analyfis  ;  but  in  the  demonftrations  of 
the  Data,  the  thing  to  be  demonftrated,  which 
is,  that  fomething  or  other  is  given,  is  never 
once  affumed  in  the  demonftration,frorn  which 
it  is  manifeft,  that  every  one  of  them  is  de¬ 
monftrated  fynthetically ;  though  indeed,  if  a 
propofition  of  the  Data  be  turned  into  a  pro¬ 
blem,  for  example  the  84th  or  85th  in  the  for¬ 
mer  editions,  which  here  are  the  85th  and 
86th,  the  demonftration  of  the  propofition  be¬ 
comes  the  analyfis  of  the  problem. 

Wherein  this  edition  differs  from  the  Greek, 
and  the  reafons  of  the  alterations  from  it,  will 
be  fhewn  in  the  notes  at  the  end  of  the  Data. 
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EUCLID’S  DATA- 

DEFINITIONS. 

I. 

r 

SPACES,  lines,  and  angles,  are  faid  to  be  given  in  magni¬ 
tude,  when  equals  to  them  can  be  found. 

II. 

A  ratio  is  faid  to  be  given,  when  a  ratio  of  a  given  magnitude 
to  a  given  magnitude  which  is  the  fame  ratio  with  it  can  be 
found. 

HI. 

Keflilineal  figures  are  faid  to  be  given  in  fpecies,  which  have 
each  of  their  angles  given,  and  the  ratiosof  their  fides  given. 

IV. 

Points,  lines,  and  fpaces  are  faid  to  be  given  in  pofition,  which 
have  always  the  fame  fituation,  and  which  are  either  actually 
exhibited,  or  can  be  found. 

A. 

An  angle  is  faid  to  be  given  in  pofition,  which  is  contained  by 
flraight  lines  given  in  pofition. 

V. 

A  circle  is  faid  to  be  given  in  magnitude,  when  a  flraight  line 
from  its  centre  to  the  circumference  is  given  in  magnitude. 

VI. 

A  circle  is  faid  to  be  given  in  pofition  and  magnitude,  the 
centre  of  which  is  given  in  pofition,  and  a  flraight  line  from, 
it  to  the  circumference  is  given  in  magnitude. 

VII. 

Segments  of  circles  are  faid  to  be  given  in  magnitude,  when 
the  angles  in  them,  and  their  bales,  are  given  in  magnitude. 

VIII. 

Segments  of  circles  are  faid  to  be  given  in  pofition  and  magni¬ 
tude,  when  the  angles  in  them  are  given  in  magnitude,  and 
their  bafes  are  given  both  in  pofition  and  magnitude. 

IX. 

A  magnitude  is  faid  to  be  greater  than  another  by  a  given 
magnitude,  when  this  given  magnitude  being  taken  from  it, 
the  remainder  is  equal  to  the  other  magnitude. 

X. 
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Bo ok  XTI.  V  X. 

A  magnitude  is  faid  to  be  lefs  than  another  by  a  given  magni¬ 
tude,  w  hen  this  given  magnitude  being  added  to  it,  the  whole 
is  equal  to  the  other  magnitude. 

PROPOSITION  I. 

See  n.  ratios  of  given  magnitudes  to  one  another  is 


*  t. 


/ 


a  1  •  def. 
dat. 


1 


given. 


Let  A,  B  be  two  given  magnitudes,  the  ratio  of  A  to  B  is 
given. 

Becaufe  A  is  a  given  magnitude,  there  may 
a  be  found  one  equal  to  it ;  let  this  be  C  : 

And  becaufe  B  is  given,  one  equal  to  it  may 
be  found ;  let  it  be  D  ;  and  fince  A  is  equal 
%.  7*  5-  to  C,  and  B  to  D  ;  therefore  b  A  is  to  B,  as 
C  to  D  ;  and  confequently  the  ratio  of  A  to 
B  is  given,  becaufe  the  ratio  of  the  given  *  ~ 

magnitudes  C,  D  which  is  the  fame  with  it,*» 
has  been  found. 


C  D 


u 


«< 


*•  PROP.  II. 

SeeN.  jF  a  given  magnitude  has  a  given  ratio  to  another 
1  magnitude,  “  and  if  unto  the  two  magnitudes  by 
which  the  given  ratio  is  exhibited,  and  the  given 
magnitude,  a  fourth  proportional  can  be  found;” 
the  other  magnitude  is  given. 

Let  the  given  magnitude  A  have  a  given  ratio  to  the  mag¬ 
nitude  B  ;  if  a  fourth  proportional  can  be  found  to  the  three 
magnitudes  above  named,  B  is  given  in  magnitude. 

Becaufe  A  is  given,  a  magnitude  may  be 
?  1.  def.  found  equal  to  it  a  ;  let  this  be  C  :  And  be¬ 
caufe  the  ratio  of  A  to  B  is  given,  a  ratio 
which  is  the  fame  with  it  may  be  found,  let  ^ 

this  be  the  ratio  of  the  given  magnitude  E  AB  CD 
to  the  given  magnitude  F  :  Unto  the  magni- 
tudes  E,  F,  C  find  a  fourth  proportional 
D,  which,  by  the  hypothecs,  can  be  done. 

Wherefore,  becaufe  A  is  to  B,  as  E  to  F  ;  and 
as  E  to  F,  fo  is  C  to  D  i  A  is  h  to  B,  as  C  to 


A  11.  5. 


D. 

*  The  figures  in  the  margin  Qiq\v  the  number  of  the  propofitions  in  the 

other  editions. 


D  A  T  A. 
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D.  Bat  A  is  equal  to  C  ;  therefore  c  B  is  equal  to  D.  The*  c  J4-  5* 
magnitude  B  is  therefore  given  a,  becaufe  a  magnitude  D  equal  a  1 
to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the 
Greek  tcftt,  but  is  now  necelfarily  added  ;  and  the  fame  muft 
be  underlined  in  all  the  proportions  of  the  book  which  depend 
upon  this  fecond  proportion,  where  it  is  not  exprefsly  men¬ 
tioned.  See  the  note  upon  it. 


I 


PROP.  III. 

F  any  given  magnitudes  be  added  together,  their 
fum  fhall  be  given. 


Let  any  given  magnitudes  AB,  BC  be  added  together,  their 
fum.  AC  is  given. 

Becaufe  AB  is  given,  a  magnitude  equal  to  it  may  a  be  found j  a  1  def. 
let  this  be  DE  :  And  becaufe  BC  is 
given,  one  equal  to  it  may  be  found  ; 
let  this  be  EF  :  Wherefore,  becaufe 
AB  is  equal  to  DE,  and  BC  equal 
to  EF  ;  the  whole  AC  is  equal  to 

the  whole  DF  :  AC  is  therefore  given,  becaufe  DF  has  been 
found  which  is  equal  to  it. 


A 

D 


B 

E 

— h- 


F 
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PROP.  IV. 

F  a  given  magnitude  be  taken  from  a  given  magni¬ 
tude  ;  the  remaining  magnitude  fhall  be  given. 


From  the  given  magnitude  AB,  let  the  given  magnitude 
AC  be  taken  ;  the  remaining  magnitude  CB  is  given. 

Becaufe  AB  is  given,  a  magnitude  equal  to  it  may  a  be  a  r  <Jef, 
found  ;  let  this  be  DE  :  And  becaufe  A  C  B 

AC  is  given,  one  equal  to  it  maybe _ _ _ j _ _ _ _ 

found ;  let  this  be  DF :  Wherefore  t-*  F  F 

becaufe  AB  is  equal  to  DE,  and  AC 
to  DF ;  the  remainder  CB  is  equal  “  ' 

to  the  remainder  FE.  CB  is  therefore  given  a,  becaufe  FE 
which  is  equal  to  it  has  been  found. 


A  a 
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a  4  dat. 


5- 

See  N. 


a  i.  def. 

b  4.  dat. 
c  E,  5. 


PROP.  V. 

IF  of  three  magnitudes,  the  firft  together  with  the 
fecond  be  given,  and  alfo  the  fecond  together  with 
the  third  ;  either  the  firft  is  equal  to  the  third,  or  one 
of  them  is  greater  than  the  other  by  a  given  magnitude. 

Let  AB,  .BC,  CD  be  three  magnitudes,  of  which  AB  to¬ 
gether  with  BC,  thut  is  AC,  is  given  ;  and  alfo  BC  together 
with  CD,  that  ib  BD,  is  given.  Either  AB  is  equal  to  CD, 
or  one  of  them  is  greater  than  the  other  by  a  given  magnitude. 

Becaule  AC,  BD  are  each  of  them  given,  they  are  either 
equal  to  one  another,  or  not  equal.  TJ  T% 

Firft,  let  them  be  equal,  and  becaule  ? - 1 - - 

AC  is  equal  to  BD,  take  away  the  common  part  BC  ;  there¬ 
fore  the  remainder  AB  is  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  and 
make  CE  equal  to  BD.  Therefore  CE  is  given,  becaufe  BD 
is  given.  And  the  whole  AC  is 
given  ;  therefore  a  AEthe  remain  JEJ 

der  is  given.  And  becaufe  EC  is  - — - 1  -■  —  ■ 

equal  to  BD,  by  taking  BC  from 

both,  the  remainder  KB  is  equal  to  the  remainder  CD.  And 
AE  is  given  ;  wherefore  AB  exceeds  EB,  that  is  CD  by  the 
given  magnitude  AE. 
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PROP.  VI. 

F  a  magnitude  has  a  given  ratio  to  apart  of  it,  it  (hall 
alfo  have  a  given  ratio  to  the  remaining  part  ol  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a  part  of 
it;  it  has  alfo  a  given  ratio  to  the  remainder  BC. 

Becaufe  the  ratio  of  A B  to  AC  is  given,  a  ratio  may  be 
found  a  which  is  the  fame  to  it  :  Let  this  be  the  ratio  of  DE 


a  given  magnitude  to  the  given  mag  * 
nitude  DF.  And  becaufe  DE,  DF  are  A. 
given,  the  remainder  FE  is  b  given  :  ^ 
And  becaufe  AB  is  to  AC,  as  DE  tc  U 


c 

H — 


B 


F  E 


DF,  by  converfion  c  AB  is  to  BC,  as 

DE  to  EF.  Therefore  the  ratio  of  AB  to  BC  is  given,  be- 
caule  the  ratio  of  the  given  magnitudes  DE,  EF,  wmch  is  the 
fame  with  it,  has  been  found. 

Cor, 


DATA. 


Cor.  From  this  it  follows,  that  the  parts  AC,  CB  have  a 
given  ratio  to  one  another  :  Becaufe  as  AB  to  BC,  fo  is  DE  to 
EF ;  by  divifion  d,  AC  is  to  CB,  as  DF  to  FE  ;  and  DF, 
FE  are  given  j  therefore  a  the  ratio  of  AC  to  CB  is  given. 


I 


PROP.  VII. 

F  two  magnitudes  which  have  a  given  ratio  to  one 
another,  be  added  together ;  the  whole  magni¬ 
tude  fhall  have  to  each  of  them  a  given  ratio. 

Let  the  magnitudes  AB,  BC  which  have  a  given  ratio  to 
one  another,  be  added  together ;  the  whole  AC  has  to  each 
of  the  magnitudes  AB,  BC  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  BC  is  given*  a  ratio  may  be 
found  a  which  is  the  fame  with  it ;  let  this  be  the  ratio  of  the 
given  magnitudes  DE,  EF :  And  a 

becaufe  DE,  EF  are  given,  the  - - — . .  j - — 

whole  DF  is  given  b  :  And  becaufe  n  17  -g-i 

as  AB  to  BC,  fo  is  DE  to  EF ;  by  " _ &  * 

compolition  c  AG  is  to  CB  as  DF  to 

FE ;  and  by  converlion  d,  AC  is  to  AB,  as  DF  to  DE  : 
Wherefore  becaufe  AC  is  to  each  of  the  magnitudes  AB,  BC, 
as  DF  to  each  of  the  others  DE,  EF  ;  the  ratio  of  AC  to 
each  of  the  magnitudes  AB,  BC  is  given  a. 

PROP.  VIII. 

k 

IF  a  given  magnitude  be  divided  into  two  parts 
which  have  a  given  ratio  to  one  another,  and  if  a 
fourth  proportional  can  be  found  to  the  fum  of  the 
two  magnitudes  by  which  the  given  ratio  is  exhibited, 
one  of  them,  and  the  given  magnitude  ;  each  of  the 
parts  is  given. 

Let  the  given  magnitude  AB  be  divided  into  the  parts  AC, 
CB  which  have  a  given  ratio  to  one  another  ;  if  a  fourth  pro¬ 
portional  can  be  found  to  the  above  a  H 

named  magnitudes  ;  AC  and  CB  are  - - -h— •— — — 

each  of  them  given,  1^  p  p 

Becaufe  the  ratio  of  AC  toCB  is-*^  *  ^ 

given,  the  ratio  of  AB  to  BC  is  given  a  j  therefore  a  ratio 

A  a  2  which 


37* 

d  17.5. 
a  a.  def. 

6. 

See  N. 

a  2.  def. 

b  3.  dat 

c  18.  5, 
d  E.  5. 

7* 

See  N*- 


a  7-  dat* 
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b  def. 


C  2*  dat. 
d  4.  dat. 


8. 


a  2  def. 


which  is  the  fame  with  it  can  be  found  b,  let  this  be  the  ratio 

\:.:c  B 


F  E 


of  the  given  magnitudes  DE,  EF  :  a 

And  becaufe  the  given  magnitude  AB  - 

has  to  BC  the  given  ratio  of  DE  to.-~ 

EF,  if  unto  DE,  EF,  AB  a  fourth U _ „ _ 

proportional  can  be  found,  this  which 

is  BC  is  given  c  ;  and  becaufe  AB  is  given,  the  other  part  AC 
is  given  d. 

In  the  fame  manner,  and  with  the  like  limitation,  if  the 
difference  AC  of  two  magnitudes  AB,  BC  which  have  a  gi¬ 
ven  ratio  be  given  ;  each  of  the  magnitudes  AB,  BC  is  given. 


PROP.  IX. 


“A  JW  AGNITUDES  which  have  given  ratios  to 
tJL  fame  magnitude,  have  alfo  a  given  ratio 


the 
ratio  to 


one  another. 


Le.t  A,  C  have  each  of  them  a  given  ratio  to  B  ;  A  has  a 
given  ratio  to  C. 

Becaufe  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  the 
fame  to  it  may  be  found  a  ;  let  this  be  the  ratio  of  the  given 
magnitudes  D,  E  :  And  becaufe  the  ratio  of  B  to  C  is  given, 
a  ratio  which  is  the  fame  with  it  may  be  found  a  *,  let  this  be 
the  ratio  of  the  given  magnitudes 
F,  G  :  To  F,  G,  E  find  a  fourth 
proportional  H,  if  it  can  be  done ; 
and  becaufe  as  A  is  to  B,  fo  is  D 
to  E  ;  and  as  B  ro  C,  fo  is  (F  to  G, 


and  fo  is)  E  to  H ;  ex  cequali,  as 


ABODE 

F 


R 

G 


A  to  C,  fo  is  D  to  H  :  Therefore 
the  ratio  of  A  to  C  is  given  a,  be¬ 
caufe  the  ratio  of  the  given  magni¬ 
tudes  D  and  H,  which  is  the  fame 
with  it  has  been  found  :  But  if  a 
fourth  proportional  to  F,  G,  E 
cannot  be  found,  then  it  can  only  be  faid  that  the  ratio  of  A 
to  C  is  compounded  of  the  ratios  of  A  to  B,  and  B  to  C,  that 
is,  of  the  given  ratios  of  D  to  E,  and  F  to  G. 
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PROP.  X. 

‘F  two  or  more  magnitudes  have  given  ratios  to  one 
another,  and  if  they  have  given  ratios,  though 
they  be  not  the  fame,  t  >  fome  other  magnitudes  ; 
thefe  other  magnitudes  fhal  alfo  have  given  ratios  to 
one  another. 

Let  two  or  more  magnitudes  A,  B,  C  have  given  ratios  to 
one  another ;  and  let  them  have  given  ra  os,  th  ugh  t  ley  be 
not  the  fame:,  to  fome  other  magnitudes  D,  E,  F :  The  mag¬ 
nitudes  D,  E,  F  have  given  ratios  to  one  another. 

Becaufe  the  ratio  of  A  to  B  is  given,  and  likewife  the  ratio 
of  A  toD  ;  therefore  the  ra 
tio  of  D  to  B  is  given  a-,  bm  " 
the  ratio  of  B  to  E  is  give  - 
therefore  a  the  ratio  of  D  to 
E  is  given :  And  becaufe  th  <  - 

ratio  of  B  to  C  is  given,  and 
alfo  the  ratio  of  B  to  E  ;  the  ratio  of  E  to  C  is  given  a  :  And 
the  ratio  of  C  to  F  is  given  ;  wherefore  the  ratio  of  E  to  F  is 
given :  D,  E,  F  have  therefore  given  ratios  to  one  another. 

PROP.  XI. 

\  •  \ 

IF  two  magnitudes  have  each  of  them  a  given  ratio 
to  another  magnitude,  both  of  them  together  fhall 
have  a  given  ratio  to  that  other. 

Let  the  magnitudes  AB,  BC  have  a  given  ratio  to  the  mag¬ 
nitude  D;  AG  has  a  given  ratio  to  the  fame  D. 

Becaufe  AB,  BC  have  each  of 
them  a  given  ratio  to  D,  the  ratio 
of  AB  to  BC  is  given  a  :  And  by 
compofition,  the  ratio  of  AC  toCB 
is  given  h  ;  But  the  ratio  of  BC  to  * 

D  is  given  *,  therefore  a  the  ratio  of  AC  to  D  is  given. 
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23. 

See  N. 


■d  19.  5. 


b  9.  dat. 
c  6.  dat. 


d  cor.  6. 
dat. 

e  10  dat 
*  7.  dat. 

24- 

SeeN. 


a  2  def. 
b  13.  6. 


PROP.  XII. 

IF  the  whole  have  to  the  whole  a  given  ratio,  and 
the  parts  have  to  the  parts  given,  but  not  the  fame, 
ratios :  Every  one  of  them,  whole  or  part,  Ihall  have 
to  every  one  a  given  ratio, 


Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD, 
and  the  parts  AE,  EB  have  given,  but  not  the  fame,  ratios  to 
the  parts  CF,  FD  :  Every  one  fhall  have  to  every  one,  whole 
or  part,  a  given  ratio. 

Becaufe  the  ratio  of  AE  to  CF  is  given,  as  AE  to  CF,  fo 
make  AB  to  CG;  the  ratio  therefore  of  AB  to  CG  is  given; 
wherefore  the  ratio  of  the  remainder  EB  to  the  remainder 
FG  is  given,  becaufe  it  is  the  fame  a  with  the  ratio  of  AB  to 


A  E 


B 


C 


F 

-4- 


G  D 


CG  :  And  the  ratio  of  EB  to  FDis 
given,  wherefore  the  ratio  of  FD 
to  FG  is  given  b  ;  and  by  qonver- 
fion,  the  ratio  of  FD  to  DG  is 
given  c  :  And  becaufe  AB  has  to 
each  of  the  magnitudes  CD,  CG  a  given  ratio,  the  ratio  of 
CD  to  CG  is  given  b  ;  and  therefore  c  the  ratio  of  CD  to  DG 
is  given  :  But  the  ratio  of  GD  to  DF  is  given,  wherefore  b  the 
ratio  of  CD  to  Df  is  given,  and  confequently  d  the  ratio  of 
CF  to  FD  is  given  ;  but  the  ratio  of  CF  to  AE  is  given,  as 
alio  the  ratio  of  FD  to  EB;  wherefore  e  the  ratio  of  AE  to 
EB  is  given  ;  as  alfo  the  ratio  of  AB  to  each  of  them  f  :  The 
ratio  therefore  of  every  one  to  every  one  is  given, 


PROP.  XIII. 

IF  the  firft  of  three  proportional  ftraight  lines  has  a 
given  ratio  to  the  third,  the  firft  fhall  alfo  have  a 
given  ratio  to  the  fecond. 

Let  A,  B,  C  be  three  proportional  ftraight  lines,  that  is,  as 
A  to  B,  fo  is  B  to  C";  if  A  has  to  C  a  given  ratio,  A  Ihall  alfo 
have  to  B  a  given  ratio. 

Becaule  the  ratio  of  A  to  C  is  given,  a  ratio  which  is  the 
fame  with  it  may  be  found  a ;  let  this  be  the  ratio  of  the  gi¬ 
ven  ftraight  lines  D,  E  *,  and  between  D  and  E  find  a  b  mean 

proportional 


/ 
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proportional  F ;  therefore  the  reftangle  contained  by  D  and 
E  is  equal  to  the  fquare  of  F,  and  the  reft 
angle  D,  E  is  given,  becaufe  its  licit s  D,  E 
are  given  ;  wherefore  the  fquare  of  F,  and 
the  llraight  line  F  is  given  :  And  becaufe  as 
A  is  to  C,  fo  is  D  to  E  ;  but  as  A  to  C,  fo 
is  c  the  fquare  of  A  to  the  fquare  of  B  ;  and 
as  D  to  E,  fo  is  c  the  fquare  of  D  to  the  a 
fquare  of  F  :  Therefore  the  iquare  A  oi  A  is  to 
the  fquare  of  B,  as  the  fquare  of  D  to  the 
fquare  of  F  :  As  therefore  c  the  llraight  line 
A  to  the  llraight  line  B,  fo  is  the  llraiaht  line 
D  to  the  llraight  line  F  :  Therefore  the  ratio 
of  A  to  B  is  given a,  becaufe  the  ratio  of  the 
given  llraight  lines  D,  F  which  is  the  fame 
with  it  has  been  found. 


D  F 
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PROP.  XIV. 

IF  a  magnitude  together  with  a  given  magnitude 
has  a  given  ratio  to  another  magnitude  ;  the  ex¬ 
cefs  of  this  other  magnitude  above  a  given  magnitude 
has  a  given  ratio  to  the  Arif  magnitude  :  And  if  the 
excefs  of  a  magnitude  above  a  given  magnitude  has  a 
given  ratio  to  another  magnitude  ;  this  other  magni¬ 
tude  together  with  a  given  magnitude  has  a  given 
ratio  to  the  firfl  magnitude. 


Let  the  magnitude  AB  together  with  the  given  magnitude 
BE.  that  is  AE,  have  a  given  ratio  to  the  magnitude  CD  ;  the 
excefs  of  CD  above  a  given  magnitude  h as  a  given  ratio  to  AB. 

Becaufe  the  ratio  or  AE  to  CD  is  given,  as  AE  to  CD,  fo 
make  BE  to  FD ;  therefore  the  ratio  of  BE  to  FD  is  given, 
and  BE  is  given  ;  wherefore  FD  a  iq  t* 

is  given  a  :  And  becaufe  as  AE  -  ^ - £r  5 

to  CD,  fo  is  BE  to  FD,  the  re- 


F  D 

—i - 


mainder  AB  is  b  to  the  remainder  C 
CF,  as  AE  to  CD:  But  the  ratio 
of  AE  to  CD  is  given,  therefore  the  ratio  of  AB  to  CF  is 
given  ;  that  is,  CF  the  excefs  of  CD  above  the  given  magni¬ 
tude  FD  has  a  given  ratio  to  AB. 

Next,  let  the  excefs  of  the  magnitude  AB  above  the  given 
magnitue  BE,  that  is,  let  AE  have  a  given  ratio  to  the  ntag- 

A  a  4  nitude 


a.  cor. 
20.  6" 

II.  5. 

22.  6. 

2.  def. 

A. 

See  T'k 


1  2.  dat. 
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a  2.  dat. 
C  12.  5. 


ijitude  CD  r  CD  together  with  a  given  magnitude  has  a  given 
ratio  to  AB. 

Becaufe  the  ratio  of  AE  to  CD  is  given,  as  AE  to  CD,  fo 
make  BE  to  FD  *,  therefore  the  ratio  of  A  vi 

BE  to  FD  is  given  and  BE  is  given, - - - - * — ‘ - 

wherefore  FD  is  given  a  :  And  becaufe 

~  D  F 


as  AE  to  CD,  fo  is  BE  to  FD,  AB 
to  CF,  as  c  AE  to  CD:  But  the  ratio  —  '  1 

of  AE  to  CD  is  given,  therefore  the  ratio  of  AB  to  CF  is 
given  :  that  is,  CF  which  is  equal  to  CD  together  with  the 
given  magnitude  DF  has  a  given  ratio  to  AB. 


B. 

See  N. 


PROP.  XV. 

F  a  magnitude  together  with  that  to  which  ano¬ 
ther  magnitude  has  a  given  ratio,  be  given  ;  the 
fum  of  this  other,  and  that  to  which  the  fir  ft  magni¬ 
tude  has  a  given  ratio  is  given. 


Let  AB,  CD  be  two  magnitudes  of  which  AB  together 
with  BE  to  which  CD  has  a  given  ratio,  is  given ;  CD  is  given 
together  with  that  magnitude  to  which  AB  has  a  given  ratio. 

Becaule  the. ratio  of  CD  to  BE  is  given,  as  BE  to  CD,  fo 
make  AE  to  FD  ;  therefore  the  ratio  of  AE  to  FD  is  given, 
a  2.  dat.  and  AE  is  given,  wherefore  a  FD  yy  JJ 

is  given  :  And  becaufe  as  BE  to  **  ^ - -r- 

bCor.^.s.fci),  fo  is  AE  to  FD  :  AB  is^to  — 

FC,  as  BE  to  CD  :  And  the  ratio  -T _ 

of  BE  to  CD  is  given,  wherefore 
the  ratio  of  AB  to  FC  is  given:  And  FD  is  given,  that  is  CD 
together  with  FC  to  which  AB  has  a  given  ratio  is  given. 


C  D 

— i - — 


10. 
See  N. 


PROP.  XVI. 

IF  the  excefs  of  a  magnitude  above  a  given  magni¬ 
tude,  has  a  given  ratio  to  another  magnitude  ;  the 
excefs  of  both  together  above  a  given  magnitude  fhail 
have  to  that  other  a  given  ratio  :  And  if  the  excefs  of 
two  magnitudes  together  above  a  given  magnitude, 
has  to  one  of  them  a  given  ratio  ;  either  the  excefs 
of  the  other  above  a  given  magnitude  has  to  that  one 
a  given  ratio  ;  or  the  other  is  given  together  with  the 
magnitude  to  which  that  one  has  a  given  ratio. 

Let 
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Let  the  excefs  of  the  magnitude  AB  above  a  given  magni¬ 
tude,  have  a  given  ratio  to  the  magnitude  BC  ;  the  excefs  of 
AC,  both  of  them  together,  above  the  given  magnitude,  has  a 
given  ratio  to  BC. 

Let  AD  be  the  given  magnitude,  the  excefs  of  AB  above 
which,  viz.  DB  has  a  given  ratio  A  D  B  C 

to  BC  :  And  becaufe  DB  has  a  gi- _ _ _ « _ _ 

ven  ratio  to  BC,  the  ratio  of  DC  '  * 

to  CB  is  given  a,  and  AD  is  given  ;  therefore  DC,  the  excefs  a  7.  dat. 
of  AC  above  the  given  magnitude  AD,  has  a  given  ratio  to 
BC. 

Next,  let  the  excefs  of  two  magnitudes  AB,  BC  together, 
above  a  given  magnitude,  have  to 
one  of  them  BC  a  given  ratio;  ei¬ 
ther  the  excefs  of  the  other  of  them 
AB  above  the  given  magnitude  fhall  have  to  BC  a  given  ra¬ 
tio  ;  or  AB  is  given,  together  with  the  magnitude  to  which 
BC  has  a  given  ratio. 

Let  AD  be  the  given  magnitude,  and  firfh  let  it  be  lefs  than 
AB  ;  and  becaufe  DC  the  excefs  of  AC  above  AD  has  a  gi¬ 
ven  ratio  to  BC,  DB  hasb  a  given  ratio  to  BC  ;  that  is,  DB  b 
the  excefs  of  AB  above  the  given  magnitude  AD,  has  a  given 
ratio  to  BC. 

But  let  the  given  magnitude  be  greater  than  A  B,  and  make 
AE  equal  to  it ;  and  becaufe.  EC,  the  excefs  of  AC  above  AE 
has  to  BG  a  given  ratio,  BC  has  c  a  given  ratio  to  BE  ;  and  c  dat. 
becaufe  AE  is  given,  AB  together  with  BE  to  which  BC  has 
a  given  ratio  is  given. 

PROP.  XVII.  11. 

F  the  excefs  of  a  magnitude  above  a  given  magni-  SeeN- 
tude  has  a  given  ratio  to  another  magnitude  ;  the 
excefc  of  the  fame  firft  magnitude  above  a  given 
magnitude,  fhall  have  a  given  ratio  to  both  the  mag¬ 
nitudes  together.  And  if  the  excefs  of  either  of  two 
magnitudes  above  a  given  magnitude  has  a  given  ra¬ 
tio  to  both  magnitudes  together  ;  the  excefs  of  the 
fame  above  a  given  magnitude  fhall  have  a  given  ra¬ 
tio  to  the  other. 

Let  the  excefs  of  the  magnitude  AB  above  a  given  magni¬ 
tude  have  a  given  ratio  to  the  magnitude  BC  ;  the  excefs  of 
AB  above  a  given  magnitude  has  a  given  ratio  to  AC. 


Let 
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Let  AD  be  the  given  magnitude  ;  and  because  BB  the  e:c- 
cefs  of  AB  ibove  AD,  has  a  given  ratio  to  BC;  the  ratio  of 
a  7.  dat.  DC  to  DB  is  given  a  :  Make  the  ratio  of  AD  to  DE  the  fame 
with  this  ratio ;  therefore  the  ratio  ...  &  *1  f* 

of  AD  to  DE  is  given  ;  and  AD  — —  -  - — 

%2.dat.  is  given,  wherefore  b  DE  and  the  remainder  AE  are  given: 
c  12  5*  And  becaufe  as  DC  to  DB,  fo  is  AD  to  DE,  AC  is  c  to  EB, 
as  DC  to  DB  ;  and  the  ratio  of  DC  to  DB  is  given  ;  where¬ 
fore  the  ratio  of  AC  to  EB  is  given  :  And  becaufe  the  ratio 
of  EB  to  AC  is  given,  and  that  AE  is  given,  therefore  EB 
the  excefs  of  AB  above  the  given  magnitude  AE,  has  a  given, 
ratio  to  AC. 

Next,  let  the  excefs  of  AB  above  a  given  magnitude  have  a 
given  ratio  to  AB  and  BC  together,  that  is  to  AC  ;  the  excefs 
of  AB  above  a  given  magnitude  has  a  gi  ven  ratio  to  BC. 

Let  AE  be  the  given  magnitude  ;  and  becaufe  EB  the  ex¬ 
cefs  of  AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to  EB 
fo  make  AD  to  DE;  therefore  the  ratio  of  AD  to  DE  is  gi- 
4  6  dat.  ven,  as  alfo  d  the  ratio  of  AD  to  AE  :  And  AE  is  given, 
wherefore15  AD  is  given  :  And  becaufe,  as  the  whole  AC,  to 
«  19. 5*  the  whole  EB,  fo  is  AD  to  DE,  the  remainder  DC  is  e  to  the 
remainder  0Br  as  AC  to  EB  ;  and  the  ratio  of  AC  to  EB  is 
f  r0r.  6.  given  ;  wherefore  the  ratio  o  DC  to  DB  is  given,  as  alio  f  the 
ratio  of  DB  to  BC  :  And  AD  is  given  ;  therefore  DB,  the 
excefs  of  AB  above  a  given  maguitude  AD,  has  a  given  ratio 
to  BC. 

l4%  PRO  P.  XVIII. 

IF  to  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added; 
the  whole  (hall  either  have  a  given  ratio  to  one  an¬ 
other,  or  the  excefs  of  one  of  them  above  a  given 
magnitude  fliail  have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  BE  be  added, 
and  the  given  magnitude  DF  to  CD  :  The  wholes  AE,  CF 
*  either  have  a  given  ratio  to  one  another,  or  the  excefs  of  one  of 
n  i.  dat.  them  above  a  given  magnitude  has  a  given  ratio  to  the  other a. 

Becaufe  BE,  DF  are  each  of  them  given,  their  ratio  is  given 

and 

* 
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and  if  this  ratio  be  the  fame  with  X 
the  ratio  of  AB  to  CD,  the  ratio  '*  — 
of  AE  to  CF,  which  is  the  fame  b  ^ 
with  the  given  ratio  of  AB  to  CD, 
fhall  be  given. 

But  if  the  ratio  of  BE  to  DF  be  not  the  fame  with  the  ra¬ 
tio  of  AB  to  CD,  either  it  is  greater  than  the  ratio  of  AB  to 
CD,  orjT  by  inverfion,  the  ratio  of  DF  to  BE  is  greater  than 
the  ratio  of  CD  to  AB  :  Firft,  let  \  *o  f? 

the  ratio  of  BE  to  DF  be  greater  _ Ef 

than  the  ratio  of  AB  to  CD; 


b  12.  5, 


D 
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and  as  AB  to  CD,  fo  make  BG  O 
to  DF  ;  therefore  the  ratio  of  BG 

to  DF  is  given  ;  and  DF  is  given,  therefore  c  BG  is  given  :  c  2  dat‘ 
And  becaufe  BE  has  a  greater  ratio  to  DF  than  (AB  to  CD, 
that  is,  than)  BG  to  DF,  BE  is  greater  d  than  BG :  And  be-  d  I0*S- 
caufe  as  AB  to  CD,  fo  is  BG  to  DF  ;  therefore  AG  is  b  to  CF, 
as  AB  to  CD  :  But  the  ratio  of  AB  to  CD  is  given,  where¬ 
fore  the  ratio  of  AG  to  CF  is  given  ;  and  becaufe  BE,  BG 
are  each  of  them  given,  GE  is  given  :  Therefore  AG,  the 
excefs  of  AE  above  a  given  magnitude  GE,  has  a  given  ratio 
to  CF.  The  other  cafe  is  demonftrated  in  the  fame  manner. 


PROP.  XIX.  ** 

/  . 

IF  from  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  taken, 
the  remainders  fhall  either  have  a  given  ratio  to  one 
another,  or  the  excefs  of  one  of  them  above  a  given 
magnitude,  fhall  have  a  given  ratio  to  the  other. 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  ano¬ 
ther,  and  from  AB  let  the  given  magnitude  AE  be  taken, 
and  from  CD,  the  given  magnitudes  CF  :  The  remainder  EB, 

FD  fliail  either  have  a  given  ratio  to  one  another,  or  the  ex¬ 
cels  of  one  of  them  above  a  gi-  A  E 

ven  magnitude  fhall  have  a  gi- - - — 

ven  ratio  to  the  other,  *-t  tti 

Becaufe  AE,  CF  are  each  of  - - — 1 - 

them  given,  their  ratio  is  gi¬ 
ven*;  and  if  this  ratio  be  the  fame  with  the  ratio  of  AB  to  a  1  dau 
3  CD, 
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CD,  the  ratio  of  the  remainder  EB  to  the  remainder  FD, 
b  19.  j.  which  is  the  fame  b  with  the  given  rat*o  of  AB  to  CD,  fhall 
be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the 
ratio  of  AE  to  CF,  either  it  is  greater  than  the  ratio  of  AE 
to  CF,  or,  by  inverfion,  the  ratio  CD  to  AB  is  greater  than 
the  ratio  of  CF  to  AE  :  Firft,  let  the  ratio  of  AB  to  CD  be 

greater  than  the  ratio  of  AE  to  CF,  and  as  AB  to  CD. 

make  AG  to  CF  ;  therefore  the  A  T?  f* 

ratio  of  AG  to  CF  is  given*  and  - - -"+■  - - 

c  2  dat  CF  is  given,  wherefore  c  AG  is^  -p 

given  :  And  becaufe  the  ratio  of  ^  TJ 

AB  to  CD,  that  is,  the  ratio  01 

AG  to  CF,  is  greater  than  the  ratio  of  AE  to  CF  ;  AG  is 
d  10.  5.  greater  dthan  AE  :  And  AG,  AE  are  given,  therefore  the 
remainder  EG  is  given  ;  and  as  AB  to  CD,  fo  is  AG  to  CF, 
and  fo  is  b  the  remainder  GB  to  the  remainder  FD  ;  and  the 
ratio  of  AB  to  CD  is  given  :  Wherefore  the  ratio  of  GB  to 

o 

FD  is  given;  therefore  GB,  the  excefs  of  FB  above  a  given 
magnitude  EG,  has  a  given  ratio  to  FD.  In  the  fame  man¬ 
ner  the  other  cafe  is  demonlfrated. 


io 


PROP.  XX. 

IF  to  one  of  two  magnitudes  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added, 
and  from  the  other  a  given  magnitude  be  taken  ;  the 
excefs  of  the  fum  above  a  given  magnitude  fhall 
have  a  given  ratio  to  the  remainder. 


Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  EA  be  added, 
and  from  CD  let  the  given  magnitude  CF  be  taken  ;  the  ex¬ 
cefs  of  the  fum  EB  above  a  given  magnitude  has  a  given  ratio 
to  the  remainder  FD. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD, 
fo  AG  to  CF  ;  Therefore  the  ratio  ot  AG  to  CF  is  given,  and 


E  A. 
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9  2  dat.  CF  is  given,  wherefore  a  AG  is 
given  ;  and  EA  is  given,  there¬ 
fore  the  whole  EG  is  gi*  en:  And 

becaufe  as  AB  to  CD  fo  is  AG  __  _ ( 

k  1 9 •  5-  to  CF,  and  fo  is  b  the  remainder 

GB  to  the  remainder  FD  ;  the  ratio  of  GB  to  FD  is  given. 
And  EG  is  given,  therefore  GB,  the  excefs  of  the  ium  EB  a- 
,  * '  hove 
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bove  the  given  magnitude  EG,  has  a  given  ratio  to  the  remain¬ 
der  FD. 


PROP.  XXI. 


c. 


IF  two  magnitudes  have  a  given  ratio  to  one  another, See  n. 

it  a  given  magnitude  be  added  to  one  of  them,  and 
the  other  be  taken  from  a  given  magnitude  ;  the  fum, 
together  with  the  magnitude  to  which  the  remainder 
has  a  given  ratio,  is  given  :  And  the  remainder  is  gi¬ 
ven  together  with  the  magnitude  to  which  the  fum 
has  a  given  ratio. 


Let  the  two  magnitudes  AR,  CD  have  a  given  ratio  to  one 
another  ;  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
let  CD  be  taken  from  the  given  magnitude  Fp  :  The  fum  AE 
is  given  together  with  the  magnitude  to  which  the  remainder 
FC  has  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  fo  GB  to  FD  :  Therefore  the  ratio  of  GB  to  FD  is  given, 
and  FD  is  given,  wherefore  GB  Ti  *rn 

is  given  a  ;  and  BE  is  given,  the  - -f— - ' 

whole  GE  is thereforegiven:  and  gy 

becaufe  as  AB  to  CD,  fo  is  GB  ^ ^ 
to  FD,  and  io  is  b  GA  to  FC ;  the 

ratio  of  GA  to  FC  is  given  :  And  AE  together  with  GA  is 
given,  becaufe  GE  is  given  therefore  the  fum  AE,  together 
with  GA,  to  which  the  remainder  FC  has  a  given  ratio,  is  gi¬ 
ven.  The  fecond  partis  manifefl  from  prop.  15. 


/ 

a  a  dat. 


b.  19.  5. 


P  R  O  B.  XXII. 


D. 


*¥  F  two  magnitudes  have  a  given  ratio  to  one  another,  See  N. 
I  if  from  one  of  them  a  given  magnitude  be  taken, 
and  the  other  be  taken  from  a  given  magnitude  ;  each 
of  the  remainders  is  given  together  with  the  magni¬ 
tude  to  which  the  other  remainder  has  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  from  AB  let  the  given  magnitude  AE  be  taken, 

and 


a  2.  dat. 


%.  i9-  5- 


.See  N. 


a  19.  5* 
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and  let  CD  be  taken  from  the  given  magnitude  CF :  The  re¬ 
in  inder  EH  is  given  together  with  the  magnitude  to  which  the 
other  remainder  DF  has  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  fo  AG  to  CF :  The  ratio  of  AG  to  CF  is  therefore  given, 


A 


E  B 

—I - H 


G 


D 

— t- 


F 


and  CFis given,  wherefore a  AG 
is  given;  and  AE  is  given,  and 
therefore  the  remainder  EG  is 
given :  And  becaufe  as  AB  to 
CD,  fo  is  AG  to  CF :  And  fo  is  b 
the  remainder  BG  to  the  remainder  DF  the  ratio  of  BG  to 
DF  is  given  :  And  EB  together  with  BG  is  given,  becaufe 
EG  is  given  :  Therefore  the  remainder  EB  together  with  BG, 
to  which  DF  the  other  remainder  has  a  given  ratio,  is  given. 
The  fecond  part  is  plain  from  this  and  prop.  15. 


PROP.  XXIII.  1 

IF,  from  two  given  magnitudes  there  be  taken  magni¬ 
tudes  which  have  a  given  ratio  to  one  another,  the 
remainders  fhall  either  have  a  given  ratio  to  one  an¬ 
other,  or  the  excefs  of  one  of  them  above  a  given 
magnitude  fhall  have  a  given  ratio  to  the  other. 


Let  AB,  CD  be  two  given  magnitudes,  and  from  them  let 
the  magnitudes  AE,  CF,  which  have  a  given  ratio  to  one  an¬ 
other,  be  taken  ;  the  remainders  EB,  FD  either  have  a  given 
ratio  to  one  another,  or  the  excefs  of  one  of  them  above  a  gi¬ 
ven  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  AB,  CD  are  each  of  A  E  B 

them  given,  the  ratio  of  AB  to  - 1 - - 

CD  is  given:  And  if  this  ratio  -g-i  tx 

be  the  fame  with  the  ratio  of  AE  V _ — -7 

to  CF,  then  the  remainder  EB 

has  a  the  fame  given  ratio  to  the  remainder  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  ra¬ 
tio  of  AE  to  CF,  it  is  either  greater  than  it,  or,  by  inversion, 
the  ratio  of  CD  to  AB  is  greater  than  the  ratio  of  CF  to  AE  : 
Fil'd,  let  the  ratio  of  AB  to  CD  be  greater  than  the  ratio  of 
AE  to  CF ;  and  as  AE  to  CF,  fo  make  AG  to  CD  ;  there¬ 
fore  the  ratio  of  AG  to  CD  is  given,  becaufe  the  ratio  of 
AE  to  CF  is  given  ;  and  CD  is  given,  wherefore  b  AG  is 

,  given  ; 
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given  ;  and  becanfe  the  ratio  of  AB  to  CD  is  greater  than 
the  ratio  of  (AE  to  CF,  that  E  GB 

is,  than  the  ratio  of)  AG  to  - - - \  - — 1 


CD  ;  AB  is  greater  c  than 
AG  :  And  AB,  AG  are  gi-  ^ 


F 

-+- 


D 


ven ;  therefore  the  remainder 
BG  is  given :  And  becaufe  as  AE  to  CF,  fo  is  AG  to  CD, 
and  fo  is  a  EG  to  FD  ;  the  ratio  of  EG  to  FD  is  given  :  And 
GB  is  given  ;  therefore  EG,  the  excefs  of  EB  above  a  given 
magnitude  GB,  has  a  given  ratio  to  FD.  The  other  cafe  is 
(hown  in  the  fame  way. 

PROP.  XXIV. 

IF  there  be  three  magnitudes,  the  firft  of  which  has 
a  given  ratio  to  the  lecond,  and  the  excels  of  the 
fecond  above  a  given  magnitude  has  a  given  ratio  to 
the  third ;  the  excefs  of  the  firft  above  a  given  mag¬ 
nitude  fhall  alfo  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E,  be  the  three  magnitudes  of  which  AB 
has  a  given  ratio  to  CD  ;  and  the  excefs  of  CD  above  a  given 
magnitude  has  a  given  ratio  to  E  :  The  excefs  of  AB  above 
a  given  magnitude  has  a  given  ratio  to  E. 

Let  CF  be  the.  given  magnitude,  the  excefs  of  CD  above 
which,  viz.  FD  has  a  given  ratio  to  E:  And  becaufe  the  ratio 
of  AB  to  CD  is  given,  as  AB  to  CD,  fo  make  \ 

AG  to  CF  ;  therefore  the  ratio  of  AG  to  CF 
is  given  ;  and  CF  is  given,  wherefore  a  AG  is 
given  :  And  becaufe  as  A  B  to  CD,  fo  is  AG 
to  CF,  and  fo  is  b  GB  to  FD ;  the  ratio  of  GB 
to  FD  is  given.  And  the  ratio  of  FD  to  E  is 
given,  wherefore  c  the  ratio  of  GB  to  E  is 
given,  and  AG  is  given  ;  therefore  GB  the 
excefs  of  AB  above  a  given  magnitude  AG 
has  a  given  ratio  to  E. 

Cor.  i.  And  if  the  firft  has  a  given  ratio 
cond,  and  the  excefs  of  the  firft  above  a  given  magnitude 
has  a  given  ratio  to  the  third  ;  the  excefs  of  the  lecond  above 
a  given  magnitude  fhall  have  a  given  ratio  to  the  third.  For, 
if  the  lecond  be  called  the  firft,  and  the  firft  the  fecond,  this 
corollary  will  be  the  fame  with  the  propofition. 

fcoR, 


G 


c 

F+ 


E 
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a  19.  5. 
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Cor.  2.  Alfo,  if  the  firft  has  a  given  ratio  to  the  fecond, 
and  the  excefs  of  the  third  above  a  given  magnitude  has  alfo 
a  given  ratio  to  the\  fecond,  the  fame  excefs  fhall  have  a  gi¬ 
ven  ratio  to  the  firft  ;  as  is  evident  from  the  9th  dat. 

17.  PRO  P.  XXV. 

^  •  O  j  ^  »  .  •  •  *  I  ..  •  '  ‘  4  '  *  ' 

IF  there  be  three  magnitudes,  the  excefs  of  the  firft 
whereof  above  a  given  magnitude  has  a  given  ra¬ 
tio  to  the  fecond  ;  and  the  excefs  of  the  third  above 
a  given  magnitude  has  a  given  ratio  to  the  fame  fe¬ 
cond  :  The  firft  fhall  either  have  a  given  ratio  to  the 
third,  or  the  excefs  of  one  of  them  above  a  given 
magnitude  fhall  have  a  given  ratio  to  the  other. 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  excefles 
of  each  of  the  two  AB,  DE  above  given  magnitudes  have 
given  ratios  to  C  ;  AB,  DE  either  have  a  given  ratio  to  one 
another,  or  the  excefs  of  one  of  them  above  a  given  magni¬ 
tude  has  a  given  ratio  to  the  other. 

Let  FB  the  excefs  of  AB  above  the  given  magnitude  AF 
have  a  given  ratio  to  C ;  and  let  GE  the  ex-  a 
cefs  of  DE  above  the  given  magnitude  DG*~*’ 
have  a  given  ratio  to  C ;  and  becaufe  FB,  GE  JJL . 
have  each  of  them  a  given  ratio  to  C,  they 
a  9.  dat.  have  a  given  ratio  a  to  one  another.  But  to  FB, 

GE  the  given  magnitudes  AF,  DG  are  add- 
fe18.dat.  ecj.  therefore b the  whole  magnitudes  AB, 

DE  have  either  a  given  ratio  to  one  another,  Tl 
9r  the  excefs  of  one  of  them  above  a  given 
magnitude  has  a  given  ratio  to  the  other. 

IS.  PRO  P.  XXVI. 

IF  there  be  three  magnitudes,  the  excefles  of  one 
of  which  above  given  magnitudes  have  given  ra¬ 
tios  to  the  other  two  magnitudes  ;  thefe  two  fhall  ei¬ 
ther  have  a  given  ratio  to  one  another,  or  the  excefs 
of  one  of  them  above  a  given  magnitude  fhall  have 
a  given  ratio  to  the  other. 
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Let  AB,  CD,  EF  be  three  magnitudes,  and  let  GD  the  ex¬ 
cels  of  one  of  them  CD  above  the  given  magnitude  CG  have 
a  given  ratio  to  AB ;  and  alfo  let  KD  the  excels  of  the  fame 
CD  above  the  given  magnitude  CK  have  a  given  ratio  to  EF, 
either  AB  has  a  given  ratio  to  EF,  or  the  excefs  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  GD  has  a  given  ratio  to  AB,  as  GD  to  AB,  fo 
make  CG  to  HA ;  therefore  the  ratio  of  CG  to  HA  is  given  ; 
and  CG  is  given,  wherefore  a  HA  is  given  :  And  becaufe  as  a  2  dat* 

GD  to  AB,  fo  is  CG  to  HA,  and  fo  is  b  CD  to  HB  ;  the  ra-  b  12.  5. 

tio  of  CD  to  HB  is  given  :  Alfo  becaufe  KD  has  a  given  ratio 

to  EF,  as  KD  to  EF,  fo  make  CK  to  LE ;  FI 
therefore  the  ratio  of  CK  to  LE  is  given;  and 
CK  is  given,  wherefore  LE  a  is  given  :  And  j  Q 
becaufe  as  KD  to  EF,  fo  is  CK  to  LE,  and 
fobis  CD  to  LF ;  the  ratio  of  CD  to  LF  is 
given  :  But  the  ratio  of  CD  to  HB  is  given,  Rt 
wherefore  c  the  ratio  of  HB  to  LF  is  given  :  c  ^ 

and  from  HB,  LF  the  given  magnitudes  HA,  T 
LE  being  taken,  the  remainders  AB,  EF  lhall 
either  have  a  given  ratio  to  one  another  or  the  excefs  of  one 
of  them  above  a  given  magnitude  has  a  given  ratio  to  the  other  a-  11 *9*  ^at* 


Another  Demonjlration . 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  excefTes 
of  one  of  them  C  above  given  magnitudes  have  given  ratios 
to  AB  and  DE  ;  either  AB,  DE  have  a  given  ratio  to  one 
another,  or  the  excefs  of  one  of  them  above  a  given  magni¬ 
tude  has  a  given  ratio  to  the  other. 

Becaufe  the  excefs  of  C  above  a  given  magnitude  has  a  gi¬ 
ven  ratio  to  AB  ;  therefore  a  AB  together  with  a  given  mag-  a  r4-  dat* 
nitude  has  a  given  ratio  to  C  ;  Let  this  given  Jj1 
magnitude  be  AF,  wherefore  FB  has  a  given  * 
ratio  to  C  :  Alfo  becaufe  the  excefs  of  C  above  At 
a  given  magnitude  has  a  given  ratio  to  DE  ; 
therefore  a  DE  together  with  a  given  magni¬ 
tude  has  a  given  ratio  to  C  :  Let  this  given 
magnitude  be  DG,  wherefore  GE  has  a  given  E» 
ratio  to  C  :  And  FB  has  a  given  ratio  to  C,  therefore  b  the  ratio  b  9- 1  at* 
of  FB  to  GE  is  given  :  And  from  FB,  GE  the  given  magni¬ 
tudes  AF,  DG  being  taken,  the  remainders  AB,  DE  either 
have  a  given  ratio  to  one  another,  or  the  excefs  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other  c.”  c  19.  daf 

B  b  PROP. 
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*9.  PRO  P.  XXVII, 

IF  there  be  three  magnitudes:  The  excefs  of  the  firft 
of  which  above  a  given  magnitude  has  a  given  ra¬ 
tio  to  the  lecond  ;  and  the  excefs  of  the  fecond  above 
a  given  magnitude  has  alfo  a  given  ratio  to  the  third: 
The  excefs  of  the  firft  above  a  given  magnitude  fhall 
have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E  be  three  magnitudes,  the  excefs  of  the  firfl 
of  which  AB  above  the  given  magnitude  AG,  viz.  GB,  has  a 
given  ratio  to  CD  ;  and  FD  the  excefs  of  CD  above  the  gi¬ 
ven  magnitude  CF,  has  a  given  ratio  to  E  :  The  excefs  of 
AB  above  a  given  magnitude  has  a  given  ratio  to  E. 

Becaufe  the  ratio  of  GB  to  CD  is  given,  as  GB  to  CD,  fo 
make  GH  to  CP" ;  therefore  the  ratio  of  GH^^ 
a.  da  t.  to  CF  is  given  ;  and  CF  is  given,  wherefore  a 
GH  is  given  ;  and  AG  is  given,  wherefore 
the  whole  AH  is  given  :  And  becaufe  as  GB 
b  19.  5.  to  CD,  fo  is  GH  to  CP",  and  fo  is  b  the  re-J-J-* 
mainder  HB  to  the  remainder  FD  ;  the  ratio 
of  HB  to  FD  is  given:  And  the  ratio  of  FD 
c  9.  dat.  to  E  is  given,  wherefore  f  the  ratio  of  HB  to  g  p 

E  is  given  :  And  AH  is  given  ;  therefore  HB 
the  excefs  of  AB  above  a  given  magnitude  AH  has  a  given 
ratio  to  E. 
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Other  wife, 


Let  AB,  C,  D  be  three  magnitudes,  the  excefs  EB  of  the 
firft  of  which  AB  above  the  given  magnitude  AE  has  a  given 
ratio  to  C,  and  the  excefs  of  C  above  a  given 
magnitude  has  a  given  ratio  to  D  :  The  excefs  A 
of  A  B  above  a  given  magnitude  has  a  given 
ratio  to  D.  E’ 

Becaufe  EB  has  a  given  ratio  to  C,  and  the 
excefs  of  G  above  a  given  magnitude  has  a  gi-  f1-. 
d  24.  dat.  ven  ratio  to  D  ;  therefore the  excefs  of  EB 
above  a  given  magnitude  has  a  given  ratio  to 
D  :  Let  this  given  magnitude  beEF ;  therefore 
FB  the  excefs  of  EB  above  EF  has  a  given  ra  BCD 
£:o  to  D :  And  AF  is  given,  Becaufe  AE,  EF 
/  5'  are 
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are  given :  Therefore  FB  the  excefs  of  AB  above  a  given  mag¬ 
nitude  AF  has  a  given  ratio  to  D.” 

PROP.  XXVIII.  2s* 

IF  two  lines  given  in  pofition  cut  one  another,  the  See  N. 

point  or  points  in  which  they  cut  one  another  are 
given. 

Let  two  lines  AB,  CD  given  in  pofition  cut  one  another  in 
the  point  E ;  the  point  E  is  gi¬ 
ven. 

Becaafe  the  lines  AB,  CD 
are  given  in  pofition,  they  have 
always  the  fame  fituation a, 
and  therefore  the  point,  or 
points  in  which  they  cut  one 
another  have  always  the  fame 
fituation :  And  becaufe  the 
lines  AB,  CD  can  be  found  a, 
the  point,  or  points,  in  which 
they  cut  one  another,  are  like- 
wife  found  ;  and  therefore  are  given  in  pofition  a. 


a  4  def. 


PROP.  XXIX. 


26. 


IF  the  extremities  of  a  ftraight  line  be  given  in  po¬ 
fition  ;  the  ftraight  line  is  given  in  pofition  and 
magnitude. 


Becaufe  the  extremities  of  the  ftraight  line  are  given,  they 
can  be  found  a  :  Let  thefe  be  the  points  A,  B,  between  which  a  4 

a  ftraight  line  AB  can  be  drawn  b;  *  _ ~  b  l'  Po*tu“ 

this  has  an  invariable  pofition,  be-  ^  "  ate’ 

caufe  between  two  given  points  there 

can  be  drawn  but  one  ftraight  line  :  And  when  the  ftraight  line 
AB  is  drawn,  its  magnitude  is  at  the  fame  time  exhibited,  or 
given  :Therefore  the  ftraight  line  AB  is  given  in  pofition  and 
magni;  ude. 


B  b  2 


PROP 
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27.  PRO  P.  XXX. 

IF  one  of  the  extremities  of  a  ftraight  line  given  in 
pofition  and  magnitude  be  given  ;  the  other  ex¬ 
tremity  fhall  alfo  be  given. 

\  .  . .  . 

Let  the  point  A  be  given,  to  wit,  one  of  the  extremities  of 
a  ftraight  line  given  in  magnitude,  and  which  lies  in  the  ftraight 
line  AC  given  in  pofition  ;  the  other  extremity  is  alfo  given. 
Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equal 
a  1.  def.  to  it  can  be  found  a  ;  let  this  be  the  ftraight  line  D  :  From  the 
greater  ftraight  line  AC  cut  off  AB  _ 
equal  to  the  leiTer  D  :  Therefore  the  *>. 
other  extremity  B  of  the  ftraight  line  • 

AB  is  found:  And  the  point  Bhas  al-  X3 
ways  the  fame  fituation;  becaufe  any 

other  point  in  AC,  upon  the  fame  fide  of  A,  cuts  off  between 
it  and  the  point  A  a  greater  or  lefs  ftraight  line  than  AB,  that 
b  4.  def.  is,  than  D  ;  Therefore  the  point  B  is  given  b  :  And  it  is  plain 
another  fucb  point  can  be  found  in  AC  produced  upon  the 
other  fide  of  the  point  A. 


B 
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a  31. 
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PROP.  XXXI. 

IF  a  ftraight  line  be  drawn  through  a  given  point 
parallel  to  a  ftraight  line  given  in  pofition  ;  that 
ftraight  line  is  given  in  pofition. 

Let  A  be  a  given  point,  and  BC  a  ftraight  line  given  in 
pofition  •,  the  ftraight  line  drawn  through  A  parallel  to  BC  is 
given  in  pofition. 

Through  A  draw  a  the  ftraight  line  ttx  a  -ri 

DAE  parallel  to  BC  ;  the  ftraight  -  _ £^__” 

line  DAE  has  always  the  fame  pofi- 

tion,  becaufe  no  other  ftraight  line  K _  1/ 

can  be  drawn  through  A  parallel  to 

BC  :  Therefore  the  ftraight  line  DAE  which  has  been  found 
is  given  bin  pofition. 
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PROP.  XXXII. 

IF  a  ftraight  line  be  drawn  to  a  given  point  in  a 
ftraight  line  given  in  polition,  and  makes  a  given 
angle  with  it ;  that  ftraight  line  is  given  in  polition. 

Let  AB  be  a  ftraight  line  given  in  polition,  arid  C  a  given 
point  in  it,  the  ftraight  line  drawn 
to  C,  which  makes  a  given  angle 
with  CB,  is  given  in  polition. 

Becaufe  the  angle  is  given,  one 
equal  to  it  can  be  found  a  ;  let 
this  be  the  angle  at  D,  at  the  gi-  - 
ven  point  C,in  the  given  ftraight  A. 
line  AB,  make  b  the  angle  ECB 
equal  to  the  angle  at  D  :  There¬ 
fore  the  ftraight  line  EC  has  al¬ 
ways  the  fame  fituation,  becaufe 
any  other  ftraight  lineFC,  drawn 
to  the  point  C,  makes  with  CB  a  greater  or  lefs  angle  than 
the  angle  ECB,  or  the  angle  at  D  :  Therefore  the  ftraight  line 
EC,  which  has  been  found,  is  given  in  polition. 

It  is  to  be  obferved,  that  there  are  two  ftraight  lines  EC, 

GC  upon  one  fide  of  AB  that  make  equal  angles  with  it,  and 
which  make  equal  angles  with  it  when  produced  to  the  other 
fide. 

/  ,  *i  * 

P  R  O  B.  XXXIII.  r  30. 

fF  a  ftraight  line  be  drawn  from  a  given  point  to  a 
ftraight  line  given  in  polition,  and  makes  a  given 
angle  with  it,  that  ftraight  line  is  given  in  polition. 


From  the  given  point  A,  let  the  ftraight  line  AD  be  drawn 
to  the  ftraight  line  BC  given  in  polition,  and  make  with  it  a 


given  angle  ADC  :  AD  is  given  in  po-  -[7 
fition.  ±± 

Thro’  the  point  A, draw  a  the  ftraight 
line  E  AF  parallel  to  BC  *,  and  becaufe 
thro’  the  given  point  A,  the  ftraight 
line  EAF  is  drawn  parallel  to  BC,  ** 


A 


F 


X 


D  C 


a  31.  r. 


which  is  given  in  polition,  EAF  is  therefore  given  in  pofitionb:  b  31.  dat. 
And  becaufe  the  ftraight  line  AD  meets  the  parallels  BC, 

B  b  3  s  EF, 
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c  29.  1.  EF,  the  angle  EAD  is  equal  c  to  the  angle  ADC  ;  and  ADC 
is  given,  wherefore  alfo  the  angle  EAD  is  given  :  Therefore, 
becaufe  the  firaight  line  DA  is  drawn  to  the  given  point  A 
in  the  firaight  line  EF  given  in  pofition,  and  makes  with  it  a 
d  32.  dat.  given  angle  EAD,  AD  is  given  d  in  pofition. 

'  '  PROP.  XXXIV. 

SeeN.  TF  from  a  given  point  to  a  firaight  line  given  in  po- 
X  fition  ;  a  firaight  line  be  drawn  which  is  given 
in  magnitude  ;  the  fame  is  alfo  given  in  pofition. 


a  1.  def. 


*  * 


dat. 


6.  def. 


Let  A  be  a  given  point,  and  BC  a  firaight  line  given  in  po¬ 
fition,  a  firaight  line  given  in  magnitude  drawn  from  the 
point  A  to  BC  is  given  in  pofition. 

Becaufe  the  firaight  line  is  given  in  magnitude,  one  equal  to 
it  can  be  found  a  \  let  this  be  the  firaight  line  D  :  From  the 


A 


E  C 


point  A  draw  AE  perpendicular  to  BC  : 
and  becaufe  AE  is  the  fhortefl  of  all  the 
firaight  lines  which  can  be  drawn  from  the 
point  A  to  BC,  the  firaight  line  D,  to 
which  one  equal  is  to  be  drawn  from  the 

point  A  to  BC,  cannot  be  lefs  than  AE.  13 - 

If  therefore  D  be  equal  to  AE,  AE  is  the  firaight  line  given 
in  magnitude  drawn  from  the  given  point  A  to  BC  :  And  it 
is  evident  that  AE  is  given  in  pofition  b,  becaufe  it  is  drawn 
from  the  given  point  A  to  BC,  which  is  given  in  pofition, 
and  makes  with  BC  the  given  angle  AEC. 

But  if  the  firaight  line  D  be  not  equal  to  AE,  it  mull  be 
greater  than  it :  Produce  AE,  and  make  AF  equal  to  D  ;  and 
from  the  centre  A,  at  the  diflance  AF,  defcribe  the  circle 
GFH,  and  join  AG,  AH  :  Becaufe  the  circle  GFH  is  gi¬ 
ven  in  pofition  c,  and  the  firaight  line  BC  is  alfo  given  in  po¬ 
fition  ;  therefore  their  interfeclion 


d  28.  dat.  G  is  given  ;  and  the  point  A  is 
given  •,  wherefore  AG  is  given  in 
c  29.  dat.  pofition  e,  that  is,  the  firaight 
line  AG  given  in  magnitude, 
(for  it  is  equal  to  D)  and  drawn 


from  the  given  point  A  to  the  firaight  line  BC  given  in  pofi¬ 
tion,  is  alfo  given  in  pofition :  And  in  like  manner  AH  is  gi¬ 
ven  in  pofition  :  Therefore  in  this  cafe  there  are  two  firaight 

lines 
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lines  AG,  AH  of  the  fame  given  magnitude  which  can  he  drawn 
from  a  given  point  A  to  a  ftraight  line  BG  given  in  poiition. 


PROP.  XXXV.  32. 

IF  a  ftraight  line  be  drawn  between  two  parallel 
ftraight  lines  given  in  poiition,  and  makes  given 
angles  with  them,  the  ftraight  line  is  given  in  mag¬ 
nitude. 

Let  the  ftraight  line  EF  be  drawn  between  the  parallels  AB, 

CD,  which  are  given  in  poiition,  and  make  the  given  angles 
BEF,  EFD  :  EF  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  through  G  draw  a  GH  a  31. 1. 
parallel  to  EF  :  And  becaul'e  CD  meets  the  parallels  GH,  EF, 
the  angle  EFD  is  equal to  the  angle  \  pi  TT  •«  b  29.  1. 

HGD  :  And  EFD  is  a  given  angle  ;  — . «■■■ 

wherefore  the  angle  HGD  is  given  ; 
and  becaufe  HG  is  drawm  to  the  given  / 

point  G,  in  the  ftraight  line  CD,  given  .  — 

jn  poiition,  and  makes  a  given  angle  C  F  G  D 
HGD  :  the  ftraight  line  FIG  is  given 

in  poiition  c :  And  AB  is  given  in  poiition  :  therefore  the  c  32.  dat. 
point  H  is  given  d;  and  the  point  G  is  alfo  given,  wherefore  d  28.  dat. 
GH  is  given  in  magnitude  e  :  And  EF  is  equal  to  it,  there-  e  29.  dat. 
fore  EF  is  given  in  magnitude. 


PROP.  XXXVI. 


33- 


IF  a  ftraight  line  given  in  magnitude  be  drawn  be-  seeN. 

tween  two  parallel  ftraight  lines  given  in  poiition, 
it  fhall  make  given  angles  with  the  parallels. 

Let  the  ftraight  line  EF  given  in  magnitude  be  drawn  be¬ 


tween  the  parallel  ftraight  lines  AB,  * 
CD,  which  are  given  in  poiition  :  the  ^ 
angles  AEF,  EFC  fhall  be  given. 

Becaufe  EF  is  given  in  magnitude,  a 
ftraight  line  equal  to  it  can  be  found 


let  this  be  G  :  In  AB  take  a  given  point  Q 
H,  and  from  it  draw  b  HK  perpendicu-  r-% 
lar  to  CD :  Therefore  the  ftraight  line  G, 

B  b  4 


E  H  R 


F  K.  D 


a  1- 


b.  12.  r. 


that 
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that  is,  EF  cannot  be  lefs  than  HK :  And  if  G  be  equal  to 
HK,  EF  alfo  is  equal  to  it ;  wherefore  EF  is  at  right  angles 
to  CD  ;  for  if  it  be  not,  EF  would  be  greater  than  HK,  which 
is  abfurd.  Therefore  the  angle  EFD  is  a  right,  and  confe- 
quently  a  given  angle. 

But  if  the  ftraight  line  G  be  not  equal  to  HK,  it  mud  be 
greater  than  it :  Produce  HK,  and  take  HL,  equal  to  G ;  and 
from  the  centre  H,  at  the  diftance  HL,  defcribe  the  circle 
c  6.  def.  MLN,  and  join  HM,  HN  :  And  becaufe  the  circle  c  MLN, 
and  the  ftraight  line  CD,  are  given  in  pofition,  the  points  M, 
d  28.  dat.  N  are  d  given  :  And  the 
point  H  is  given,  wherefore 
the  ftraight  lines  HM,  HN, 
e  29.  dat.  are  given  in  pofition  e  :  And 
CD  is  given  in  pofition  ; 


f  A.  def. 


therefore  the  angles  HMN,  Q  Jp 
HNM,  are  given  in  pofi¬ 
tion  f :  Of  the  ftraight  lines  G 


O M'l'TST  D 


HM,  HN,  let  HN  be  that  which  is  not  parallel  to  EF,  for 
EF  cannot  be  parallel  to  both  of  them  ;  and  draw  EO  pa- 
g  34.  1.  rallel  to  HN  :  EO  therefore  is  equal  g  to  HN,  that  is,  to  G  ; 

and  EF  is  equal  to  G  ;  wherefore  EO  is  equal  to  EF,  and 
h  29.  1.  the  angle  EFO  to  the  angle  ECF,  that  is  h,  to  the  given  an¬ 
gle  HNM,  and  becaufe  the  angle  HNM,  which  is  equal  to 
the  angle  EFO,  or  EFD,  has  been  found  ;  therefore  the  an- 
k  1.  def.  gle  EFD,  that  is  the  angle  AEF,  is  given  in  magnitude  k: 
and  confequently  the  angle  EFC. 

E.  PROP.  XXXVII. 

SccN.  IF  a  ftraight  line  given  in  magnitude  be  drawn 
I  from  a  point  to  a  ftraight  line  given  in  pofition, 
in  a  given  angle  ;  the  ftraight  line  drawn  through 
that  point  parallel  to  the  ftraight  line  given  in  pofi¬ 
tion,  is  given  in  pofition. 

Let  the  Pcraight  line  AD  given  in  magnitude  be  drawn  from 
the  point  A  to  the  ftraight  line  BC  given  in  rp  *  r  j  -rp 

pofition,  in  the  given  angle  ADC  :  the  — - 

ftraight  line  EAF  drawn  through  A  parallel 
to  BC  is  given  in  pofition. 

In  BC  take  a  given  point  G,  and  draw  GH - - 

parallel  to  _\D  :  And  becaufe  HG  is  drawn  ^  Li  Cx  C. 
to  a  given  point  G  in  the  ftraight  line  BC  gi- 

3  •  ven 
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ven  in  pofition,  in  a  given  angle  HGC,  for  it  is  equal  a  to  the 
given  angle  ADC  ;  HG  is  given  in  pofition  ^  :  but  it  is  given 
alio  in  magnitude,  becaufe  it  is  equal  to  c  AD  which  is  gi\  en 
in  magnitude  ;  therefore  becaufe  G  one  of  the  extremities  of 
the  ftraight  line  GH  given  in  pofition  and  magnitude  is  gi¬ 
ven,  the  other  extremity  'H  is  given (1 ;  and  the  ftraight  line 
EAF,  which  is  drawn  through  the  given  point  H  parallel  to 
BC  given  in  pofition,  is  therefore  given  e  in  pofition. 

PROP.  XXXVIII. 

IF  a  ftraight  line  be  drawn  from  a  given  point  to 
two  parallel  ftraight  lines  given  in  pofition,  the 
ratio  of  the  fegments  between  the  given  point  and 
the  parallels  {hall  be  given. 

Let  the  ftraight  line  EFG  be  drawn  from  the  given  point 
E  to  the  parallels  AB,  CD,  the  ratio  of  EF  to  EG  is  given. 

From  the  point  E  draw  EHK  perpendicular  to  CD*  and 
becaufe  from  a  given  point  E  the  ftraight  line  EK  is  drawn  to 
CD  which  is  given  in  pofition,  in  a  given  angle  EKC ;  EK  is 


given  in  pofition  a  •,  and  AB,  CD  are  given  in  pofition  ;  there¬ 
fore  b  the  points  H,  K  are  given  :  And  the  point  E  is  given ; 
wherefore  c  EH,  EK  are  given  in  magnitude,  and  the  ratio of 
them  is  therefore  given  But  as  EH  to  EK,  fo  is  EF  to  EG, 
becaufe  AB,  CD  are  parallels  \  therefore  the  ratio  of  EF  to 
EG  is  given. 

PROP.  XXXIX.. 

IF"  the  ratio  of  the  fegments  of  a  ftraight  line  be¬ 
tween  a  given  point  in  it  and  two  parallel  ftraight 
lines,  be  given,  if  one  of  the  parallels  be  given  in 
pofition,  the  other  is  alfo  given  in  pofition. 


a  29.  1. 
b  32.  dat. 
c  34.  1. 

d  30.  dat. 
e  31.  dat. 

34. 

1  f 


a  33.  dat. 
b  2S.  dat. 
c  29.  dat. 
d  1.  dat. 

35*  30- 
See  N* 


From 
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From  the  given  point  A,  let  the  ftraight  line  AED  be  drawn 
to  the  two  parallel  ftraight  lines  FG,  BC,  and  let  the  ratio  of 
the  fegments  AE,  AD  be  given ;  if  one  of  the  parallels  BG 
be  given  in  pofition,  the  other  FG  is  alfo  given  in  pofition. 

From  the  point  A,  draw  AH  perpendicular  to  BC,  and  let 
it  meet  FG  in  K  ;  and  becaufe  AH  is  drawn  from  the  given 
point  A  to  the  ftraight  line  BC  given  in  pofition,  and  makes  a 


a  53-  da**  given  angle  AHD  ;  AH  is  given  a  in 
pofition;  and  BC  is  likewife  given  in 
pofition,  therefore  the  point  H  is  gi-  B 
b  28.  dat.  yen  b  :  The  point  A  is  alfo  given  ;  “ 
wherefore  AH  is  given  in  magni- 
c  29.  dat.  tude  c,  and,  becaufe  FG,  BC  are  pa¬ 
rallels,  as  AE  to  AD,  fo  is  AK  to  — 

AH ;  and  the  ratio  of  AE  to  AD  F  *E  K  G 
is  given,  wherefore  the  ratio  of  AK  to  AH  is  given  ;  but  AH 
d  a.  dat.  is  given  in  magnitude,  therefore  d  AK  is  given  in  magnitude; 

and  it  is  alfo  given  in  pofition,  and  the  point  A  is  given  ; 
e  30.  dat.  wherefore  e  the  point  K  is  given.  And  becaufe  the  ftraight 
line  FG  is  drawn  through  the  given  point  K  parallel  to  BC 
f  31.  dat.  which  is  given  in  pofition,  therefore  f  FG  is  given  in  pofition. 


37-  38. 


PROP.  XL. 


See  n.  T  F  the  ratio  of  the  fegments  of  a  ftraight  line  in- 
X  to  which  it  is  cut  by  three  parallel  ftraight  lines, 
he  given  ;  if  two  of  the  parallels  are  given  in  poft- 
tion,  the  third  is  alfo  given  in  pofition. 

1 

Let  AB,  CD,  HK  be  three  parallel  ftraight  lines,  of  which 
AB,  CD  are  given  in  pofition  ;  and  let  the  ratio  of  the  feg¬ 
ments 


\ 
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ments  GE,  GF  into  which  the  ftraight  Jine  GEF  is  cat  by  the 
three  parallels,  be  given  ;  the  third  parallel  HK  is  given  in 
pofition. 

In  AB  take  a  given  point  L,  and  draw  LM  perpendicular 
to  CD,  meeting  HK  in  N  ;  becaufe  LM  is  drawn  from  the  gi¬ 
ven  point  L  to  CD  which  is  given  in  pofition  and  makes  a  gi¬ 
ven  angle  LMD  ;  LM  is  given  in  pofition  a  ;  and  CD  is  given  a  33.  dat. 
in  pofition,  wherefore  the  point  M  is  given  b  ;  and  the  point  L  b  28.  dat. 
is  given,  LM  is  therefore  given  in  magnitude  c  ;  and  becaufe  c-  2V-  dat. 
the  ratio  of  GE  to  CF  is  given,  and  as  GE  to  GF,  fo  is  NL  to 


H  G  N  Ka  E  L  B 


V  /e 

L  BH  /g  N 

K 

r 

Tj 

C  F  M 


M  O 


DCF 

NM ;  the  ratio  of  NL  to  NM  is  given  ;  and  therefore  d  the  ^Cor 
ratio  of  ML  to  LN  is  given  ;  but  LM  is  given  in  magnitude  d,  d  )  6.  or 
wherefore  e  LN  is  given  in  magnitude  :  and  it  is  alfo  given  in  C.7  ^ 
pofition,  and  the  point  L  is  given,  wherefore  f  the  point  N  is  f  *o.^dat 
given ;  and  becaufe  the  ftraight  line  HK  is  drawn  through  the 
given  point  N  parallel  to  CD  which  is  given  in  pofition,  there¬ 
fore  HK  is  given  in  pofition  g.  g  31,  dat. 


PROP.  XLI. 


IF  a  ftraight  line  meets  three  parallel  ftraight  lines 
which  are  given  in  pofition,  the  fegments  into 
which  they  cat  it  have  a  given  ratio. 


F. 


See  N. 


G  L 


Let  the  parallel  ftraight  lines  AB,  CD,  EF  given  in  pofi¬ 
tion,  be  cut  by  the  ftraight  line  GHK  ;  the  ratio  of  GH  to  HK 
is  given. 

In  AB  take  a  given  point  L,  and  * 
drawLM  perpendicular  to  CD,  meet-***- 
ing  EF  in  N;  therefore  a  LM  is  given 
in  pofition;  and  CD,  EF  are  given 
in  pofition,  wherefore  the  points  M, 

N  are  given:  AndthepointLisgiven; 
therefore  b  the  ftraight  lines  LM,  IVIN 
are  given  in  magnitude;  and  the  ratio 


;  h/  m 

a  33* 
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e  I.  dat. 

39- 
See  N. 

a  22. i. 


b  8.  i. 

c  i.  def. 

d  i  dat. 
e  3.  def. 

40. 


EUCLID'S 

\  \ 

of  LM  to  MN  is  therefore  given  e  :  But  as  LM  to  MN,  fo  is 
GH  to  HK  ;  wherefore  the  ratio  of  GH  to  HK  is  given. 


PROP.  XLII. 

IF  each  of  the  fides  of  a  triangle  be  given  in  magni¬ 
tude,  the  triangle  is  given  in  fpecies. 


Let  each  of  the  fides  of  the  triangle  ABC  be  given  in  mag¬ 
nitude,  the  triangle  ABC  is  given  in  fpecies. 

Make  a  triangle  a  DEF  the  fides  of  which  are  equal,  each 
to  each,  to  the  given  ftraight  lines  AB,  BC,  CA,  which  can 
be  done  *,  becaufe  any  two  of  them  mull  be  greater  than  the 
third  ;  and  let  DE  be  e- 

qual  to  AB,  EF  to  BC,  -A\.  Q 

and  FD  to  C  A ;  and  be¬ 
caufe  the  two  fides  ED, 

DF  are  equal  to  the  two 
BA,  AC,  each  to  each, 


and  the  bafe  EF  equal  to  JJ  £ 

the  bafe  BC  ;  the  angle 
EDF,  is  equl  b  to  the  angle  B  AC  ;  therefore,  becaufe  the  an¬ 
gle  EDF,  which  is  equal  to  the  angle  BAC,  has  been  found, 
the  angle  BAC  is  given  c,  in  like  manner  the  angles  at  B,  C 
are  given.  And  becaufe  the  fides  AB,  BC,  CA  are  given, 
their  ratios  to  one  another  are  given  d,  therefore  the  triangle 
ABC  is  given  e  in  fpecies. 


PROP.  XLIII. 

IF  each  of  the  angles  of  a  triangle  be  given  in  mag¬ 
nitude,  the  triangle  is  given  in  fpecies. 

Let  each  of  the  angles  of  the  triangle  ABC  be  given  in 
magnitude,  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in 
pofition  and  magnitude,  and  at  the 
points  D,  E  make  a  the  angle  EDF 
equal  to  the  angle  BAC,  and  the 
angle  DEF  equal  to  ABC  \  there¬ 
fore  the  other  angles  EFD,  BCA  B  C  E  F 

are  equal,  and  each  of  the  angles  at  the  points  A,  B,  C,  is  gi- 

'  ven, 


a  23.  i. 
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ven,  wherefore  each  of  thofe  at  the  points  D,  E,  F  is  given  : 

And  becaufe  the  ftraight  line  FD  is  drawn  to  the  given  point 
D  in  DE  which  is  given  in  pofition,  making  the  given  angle 
EDF  ;  therefore  DF  is  given  in  pofition  b.  In  like  manner  b  dat- 
EF  alfo  is  given  in  pofition  ;  wherefore  the  point  F  is  given  : 

And  the  points  D,  E  are  given  ;  therefore  each  of  the  itraight 
lines  DE,  EF,  FD  is  given  c  in  magnitude  ;  wherefore  thec  29.  da t. 
triangle  DEF  is  given  in  fpecies  d  :  and  it  is  limilar  e  to  the  d  42  dat. 
triangle  ABC  :  which  therefore  is  given  in  fpecies.  C4-  6* 

e  <  1 .  def. 

C 

PROP.  XLIV.  41. 

IF  one  of  the  angles  of  a  triangle  be  given,  and  if 
the  tides  about  it  have  a  given  ratio  to  one  ano¬ 
ther  ;  the  triangle  is  given  in  fpecies. 


Let  the  triangle  ABC  have  one  of  its  angles  BAC  given,  and 
let  the  fides  BA,  AC  about  it  have  a  given  ratio  to  one  another  ; 
the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in  pofition  and  magnitude, 
and  at  the  point  D  in  the  given  ftraight  line  DE,  make  the 
angle  EDF  equal  to  the  given  angle  BAC  ;  wherefore  the 
angle  EDF  is  given  ;  and  becaufe  the  ftraight  line  FD  is  drawn 
to  the  given  point  D  in  ED  which  is  given  in  pofition,  making 
the  given  angle  EDF ;  therefore 

FD  is  given  in  pofition  a-  And  A  a  32.  dat. 

becaufe  the  ratio  of  BA  to  AC  is 
given,  make  the  ratio  of  ED  to 
DF  the  fame  with  it,  and  join  EF ; 
and  becaufe  the  ratio  of  ED  to  DF 
is  given,  and  ED  is  given,  therefore  b  DF  is  given  ^in  mag-b  2.  dat. 
nitude  :  and  it  is  given  alfo  in  pofition,  and  the  point  D  is 
given,  wherefore  the  point  F  is  given  c  :  and  the  points  D,  c30.dat. 
E  are  given,  wherefore  DE,  EF,  FD  are  given d  in  magni-d29.dat. 
tude  :  and  the  triangle  DEF  is  therefore  given  e  in  fpecies  ;  e  42.  dat. 
and  becaufe  the  triangles  ABC,  DEF  have  one  angle  BAC 
equal  to  one  angle  EDF,  and  the  fides  about  thefe  angles  pro¬ 
portionals  •,  the  triangles  are  f  limilar;  but  the  triangle  DEF 
is  given  in  fpecies,  and  therefore  alfo  the  triangle  ABC. 
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See  N. 


a  2,  dat. 

b  22.  5. 

C  20.  I. 

(1  A. 

e  22.  x. 

f  42.  dat. 
g5-  6. 


PROP.  XLV. 

IF  the  lides  of  a  triangle  have  to  one  another  given 
ratios  ;  the  triangle  is  given  in  fpecies. 

Let  the  lides  of  the  triangle  ABC  have  given  ratios  to  one 
another,  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  D  given  in  magnitude  ;  and  becaufe  the 
ratio  of  AB  to  BC  is  given,  make  the  ratio  of  D  to  E  the 
fame  with  it  j  and  D  is  given,  therefore  a  E  is  given.  And  be¬ 
caufe  the  ratio  of  BC  to  CA  is  given,  to  this  make  the  ratio 
of  E  to  F  the  fame  ;  and  E  is  given,  and  therefore  a  F.  And 
becaufe  as  AB  to  BC,  fo  is  D  to  E  ;  by  compolition  AB  and 
BC  together  are  to  BC,  as  D 
and  E  to  E  ;  but  as  BC  to  C  A, 
fo  is  E  to  F ;  therefore,  ex  ce- 
quali b,  as  AB  and  BC  are  to 
C  A,  fo  are  D  and  E  to  F,  and 
AB  and  BC  are  greater  c  than 
C  A }  therefore  D  and  E  are 
greater  d  than  F.  In  the  fame 
manner  any  two  of  the  three  D, 

E,  F  are  greater  than  the  third. 

Make  e  the  triangle  GHK  whofe 
lides  are  equal  to  D,  E,  F,  fo  that  GH  be  equal  to  D,  HK  to 
E,  and  KG  to  F  ;  and  becaufe  D,  E,  F,  are,  each  of  them, 
given,  therefore  GH,  HK,  KG  are  each  of  them  given  in  mag¬ 
nitude  ;  therefore  the  triangle  GHK  is  given  f  in  fpecies  ;  But 
as  AB  to  BC,  fo  is  (D  to  E,  that  is)  GH  to  HK  *,  and  as  BC 
to  C  A,  fo  is  (E  to  F,  that  is)  HK  to  KG  \  therefore,  ex  cequali , 
as  AB  to  AC,  fo  is  GH  to  GK.  Wherefore  g  the  triangle  ABC 
is  equiangular  and  limilar  to  the  triangle  GHK  i  and  the  tri¬ 
angle  GHK  is  given  in  fpecies ;  therefore  alfo  the  triangle  ABC 
is  given  in  fpecies. 

Cor.  If  a  triangle  is  required  to  be  made,  the  lides  of 
which  lhall  have  the  fame  ratios  which  three  given  ftraight 
lines  D,  E,  F  have  to  one  another ;  it  it  neceflary  that  every 
two  of  them  be  greater  than  the  third. 
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PROP.  XLVI. 

IF  the  fides  of  a  right  angled  triangle  about  one  of 
the  acute  angles  have  a  given  ratio  to  one  ano¬ 
ther  ;  the  triangle  is  given  in  fpecies. 

Let  the  fides  AB,  BC  about  the  acute  angle  ABC  of  the  tri¬ 
angle  ABC,  which  has  a  right  angle  at  A,  have  a  given  ratio 
to  one  another ;  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in  polition  and  magnitude ; 
and  becaufe  the  ratio  of  AB  to  BC  is  given,  make  as  AB  to 
BC,  fo  DE  to  EF ;  and  becaufe  DE  has  a  given  ratio  to  EF, 
and  DE  is  given,  therefore  a  EF  is  given  ;  and  becaufe  a5  AB 
to  BC,  fo  is  DE  to  EF  ;  and  AB  is  lefs  b  than  BC,  therefore 
DE  is  lefs  c  than  EF.  From  the  pointD  drawDG  at  right  angles 
to  DE,  and  from  the  centre 
E  at  the  diftance  EF,  def- 
cribe  a  circle  which  fhall 
meet  DG  in  two  points*,  let 
G  be  either  of  them,  and 
join  EG;  therefore  the  cir¬ 
cumference  of  the  circle  is 

given  d  in  polition  ;  and  the  ftraight  line  DG  is  given  e  in  po- 
fition,  becaufe  it  is  drawn  to  the  given  point  D  in  DE  given 
in  polition,  in  a  given  angle  *,  therefore  f  the  point  Gis  given  *, 
and  the  points  D,  E  are  given,  wherefore  DE,  EG,  GD  are 
given  g  in  magnitude,  and  the  triangle  DEG  in  fpecies  h. 
And  becaufe  the  triangles  ABC,  DEG  have  the  angle  BAG 
equa'lto  the  angle  EDG,  and  the  lides  about  the  angles  ABC, 
DEG  proportionals,  and  each  of  the  other  angles  BC  A,  EGD 
lefs  than  a  right  angle  ;  the  triangle  ABC  is  equiangular  i  and 
limilar  to  the  triangle  DEG  :  But  DEG  is  given  in  fpecies  ; 
therefore  the  triangle  ABC  is  given  in  fpecies :  And  in  the 
fame  manner,  the  triangle  made  by  drawing  a  ftraight  line 
from  E  to  the  other  point  in  which  the  circle  meets  DG  is 
given  in  fpecies. 


43* 


a  2.  dat. 
b  19.  1. 
c  A.  5. 


d  6.  def. 
e  32.  dat. 

f  28.  dat. 


g  29.  dat. 
h  42.  dat. 
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PROP.  XLV1I. 


SeeN.  ¥F  a  triangle  has  one  of  its  angles  which  is  not  a 
rignt  angle  given,  and  if  the  tides  about  another 
angle  have  a  given  ratio  to  one  another  ;  the  triangle 
is  given  in  fpecies. 


Let  the  triangle  ABC  have  one  of  its  angles  ABC  a  given, 
but  not  a  right  angle,  and  let  the  tides  BA,  AC  about  another 
angle  BAG  have  a  given  ratio  to  one  another ;  the  triangle 
ABC  is  given  in  fpecies. 

Firft,  Let  the  given  ratio  be  the  ratio  of 
equality,  that  is,  let  the  fides  BA,  AC,  and 
confequently  the  angles  ABC,  ACB,  be  e- 
qual  j  and  becaute  the  angle  ABC  is  given, 
the  angle  ACB,  and  alfo  the  remaining  a  an¬ 
gle  BAG  is  given  ;  therefore  the  triangle 
b.  43-  dat.  ABC  is  given  b  in  fpecies  •,  and  it  is  evident 


a  32.  1. 


A 


that  in  this  cafe  the  given  angle  ABC  muft  be  acute. 

Next,  Let  the  given  ratio  be  the  ratio  of  a  lefs  to  a  greater, 
that  is,  let  the  fide  AB  adjacent  to  the  given  angle  be  lefs 
than  the  fide  AC:  Take  a  firaightline  DE  given  in  pofition  and 
magnitude,  and  make  the  angle  DEF  equal  to  the  given 
c.  32.  dat.  angle  ABC  ;  therefore  EF  is  given  c  in  pofition  ;  and  beeaufe 
the  ratio  of  BA  to  AC  is  given, 
as  BA  to  AC,  fo  make  ED  to 
DG  ;  and  beeaufe  the  ratio  of 
ED  to  DG  is  given,  and  ED  is 
given,  the  ftraight  line  DG  is 
given  d,  and  BA  is  lefs  than 
AC,  therefore  ED  is  lefs  e  than 
DG.  From  the  centre  D,  at 
the  di (lance  DG  deferibe  the 
circle  GF  meeting  EF  in  F, 
and  join  DF ;  and  beeaufe  the 
circle  is  given  f  in  pofition, 
as  alfo  the  ftraight  line  EF,  the 
point  F  is  given  g ;  and  the 


d  2.  dat. 
e  A.  5. 


f  6.  def. 


g  5.S.  dat. 


P 


points  D,  E  are  given ;  where- 

;;  29  dat.  fore  the  ftraight  lines  DE,  EF,  FD  are  given  h  in  mag- 
i  42.  dat.  nitude,  and  the  triangle  DEF  in  fpecies*.  And  be- 

k  18. 1.  caufe  BA  is  lefs  than  AC,  the  angle  ACB  is  lefs  k 
than  the  angle  ABC,  and  therefore  ACB  is  lefs  1  than 


1. 


1. 


! 
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a  right  angle.  In  the  fame  manner,  becaufe  ED  is  lefs  than 
DG  or  DF,  the  angle  DFE  is  lefs  than  a  right  angie  :  And 
becaufe  the  triangles  ABC,  DEF  have  the  angle  ABC  equal 
to  the  angle  DEF,  and  the  ddes  about  the  angles  BAC,  EDF 
proportionals,  and  each  of  the  other  angles  ACB,  DFE  lefs 
than  a  right  angle  ;  the  triangles  ABC,  DEF  are  m  fimilar, 
and  DEF  is  given  in  fpecies,  wherefore  the  trian  le  ABC  is 
alfo  given  in  fpecies 

Thirdly,  Let  the  given  ratio  be  the  ratio  of  a  greater  to  a 
lefs,  that  is,  let  the  fide  AB  adjacent  to  the  given  angle  be 
greater  than  AC  ;  and  as  in  the  lad 
cafe,  take  a  ftraight  line  DE  given  in 
polition  and  magnitude,  and  make  the 
angle  DEF  equal  to  the  given  angle 
ABC  ;  therefore  EF  is  given  c  in  pofi- 
tion  :  Alfo  draw  DG  perpendicular  to 
EF  ;  therefore  if  the  ratio  of  BA  to 
AC  be  the  fame  with  the  ratio  of  ED 
to  the  perpendicular  DG,  the  triangles 
ABC,  DEG  are  limil&r  m,  becaufe  the 
-angles  ABC,  DEG  are  equal,  and 
DGE  is  a  right  angle  :  Therefore  the 
angle  ACB  is  a  right  angle,  and  the  triangle  ABC  is  given 
in  b  fpecies. 

But  if,  in  this  lad  cafe,  the  given  ratio  of  BA  to  AC  be 
net  the  lame  with  the  ratio  of  ED  to  DG,  th  *r  is,  with  the 


A 


ratio  of  BA  to  the  perpendicular  AIM  drawn  f  om  A  to  r.C  ; 
the  ratio  of  BA  to  AC  mud  be  lefs  than  0  he  rat  o  of  B  A 
to  AM,  becaufe  AC  is  greater  than  AM.  Make  as  BA  to  AC 
fo  ED  to  DH ;  therefore  the  ratio  of 
ED  to  DH  is  lefs  than  the  ratio  of  (  B  A 
£0  AM,  that  is,  than  the  ratio  of)  ED 
•to  DG  ;  andconfequently .  DH  is  great 
er  P  than  DG,  and  becaufe  BA  is  great¬ 
er  than  AC,  ED  is  greater  e  than  DH. 

From  the  center  D,  at  the  didance  DH, 
deferibe  the  circle  KHF  which  necella- 
rily  meets  the  draight  line  EF  in  two 
points,  becaufe  DH  is  greater  than  DG, 
and  lefs  than  DE.  Let  the  circle  meet 
EF  in  the  points  F,  K  which  are  given, 
as  was  diown  in  the  preceding  cafe;  and,  DF  DK  being  join¬ 
ed,  the  triangles  DEF,  DEK  are  given  in  fpecies,  as  was  there 

C  c  Ihewn. 
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c  3*.  dat. 


b  43.  dat. 
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fliewn.  From  the  centre,  A.  at  the  diitance  AC,  dciciioe  a  cir¬ 
cle  meeting  BC  again  in  L:  And  if  the  angle  ACB  be  lels 
than  a  right  angle,  ALB  muft  be  greater  than  a  right  angle  : 
And  on  the  contrary.  In  the  fame  manner,  if  the  angle  DFE 
be  lefs  than  a  right  angle,  DKE  mull  be  greater  than  one  \ 
and  on  the  contrary.  Let  each  of  the 
angles  ACB,  DFE  be  either  lefs  or 
greater  than  a  right  angle  ;  and  becaule 
in  the  triangles  ABC,  DEF  the  angles 
ABC,  DEF  are  equal,  and  the  lides  B 
BA,  AC,  and  ED,  DF,  about  two  of 
the  other  angles  proportionals,  the  tri¬ 
angle  ABC  is  limilarm  to  the  triangle 
DFF.  In  the  fame  manner,  the  tri¬ 
angle  ABL  is  limilar  to  DEK.  And  .  ^ 

the  triangles,  DEF,  DEK  are  given  E  IC 
in  fpecies  ;  therefore  alfo  the  triangles 

ABC,  ABL  are  given  in  fpecies.  And  from  this  it  is  evi¬ 
dent,  that,  in  this  third  cafe,  there  are  glways  two  triangles 
of  a  different  fpecies,  to  which  the  things  mentioned  as  given 
in  the  proportion  can  agree. 


'  ’  1  ,  ‘  .1 

PROP.  XLVIII. 

IF  a  triangle  has  one  angle  given,  and  if  both  the 
lides  together  about  that  angle  have  a  given  ratio 
to  the  remaining  fide  ;  the  triangle  is  given  in  fpecies. 


Let  the  triangle  ABC  have  the  angle  BAC  given,  and  let 
the  lides  BA,  AC  together  about  that  angle  have  a  given 
ratio  to  BC  ;  the  triangle  ABC  is  given  in  fpecies. 

1,  Bife£t  athe  angle  BAC  by  the  ftraight  line  AD  ;  therefore 
b  3.  6.  the  angle  BAD  is  given.  And  becaufe  as  BA  to  AC,  fo  is  b 
BD  to  DC,  by  permutation,  as  AB  to  BD, 
fo  is  AC  to  CD  ;  and  as  BA  and  AC  to-  A. 

c  12,5*  gether  to  BC,  fo  is  c  AB  to  BD.  But  the 
ratio  of  BA  and  AC  together  to  BC  is  gi¬ 
ven,  wherefore  the  ratio  of  AB  to  BD 
is  given,  and  the  angle  BAD  is  given  ; 

4  47.  dat.  therefore  d  the  triangle  ABD  is  given  in 

fpecies,  and  the  angle  ABD  is  therefore  given  ;  the  angle  BAC 
e  43.  dat.  is  alfo  given,  wherefore  the  triangle  ABC  is  given  in  fpecies  e. 

A  triangle  which  fhall  have  the  things  that  are  mentioned 
in  the  proportion  to  be  given,  can  be  found  in  .the  following 
'  ‘  manner. 
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manner.  Let  EFG  be  the  given  angle,  ancl  let  the  ratio  of  H 
to  K  be  the  given  ratio  which  the  two  fides  about  the  angle 
EFG  mufl  have  to  the  third  fide  of  the  triangle  ;  therefore  be- 
caule  two  fides  of  a  triangle  are  greater  than  the  third  fide, 
the  ratio  of  H  to  K  mull:  be  the  ratio  of  a  greater  to  a  lefs. 

Bife£t  a  the  angle  EFG  by  the  flraight  line  FL,  and  by  the 
47th  propofition  find  a  triangle  of  which  EFL  is  one  of  the 
angles,  and  in  which  the  ratio  of  the  fides  about  the  angle  op- 
polite  to  FL  is  the  fame  with  the  ratio  of  H  to  K  :  To  do  which, 
take  bE  given  in  polition  and  magnitude,  and  draw  EL  per¬ 
pendicular  to  t L  :  Then  if  the  ratio  of  H  to  K  be  the  fame 
with  the  ratio  of  bE  to  EL,  produce  EL,  and  let  it  meet  FG 
in  P ;  the  triangle  FEP  is  that  which  was  to  be  found  :  for  it 
has  the  given  angle  EFG;  and 
becaufe  this  angle  is  bife&ed  by 
FL,  the  fides  EF,  FP  together 
are  to  EP,  as  b  FE  to  EL,  that 
is,  as  H  to  K. 

But  if  the  ratio  of  H  to  K 
be  not  the  lame  with  the  ratio 
ot  FE  to  EL,  it  muft  be  lets 
than  it,  as  was  Ihown  in  prop.  47.  and  in  this  cafe  there  are  two 
triangles,  each  of  which  has  the  given  angle  EFL  and  the  ra¬ 
tio  of  the  fides  about  the  angle  oppofite  to  FL  the  fame  with 
the  ratio  of  H  to  K.  By  prop.  47.  find  thefe  triangles  EFM, 

EFN  each  ot  which  has  the  angle  EFL  for  one  of  its  angles, 
and  the  ratio  of  the  fide  FE  to  EM  or  EN  the  fame  with  the 
ratio  of  H  to  K  ;  and  let  the  angle  EMF  be  greater,  and  ENF 
lels  than  a  right  angle.  And  becaufe  H  is  greater  than  K,  EF 
is  greater  than  EN,  and  therefore  the  angle  EFN,  that  is,  the 
angle  NFG,  is  lefs  f  than  the  angle  ENF.  To  each  of  thefe  f  18.  1. 
add  the  angles  NEF,  EFN  ;  therefore  the  angles  NEF,  EFG 
are  lefs  than  the  angles  NEF,  EFN,  FNE,  that  is,  than  two 
right  angles ;  therefore  the  iiraight  lines  EN,  FG  mult  meet 
together  when  produced  ;  let  them  meet  in  O,  and  produce 
EM  to  G.  Each  of  the  triangles,  EFG,  EFO  has  the  things 
mentioned  to  be  given  in  the  propofition  :  For  each  of  them 
has  the  given  angle  EFG;  and  becaufe  this  angle  is  bife&ed 
by  the  flraight  line  FMN,  the  fides  EF,  FG  together  have  to 
EG  the  third  fide  the  ratio  of  FE  to  EM,  that  is,  of  H  to  K. 

In  like  manner,  the  fides  EF,  FO  together  have  to  EO  the 
ratio  which  FI  has  to  K. 
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46.  '  PROP.  XLIX. 

IF  a  triangle  has  one  angle  given,  and  if  the  fides  a- 
bout  another  angle,  both  together  have  a  given  ra¬ 
tio  to  the  third  fide;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  one  angle  ABC  given,  and  let 
the  two  fides  BA,  AC  about  another  angle  BAG  have  a  gi¬ 
ven  ratio  to  BC  ;  the  triangle  ABC  is  given  in  fpecies. 

Suppofe  the  angle  BAC  to  be  bife&ed  by  the  ftraight  line 
AD  ;  BA  and  AC  together  are  to  BC,  as  AB  to  BD,  as  was 
fiiown  in  the  preceding  propofition.  But  the  ratio  of  BA  and 
AC  together  to  BC  is  given  ;  therefore  alfo  the  ratio  of  AB  to 
a  44.  dat.  BD  is  given.  And  the  angle  ABD  is  given,  wherefore  a  the 
triangle  ABD  is  given  in  fpecies  ;  and  confequently  the  angle 
BAD;  and  its  double  the  angle  BAC 
are  given;  and  the  angle  ABC  is  gi¬ 
ven.  Therefore  the  triangle  ABC 
b  43.  dat.  is  given  in  fpecies  b. 

A  triangle  which  fhall  have  the 
things  mentioned  in  the  propofition 
to  be  given,  may  be  thus  found.  Let 
EFG  be  the  given  angle,  and  the  ra¬ 
tio  of  H  to  K  the  given  ratio  ;  and 
by  prop.  44.  find  the  triangle  EFL, 
which  has  the  angle  EFG  for  one  of 
its  angles,  and  the  ratio  of  the  fides 
EF,  FL  about  this  angle  the  fame 
with  the  ratio  of  H  to  K  ;  and  make  the  angle  LEM  equal  to 
the  angle  FEL.  And  becaufe  the  ratio  of  H  to  K  is  the  ratio 
which  two  fides  of  a  triangle  have  to  the  third,  H  muft  be 
greater  than  K;  and  becaufe  EF  is  to  FL,  as  H  to  K  ;  there¬ 
fore  EF  is  greater  than  FL,  and  the  angle  FEL,  that  is,  LEM, 
is  therefore  lefs  than  the  angle  ELF.  Wherefore  the  angles 
LFE,  FEM  are  lefs  than  two  right  angles,  as  was  fliown  in 
the  foregoing  propofition,  and  the  ftraight  lines  FL,  EM 
muft  meet  if  produced ;  let  them  meet  in  G,  EFG  is  the  tri¬ 
angle  which  was  to  be  found ;  fcr  EFG  is  one  of  its  angles, 
and  becaufe  the  angle  FEG  is  bifedfted  by  EL,  the  two  fides 
FE,  EG  together  have  to  the  third  fide  FG  the  ratio  of  EF 
to  FL,  that  is,  the  given  ratio  of  H  to  K. 

PROP 
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IF  from  the  vertex  of  a  triangle  given  in  fpecies,  a 
ftraight  line  be  drawn  to  the  bafe  in  a  given  an¬ 
gle  ;  it  ihali  have  a  given  ratio  to  the  bafe. 

From  the  vertex  A  of  the  triangle  ABC  which  is  given 
in  fpecies,  let  AD  be  drawn  to  the  bafe  BG  in  a  given  angle 
ADB  \  the  ratio  of  AD  to  BC  is  given. 

Becaufe  the  triangle  ABC  is  given  in 
fpecies,  the  angle  ABD  is  given,  and  the 
angle  ADB  is  given,  therefore  the  tri¬ 
angle  ABD  is  given  a  in  fpecies ;  where¬ 
fore  the  ratio  of  AD  to  AB  is  given. 

And  the  ratio  of  AB  to  BC  is  given  ; 
and  therefore  b  the  ratio  of  AD  to  BC  is  given. 

PROP.  LI. 

RECTILINEAL  figures  given  in  fpecies,  are  di¬ 
vided  into  triangles  which  are  given  in  fpecies. 

Let  the  reCtilineal  figure  ABCDE  be  given  in  fpecies  : 
ABCDE  may  be  divided  into  triangles  given  in  fpecies. 

Join  BE,  BD  3  and  becaufe  ABCDE  is  given  in  fpecies, 
the  angle  BAE  is  given  a,  and  the  ra¬ 
tio  of  BA  to  AE  is  given  * ;  where¬ 
fore  the  triangle  BAE  is  given  in  fpe¬ 
cies  b,  and  the  angle  AEB  is  there¬ 
fore  given  a.  But  the  whole  angle 
AED  is  given,  and  therefore  the  re¬ 
maining  angle  BED  is  given,  and  the 
ratio  of  AE  to  EB  is  given,  as  alfo  the  ratio  AE  to  ED  ; 
therefore  the  ratio  of  BE  to  ED  is  given  c.  And  the  angle 
BED  is  given,  wherefore  the  triangle  BED  is  given  b  in  fpe¬ 
cies.  In  the  fame  manner,  the  triangle  BDC  is  given  in  fpe¬ 
cies  :  Therefore  rectilineal  figures  which  are  given  in  fpecies 
are  divided  into  triangles  given  in  fpecies, 

C  c  3  PROP. 


a  43,  dat* 

b.  9.  dat. 

47* 

a  3.  def, 

b  44.  dat, 

c  9.  dat 
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a  3.  def. 

b  9  dat- 
c  in.  1. 
d  1.  6. 


PROP.  LII. 

IF  two  triangles  given  in  fpecies  be  defcribed  upon 
the  fame  ftraight  line  ;  they  fhall  have  a  given 
ratio  to  one  another. 


Let  the  triangles  ABC,  ABD  given  in  fpecies  be  defcribed 
upon  the  fame  ftraight  line  AB  \  the  ratio  of  the  triangle 
ABC  to  the  triangle  ABD  is  given. 

Through  the  point  C,  draw  CE  parallel  to  AB,  and  let  it 
meet  DA  produced  in  E,  and  join  BE.  Becaufe  the  triangle 
ABC  is  given  in  fpecies,  the  angle  BAG,  that  is,  the  angle 
ACE,  is  given  ;  and  becaufe  the  triangle  ABD  is  given  in 


the 


DAB  that  is 
angle  A.EC,  is  gi¬ 
ven.  Therefore  the 
triangle  ACE  is 
given  in  fpecies ; 
wherefore  the  ratio 
of  EA  to  AC  is 
given  a,  and  the  ra¬ 
tio  of  C A  to  AB  is  given,  as  alfo  the  ratio  of  BA  to  AD  ; 
therefore  the  ratio  of  bEA  to  AD  is  given,  and  the  triangle 
ACB  is  equal  c  to  the  triangle  AEB,  and  as  the  triangle 
AEB,  or  ACB,  is  to  the  triangle  ADB,  fo  is  d  the  ftraight 
line  E  A  to  AD.  But  the  ratio  of  EA  to  AD  is  given  ;  there¬ 
fore  the  ratio  of  the  triangle  ACB  to  the  triangle  ADB  is  given. 


PROBLEM. 


To  find  the  ratio  of  two  triangles  ABC,  ABD  given  in  fpe¬ 
cies,  and  which  are  defcribed  upon  the  fame  ftraight  line  AB. 

Take  a  ftraight  line  FG  given  in  potition  and  magnitude, 
and  becaufe  the  angles  of  the  triangles  ABC,  ABD  are  given, 
at  the  points  F,  G  of  the  ftraight  line  FG,  make  the  angles 
GFH,  GFK  c  equal  to  the  angles  BAG,  BAD  ;  and  the  angles 
FGH.  FGK  equal  to  the  angles  ABC,  ABD,  each  to  each. 
Therefore  the  triangles  ABC,  ABD  are  equiangular  to  the  tri¬ 
angles  FGH.  FGK,  each  to  each.  Through  the  point  H  draw 
HL  parallel  to  FG  meeting  KF  produced  in  L.  And  becaufe 
the  angles  BAG,  BAD  are  equal  to  the  angles  GFH,  GFK,  each 
to  each ;  therefore  the  angles  ACE,  AEG  are  equal  to  FHL, 
FLH,  each  to  each,  and  the  triangle  AEG  equiangular  to  the 
triangle  FLH.  Therefore  as  EA  to  AC,  fo  is  LF  to  FH  j  and 


3 


as 


I 
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as  CA  to  AB,  fo  HF  to  FG  :  and  as  BA  to  AD,  fo  is  GF 
to  FK  ;  wherefore,  ex  sequali,  as  EA  to  AD,  fo  is  LF  to 
FK.  But  as  was  fhown,  the  triangle  ABC  is  to  the  triangle 
ABD,  as  the  Uraight  line  EA  to  AD,  that  is,  as  LF  to  FK. 

The  ratio  therefore  ofLF  to  FK  has  been  found,  which  is  the 
fame  with  the  ratio  of  the  triangle  ABC  to  the  triangle  ABD. 

PROP.  LIII.  49. 

IF  two  redilineal  figures  given  in  fpecies  be  de-SeeN. 

fcribed  upon  the  fame  Uraight  line  ;  they  fhall 
have  a  given  ratio  to  one  another. 

Let  any  two  redilineal  figures  ABCDE,  ABFG  which  are 
given  in  fpecies,  be  defcrihed  upon  the  fame  Uraight  line  AB  ; 
the  ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AF;  each  of  the  triangles  AED,  ADC, 

ACB,  AGF,  ABF,  is  given  a  in  fpecies.  And  becaufe  the  tri.  a  51.  dat. 
angles  ADE,  ADC  given  in  fpe¬ 
cies  are  defcribed  upon  the  fame 
ftraight  line  AD,  the  ratio  of  E  AD 
to  DAC  is  given  b  ;  and,  by  com- 
pofition,  the  ratio  of  EACD  to 
DAC  is  given  c.  And  the  ratio 
DAC  to  CAB  is  given  b,  becaufe 
they  are  defcribed  upon  the  fame 
ftraight  line  AC ;  therefore  the 
ratio  of  EACD  to  ACB  is  given  d;  "jj. 
and,  by  compofition,  the  ratio  of 

ABCDE  to  ABC  is  given.  In  the  fame  manner,  the  ratio, 
of  ABFG  to  ABF  is  given.  But  the  ratio  of  the  triangle 
ABC  to  the  triangle  xABF  is  given;  wherefore  b,  Jjecaufe 
the  ratio  of  ABCDE  to  ABC  is  given,  as  alfo  the  ratio  of 
ABC  to  ABF,  and  the  ratio  of  ABF  to  ABFG;  the  ratio 
of  the  redilineal  ABCDE  to  the  redilineal  ABFG  isfeiven  d. 


b  52#  dat. 
c  7.  dat. 


KL  MN  rv 
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d  9.  dat. 


‘  PROBLEM. 

To  find  the  ratio  of  two  redilineal  figures  given  in  fpecies, 
and  defcribed  upon  the  fame  ftraight  line. 

Let  ABCDE,  ABFG  be  two  redilineal  figures  given  in 
fpecies,  and  defcribed  upon  the  fame  ftraight  line  AB,  and 
join  AC,  AD,  AF.  Take  a  ftraight  line  HK  given  in  polition 
and  magnitude,  and  by  the  52B  dat.  find  the  ratio  of  the  tri¬ 
angle  ADE  to  the  triangle  ADC,  and  make  the  ratio  ofHK 

C  c  4  to 


4oS 
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to  KL  the  fame  with  it.  Find  alfo  the  ratio  of  the  triangle' 
ACD  to  the  triangle  ACB  And  make  the  ratio  of  KL  to 
LM  the  fame.  Alfo,  find  the  ratio  of  the  triangle  ABC  to 
the  triangle  ABF,  and  make  the  ratio  of  LM  to  MN  the  fame. 
And  laftly,  find  the  ratio  of  the  triangle  AFB  to  the  triangle 
AFG,  and  make  the  ratio  of  MN 
to  NO  the  fame.  Then  the  ratio  of 
ABCDE  to  ABFG  is  the  fame 
with  the  ratio  of  HM  to  MO. 

Becaufe  the  triangle  EAD  is  to 
the  triangle  DAC,  as  the  firaight 
line  HK  to  KL ;  and  as  the  triangle 
DAC  to  CAB,  lb  is  the  firaight 
line  KL  to  LM ;  therefore  by  ufing 
compofition  as  often  as  the  number  |.T. 
of  triangles  requires,  the  rectilineal 
ABCDE  is  to  the  triangle  ABC,  as  the  firaight  line  HM  to  ML. 
In  like  manner,  becanfe  the  triangle  GAF  is  to  F  AB,  as  ON  to 
NM,  by  compofition,- the  reClilineaf  ABFG  is  to  the  triangle 
ABF  as  MO  to  NM ;  and  by  inverfion,  as  ABF  to  ABFG,  ib 
is  N  M  to  MO.  And  the  triangle  ABC  is  to  ABF,  as  LM  to 
MN  Wherefore,  becaufe  as  ABCDE  to  ABC,  fo  is  HM  to 
ML ;  and  as  ABC  to  ABF,  fo  is  LM  to  MN  *,  and  as  ABF 
to  ABFG,  fo  is  MN  to  MO  ;  ex  cgqnali,  as  the  rectilineal 
ABCDE  to  ABFG,  i’o  is  the  firaight  line  HM  to  MO. 

5P.  PROP.  LIV. 

JF  two  firaight  lines  have  a  given  ratio  to  one  another; 

the  (imiJar  rectilineal  figures  defcribed  upon  them 
fim daily,,  fiiall  have  a  given  ratio  to-  one  another. 

Let  the  firaight  lines  AB,  CD  have  a  given  ratio  to  one  an¬ 
other,  and  let  the  fimilar  and  fimilarly  placed  rectilineal  figures 
E,  F  be  defcribed  upon  them  ;  the  ratio  of  E  to  F  is  given. 

To  AB,  CD,  let  G  be  a  third 
proportional ;  therefore  as  AB  to 
CD.  fo  is  CD  to  G.  And  the  ratio 
of  AB  to  C  D  is  given  ;  wherefore 
\  the  ratio  of  CD  to  G  is  given  ;  and 
confequently  the  ratio  of  AB  to  G 
a  9.  dat.  is  alfo  given  a-  But  as  AB  to  G,  fo 
h  2.Cor.2o.is  the  figure  E  to  the  figure  b  F.  Theicfoxe  the  ratio  oi  E 


<»•  to  F  is  given. 


PROBLEM 
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PROBLEM. 

To  find  the  ratio  of  two  fimilar  reCtilineal  figures,  E,  F,  fimi- 
iarlv  defcribed  upon  ftraight  lines  AB,  CD  which  have  a  given 
ratio  to  one  another :  Let  G  be  a  third  proportional  to  AB,  CD. 

Take  a  ftraight  line  H  given  in  magnitude  ;  and  becaufe  the 

ratio  of  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the  fame 

with  it ;  and  becaufe  H  is  given,  K  is  given.  As  H  is  to  K,  fo 

make  K  to  L ;  then  the  ratio  of  E  to  F  is  the  fame  with  the 

ratio  of  H  toL ;  for  AB  is  to  CD,  as  H  to  K,  wherefore  CD  is 

to  G,  as  K  to  L  ;  and,  ex  aequali,  as  AB  to  G,  fo  is  H  to  L  : 

But  the  figure  E  is  to  b  the  figure  F,  as  AB  to  G,  that  is,  as  H  b  2  ,cor’ 
5  ®  *0. 6. 


to  L. 


PROP.  LV. 


51. 


IF  two  ftraight  lines  have  a  given  ratio  to  one  ano¬ 
ther;  the  rectilineal  figures  given  in  fpecies  defcri- 
bed  upon  them,  fhall  have  to  one  another  a  given  ratio. 

Let  AB,  CD  be  two  ftraight  lines  which  have  a  given  ratio 
to  one  another  ;  the  rectilineal  figures  E,  F  given  in  fpecies 
and  defcribed  upon  them,  have  a  given  ratio  to  one  another. 

Upon  the  ftraight  line  AB,  defcribe  the  figure  AG  fimilar 
and  fnnilarly  placed  to  the  figure  F  j  and  becaufe  F  is  given  in 
fpecies,  AG  is  alfo  given  in  fpe¬ 
cies  :  Therefore,  fince  the  fi-  „  /  -gy 

gures  E,  AG  which  are  given  /. 
in  fpecies,  are  defcribed  upon 
the  fame  ftraight  line  AB,  the 
ratio  of  E  to  AG  is  given  a,  jje 
and  becaufe  the  ratio  of  AB  to  ' 


a  53  •  date 


CD  is  given  and  upon  them  are  defcribed  the  fimilar  and 
fimiliarly  placed  rectilineal  figures  AG,  F,  the  ratio  of  AG 
to  F  is  given  h;  and  the  ratio  of  AG  to  E  is  given  ^  thererforeb  54.  dat, 
the  ratio  of  E  to  F  is  given  c*  c  9.  dat. 

PROBLEM. 

To  find  the  ratio  of  two  reCtilineal  figures  E,  F  given  in 
fpecies  and  defcribed  upon  the  ftraight  lines  AB,  CD  which 
have  a  given  ratio  to  one  another. 

Take  a  ftraight  line  H  given  in  magnitude  ;  and  becaufe 
the  reCtilineal  figures  E,  AG  given  in  fpecies  are  defcribed  up¬ 
on  the  fame  ftraight  line  AB,  find  their  ratio  by  the  53d  dat. 
and  make  the  ratio  of  H  to  K  the  fame,  K  is  therefore  given. 

And  becaufe  the  limilar  rectilineal  figures  AG,  F  are  defcribed 

upoit 
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upon  the  ftraight  lines  AB,  CD  which  have  a  given  ratio, 
find  their  ratio  by  the  54th  dat.  and  make  the  ratio  of  K  to  L 
the  fame  :  The  figure  E  has  to  F  the  fame  ratio  which  H  has  to 
L  ;  For,  by  the  conftru&ion,  as  E  is  to  AG,  fo  is  H  to  K  ; 
and  as  AG  to  F,  fo  is  K  to  L  ;  therefore,  ex  sequali,  as  E  to 
F  ;  fo  is  H  to  L. 

5*-  '  PROP.  LVI. 

IF  a  rectilineal  figure  given  in  fpeciesbe  defcribed 
A  upon  a  ftraight  line  given  in  magnitude  ;  the  fi¬ 
gure  is  given  in  magnitude. 

Let  the  rectilineal  figure  ABODE  given  in  fpecies  be  defcri¬ 
bed  upon  the  ftraight  line  AB  given  in  magnitude ;  the  figure 
ABODE  is  given  in  magnitude. 

Upon  AB  let  the  fquare  AF  be  defcribed ;  therefore  AF  is 
given  in  fpecies  and  magnitude,  and  becaufe  the  rectilineal  fi¬ 
gures  ABODE,  AF  given  in  fpecies  are 
defcribed  upon  the  fame  ftraight  line 
AB,  the  ratio  of  ABODE  to  AF  is 
a  53.  dat.  given  a  :  But  the  fquare  AF  is  given  in 
b  2.  dat.  magnitude,  therefore  b  alfo  the  figure 
ABODE  is  given  in  magnitude. 

P  R  O  B. 

To  find  the  magnitude  of  a  rectilineal 
figure  given  in  fpecies  defcribed  upon  a 
ftraight  line  given  in  magnitude. 

Take  the  ftraight  line  GH  equal  to 
the  given  ftraight  line  AB,  and  by  the  G 
53d  dat.  find  the  ratio  which  the  fquare 
AF  upon  AB  has  to  the  figure  ABODE  ;  and  make  the  ratio 
of  GH  to  HK  the  fame  ;  and  upon  GH  defcribe  the  fquare  GL, 
and  complete  the  parallelogram  LHKM  ;  the  figure  ABODE 
is  equal  to  LHKM  *,  becauie  AF  is  to  ABODE,  as  the  ftraight 
line  GH  to  HK,  that  is,  as  the  figure  CjL  to  PIM  j  and  AF  is 
5  14.  5.  equal  to  GL  ;  therefore  ABODE  is  equal  to  HM  c. 


53- 


PROP.  LVII. 


IF  two  rectilineal  figures  are  given  in  fpecies,  and  if 
a  fide  of  one  of  them  has  a  given  ratio  to  a  fide  of 
the  other  ;  the  ratios  of  the  remaining  fides  to  the  re¬ 
maining  fides  fhall  be  given. 


Let 


DATA. 
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Let  AC.  DF  be  two  reciilineal  figures  given  in  fpecies,  and 
let  the  ratio  of  the  fide  AB  to  the  fide  DE  be  given,  the  ratios 
of  the  remaining  fides  to  the  remaining  fides  are  alfo  given. 

Becaufe  rhe  ratio  of  AB  to  DE  is  given,  as  alfo  a  the  ratios  a  3  def. 
of  AB  to  BC,  and  of  DE  to  EF,  the  ratio  of  BC  to  EF  is  gi¬ 
ven  b .  in  the  fame  manner,  the  (  bio.  dat. 

ratios  of  the  other  fides  to  the 
other  fides  are  given. 

The  ratio  which  BC  has  to 
EF  may  be  found  thus :  Take  •<- 
ftraight  line  G  given  in  magni¬ 
tude,  and  becaule  the  ratio  of  BC 
to  BA  is  given,  make  the  ratio 
cfGtoHthe  fame  ;  and  becaufe 
the  ratio  of  AB  to  DE  is  given, 
make  the  ratio  of  H  to  K.  the 

fame ;  and  make  the  ratio  of  K  to  L  the  fame  with  the  given 
ratio  of  DE  to  EF.  Since  therefore  as  BC  to  BA,  fo  is  G  to 
H ;  and  as  BA  to  DE,  fo  is  H  to  K ;  and  as  DE  to  EF,  fo  is 
K  to  L ;  ex  cequali ,  BC  is  to  EF,  as  G  to  L ;  therefore  the  ra¬ 
tio  of  G  to  L  has  been  found,  which  is  the  fame  with  the  ratio 
oi  BC  to  EF. 


PROP.  LVIII. 


G. 


IF  two  fimilar  rectilineal  figures  have  a  given  ratio  SeeN* 
to  one  another,  their  homologous  fides  have  alfo 
a  given  ratio  to  one  another. 

Let  the  two  fimilar  rectilineal  figures  A,  B,  have  a  given 
ratio  to  one  another,  their  homologous  fides  have  alfo  a  given 
ratio. 

Let  the  fide  CD  be  homologous  to  EF,  and  to  CD,  EF  let 
the  ftraight  line  G  be  a  third  proportional.  As  therefore3  CD  a  *  cor. 
to  G,  fo  is  the  figure  A  to  B;  and 
the  ratio  of  A  to  Bis  given,  there¬ 
fore  the  ratio  of  CD  to  G  is  given ; 
and  CD,  EF,  G,  are  proportion¬ 
als;  wherefore b  the  ratio  of  CD 
to  EF  is  given. 

The  ratio  of  CD  to  EF  may  be 
found  thus  :  Take  a  firaight  line 

H  given  in  magnitude  ;  and  becaufe  the  ratio  of  the  figure  A 
to  B  is  given,  make  the  ratio  of  H  to  K  the  fame  with  it ; 

And,  as  the  13th  dat.  direCls  to  be  done,  find  a  mean  propor¬ 
tional 
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54. 

See  N. 

s 


a  3.  def. 
b  9.  dat . 


c  53.  dat. 

d  58.  dat. 


tional  L  between  H  and  K ;  the  ratio  of  CD  to  EF  is  the  fame 
with  that  of  H  to  L.  Let  G  be  a  third  proportional  to  CD, 
EF ;  therefore  as  CD  to  G,  fo  is  (A  to  B,  and  fo  is)  H  to  K; 
and  as  CD  to  EF,  fo  is  H  to  L,  as  is  fhown  in  the  13th  dat. 


PROP.  LIX. 


IF  two  redilineal  figures  given  in  fpecies  have  a  gi¬ 
ven  ratio  to  one  anotker,  their  Tides  fhall  likewife 
have  given  ratios  to  one  another. 

Let  the  two  re&ilineal  figures  A,  B,  given  in  fpecies,  have 
a  given  ratio  to  one  another,  their  Tides  fhall  alfo  have  given 
ratios  to  one  another. 

If  the  figure  A  be  fimilar  to  B,  their  homologous  fides 
fhall  have  a  given  ratio  to  one  another,  by  the  preceding  pro- 
pofition  ;  and  becaufe  the  figures  are  given  in  fpecies,  the  fides 
of  each  of  them  have  given  ratios  a  to  one  another;  therefore 
each  fide  of  one  of  them  has  b  to  each  fide  of  the  other  a  given 
ratio. 

But  if  the  figure  A  be  not  fimilar  to  B,  let  CD,  EF  be 
any  two  of  their  fides ;  and  upon  EF  conceive  the  figure  EG 
to  be  defcribed  fimilar  and  _ 

G 


M- 

L. 


fimilarly  placed  to  the  figure 
A,  fo  that  CD,  EF  be  ho¬ 
mologous  fides  ;  therefore  Q 
EG  is  given  in  fpecies  ;  and  - 
the  figure  B  is  given  in  fpe- 
cies  ;  wherefore  c  the  ratio 
of  B  to  EG  is  given ;  and  the 
ratio  of  A  to  B  is  given, 
therefore b  the  ratio  of  the 
figure  A  to  EG  is  given  ;  and  A  is  fimilar  to  EG  ;  therefore 
4  the  ratio  of  the  fide  CD  to  EF  is  given;  and  confequently  b 
the  ratios  of  the  remaining  fides  to  the  remaining  fides  are 
given. 

The  ratio  of  CD  to  EF  may  be  found  thus  :  Take  a  ftraight 
line  H  given  in  magnitude,  and  becaufe  the  ratio  of  the  figure 
A  to  B  is  given,  make  the  ratio  of  H  to  K  the  fame  with  it. 
And  by  the  53d  dat.  find  the  ratio  of  the  figure  B  to  EG,  and 
make  the  ratio  of  K  to  L  the  fame  :  Between  H  and  L 
find  a  mean  proportional  M,  the  ratio  of  CD  to  EF  is  the 
fame  with  the  ratio  of  H  to  M ;  becaufe  the  figure  A  is  to  B 
as  H  to  K ;  and  as  B  to  EG,  fo  is  K  to  L ;  ex  cequali,  as  A 

to 
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to  EG,  fo  is  H  to  L  :  And  the  figures  A,  EG  are  fimilar,  and 
M  is  a  mean  proportional  between  H  and  L  ;  therefore  as  was 
fhewn  in  the  preceding  propofition,  CD  is  to  EF  as  H  to  M. 


PROP.  LX.  55* 

IF  a  redilineal  figure  be  given  in  fpecies  and  mag¬ 
nitude,  the  fides  of  itfhall  be  given  in  magnitude. 


9 

Let  the  rectilineal  figure  A  be  given  in  fpecies  and  magni¬ 
tude,  its  fides  are  given  in  magnitude. 

Take  a  ftraight  line  BC  given  in  pofition  and  magnitude, 
and  upon  BC  defcribe  *  the  figure  D  fimilar,  and  fimiiarly  a  18.  6. 
placed,  to  the  figure  A, 


and  let  EF  oe  the  fide 

of  the  figure  A  homo-  ^ 
logous  to  BC  the  fide 
of  D  ;  therefore  the  fi¬ 


gure  D  is  given  in  fpe¬ 
cies.  And  becaufe  upon 
the  given  llraight  line 
BC  the  figure  D  given 
in  fpecies  is  defcribed,  D 


E  F 
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C 
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is  given  b  in  magnitude,  and  the  figure  A  is  given  in  magni-  56.dat 
tude,  therefore  the  ratio  of  A  to  D  is  given  :  And  the  figure 
A  is  fimilar  to  D  ;  therefore  the  ratio  of  the  fide  EF  to  the  c  ^  <jat. 
homologous  fide  BC  is  given  c  *,  and  BC  is  given,  wherefore  &  d  2.  dat. 
EF  is  given  :  And  the  ratio  of  EF  to  EG  is  given  e,  there-  e  3*  def. 
fore  EG  is  given.  And,  in  the  fame  manner,  each  of  the 
other  fides  of  the  figure  A  can  be  fhewn  to  be  given. 

PROBLEM. 


To  defcribe  a  re&ilinial  figure  A  fimilar  to  a  given  figure  D 
and  equal  to  another  given  figure  H.  It  is  prop.  25.  b.  6.  Elem. 

Becaufe  each  of  the  figures  D,  H  is  given,  their  ratio  is  gi¬ 
ven,  which  may  be  found  by  making f  upon  the  given  ftraight 
line  BC  the  parallelogram  BK  equal  10  D,  and  upon  its  fide 
CK  making  f  the  parallelogram  KL  equal  to  H  in  the  angle  f  cor.  45. 
KCL  equal  to  the  angle  MBC  ;  therefore  the  ratio  of  D  to  H,  x* 
that  is,  of  BK  to  KL,  is  the  fame  with  the  ratio  of  BC  to  CL: 

And  becaufe  the  figures  D,  A  are  fimilar,  and  that  the  ratio  of 
D  to  A,  or  H  is  the  fame  with  the  ratio  of  BC  to  CL  ;  by 
the  58th  dat.  the  ratio  of  the  homologous  fides  BC«,  EF  is  the 
fi^me  with  the  ratio  of  BC  to  the  mean  proportional  between 
BC  and  CL.  Find  EF  the  mean  proportional;  then  EF  is  the 
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fide  of  the  figure  to  be  defcribed,  homologous  to  BC  the  fide 
of  D,  and  the  figure  itfelf  can  be  defcribed  by  the  18th  prop. 
B.  6.  which,  by  the  conllruddon,  is  fimilar  to  D;  and  becaule 
D  is  to  A,  asg  BC  to  CL,  that  is  as  the  figure  BK  to  KL;  and 
that D  is  equal  to  BK,  therefore  A  h  is  equal  to  KL,  that  is,  to  H. 

PROP.  LXI. 

IF  a  parallelogram  given  in  magnitude  has  one  of 
its  fides  and  one  of  its  angles  given  in  magnitude, 
the  other  fide  alio  is  given. 

Let  the  parallelogram  ABDC  given  in  magnitude,  have  the 
fide  AB  and  the  angle  BAC  given  in  magnitude,  the  other 
fide  AC  is  given. 

Take  a  flraight  line  EF  given  in  pofition  and  magnitude ; 
and  becauie  the  parallelogram  AD 
is  given  in  magnitude,  a  redilineal 
figure  equal  to  it  can  be  be  found  a. 

And  a  parallelogram  equal  to  this 
figure  can  be  applied  b  to  the  given 
flraight  line  EF  in  an  angle  equal 
to  the  given  angle  BAC.  Let  this 
be  the  parallelogram  EF.HG  ha 
ving  the  angle  FEG  equal  to  the 
angle  BAC.  And  becaufe  th  (j 
parallelograms  AD,  EH  are  equal, 

and  have  the  angles  at  A  and  E  equal;  the  fides  about  them 
are  reciprocally  proportional  c  ;  therefore  as  AB  to  EF.  IV.  is 
EG  to  AC  :  and  AB,  EF,  EG  are  given,  therefore  alfo  AC 
is  given  Whence  the  way  of  finding  AC  is  manifeit. 

PROP.  LX1I. 

IF  a  parallelogram  has  a  given  angle,  the  rectangle 
contained  by  the  (ides  about  that  angle  has  a  given 
ratio  to  the  parallelogram. 

Let  the  parallelogram  ABCD  have  the 
given  angle  ABC,  the  rectangle  AB,  BC 
has  a  given  ratio  to  the  parallelogram  AC. 

From  the  point  A  draw  AE  perpendi¬ 
cular  to  BC  ;  becaufe  the  angle  ABC  is 
given,  as  alfo  the  angle  AEB,  the  triangle 
ABE  is  given  a  in  l'pecies ;  therefore  the 
ratio  of  BA  to  AE  is  given .  But  as  B  A  to 
AE,  fo  is  b  the  rectangle  AB,  BC  to  the 
.redangle  AE,  BC  ;  therefore  the  ratio  of 
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B 
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the  redangle  AB,  BC  to  AE,  BC  that  is  c,  to  the  parallelo¬ 
gram  AC  is  given. 

And  it  is  evident  how  the  ratio  of  the  rectangle  to  the  pa¬ 
rallelogram  may  be  found  by  making  the  angle  FGH  equal 
to  the  given  angle  ABC,  and  drawing,  from  'any  point  F  in 
one  of  its  lides,  FK  perpendicular  to  the  other  GH  ;  for  GF 
is  to  FK,  as  BA  to  AE,  that  is,  as  the  redangle  AB,  BC,  to 
tire  parallelogram  AC. 

Cor.  And  if  a  triangle  ABC  has  a  given  angle  ABC,  the 
rectangle  AB,  BC  contained  by  the  fides  about  that  angle, 
ftiall  have  a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD  ;  therefore,  by  this  pro¬ 
portion, 'the  rectangle  AB,  BC  has  a  given  ratio  to  the  paral¬ 
lelogram  AC  ;  and  AC  has  a  given  ratio  to  its  half  the  tri¬ 
angle  d  ABC  ;  therefore  the  redangle  AB,  BC  has  a  given 
e  ratio  to  triangle  AL  J. 

And  the  ratio  of  the  redangle  to  the  triangle  is  found  thus  : 
Make  the  triangle  FGK,  as  was  iliown  in  the  propofition ;  the 
ratio  of  GF  to  the  half  of  the  perpendicular  FK  is  the  fame  with 
the  ratio  of  the  redangle  A  B,  BC  to  the  triangle  ABC.  Be- 
caufe,  as  was  lliown,  GF  is  to  FK,  as  AB,  BC  to  the  paralle¬ 
logram  AC;  and  FK  is  to  its  half,  as  AC  is  to  its  half,  which 
is  the  triangle  ABC  ;  therefore,  ex  sequali,  GF  is  to  the  half 
of  FK,  as  AB,  BC  redangie  is  to  the  triangle  ABC. 

PROP.  LXIII. 

IF  two  parallelograms  be  equiangular,  as  a  fide  of 
the  firft  to  a  fide  of  the  fecond,  fo  is  the  other  fide 
of  the  fecond  to  the  ftraight  line  to  which  the  other 
fide  of  the  firft  has  the  fame  ratio  which  the  firft  pa¬ 
rallelogram  has  to  the  fecond.  And  confequently,  if 
the  ratio  of  the  firft  parallelogram  to  the  fecond  be 
given,  the  ratio  of  the  other  fide  of  the  firft  to  that 
ftraight  line  is  given  ;  and  if  the  ratio  of  the  other 
fide  of  the  firft  to  that  ftraight  line  be  given,  tbe  ra¬ 
tio  of  tbe  firft  parallelogram  to  the  fecond  is  given. 

Let  AC,  DF  be  two  equiangular  parallelograms,  as  BC,  a 
fide  of  the  firft,  is  to  EF,  a  fide  of  the  fecond,  fo  is  DE,  the  o- 
ther  fide  of  the  fecond,  to  the  ftraight  line  to  which  AB,  the 
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other  fide  of  the  firft  has  the  fame  ratio  which  AC  has  to  DF. 

Produce  the  ftraight  line  AB,  and  make  as  BC  to  EF,  fo 
DE  to  BG,  and  complete  the  parallelo¬ 
gram  BGHC  ;  therefore,  becaufe  BC 
or  G&,  is  to  EF,  as  DE  to  BG,  the 
fides  about  the  equal  angles  BGH,  DEF 
are  reciprocally  proportional ;  where¬ 
fore  a  the  parallelogram  BH  is  equal  to 
DF  ;  and  AB  is  to  BG,  as  the  paral¬ 
lelogram  AC  is  to  BH,  that  is,  to  DF ; 
as  therefore  BC  is  to  EF,  fo  is  D  E  to 
BG,  which  is  the  ftraight  line  to  which 
AB  has  the  fame  ratio  that  AC  has  to 
DF.  • 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  given, 
then  the  ratio  of  the  ftraight  line  AB  to  BG  is  given  ;  and  if 
the  ratio  of  AB  to  the  ftraight  line  BG  be  given,  the  ratio  of 
the  parallelogram  AC  to  DF  is  given. 

PROP.  LXIV. 


IF  two  parallelograms  have  unequal,  but  given  angles, 
and  if  as  a  fide  of  t  he  firft  to  a  fide  of  the  (econd, 
fo  the  other  fide  of  the  fecond  be  made  to  a  cer¬ 
tain  ftraight  line  ;  if  the  ratio  of  the  firft  parallelo¬ 
gram  to  the  fecond  he  given,  the  ratio  of  the  other 
fide  of  the  firft  to  that  ftraight  line  fhall  be  given. 
And  if  the  ratio  of  the  other  fide  of  the  firft  to  that 
ilraight  line  be  given,  the  ratio  of  the  firft  parallelo¬ 
gram  to  the  fecond  fhall  be  given. 

Let  ABCD,  EFGH  be  two  parallelograms  which  have  the 
unequal,  but  given,  angles  ABC,  FFG  ;  and  as  BC  to  FG, 
fo  make  EF  to  the  ftraight  line  M.  If  the  ratio  of  the  paral¬ 
lelogram  AC  to  EG  be  given  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle 
CBR  equal  to  the  angle  EFG,  and  complete  the  parallelogram 
KBCL.  And  becaufe  the  ratio  of  AC  to  EG  is  given,  and  that 
AC  is  equal  a  to  the  parallelogram  KC,  therefore  the  ratio  of 
KC  to  EG  is  given  ;  and  KC,  EG  are  equiangular;  there¬ 
fore  asBC  to  FG,  fo  is  b  EF  to  the  ftraight  fine  to  which  KB 
has  a  given  ratio,  viz.  the  fame  which  the  parallelogram 
KG  has  to  EG;  but  as  BC  to  FG,  fo  is  EF  to  the  ftraight 
line  M  ;  therefore  KB  has  a  given  ratio  to  M ;  and  the  ratio 
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■©f  AB  to  BK  is  given,  becaufe  the  triangle  ABK  is  given  in 
Species0 ;  therefore  the  ratio  of  AB  to  M  is  given d.  c  43  d-at. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa-  a 
rallelogram  AC  to  EG  is  given  ;  for  iince  the  ratio  of  KB  to  „ 

BA  is  given,  as  alfo  the  ratio  of  AB 
to  M,  the  ratio  of  KB  to  M  is  given u ; 
and  becaufe  the  parallelograms  KO,  EG 
are  equiangular,  as  BC  to  FG,  vfo  is 
b  EF  to  the  ftraiglit  line  to  which  KB 
has  the  fame  ratio  which  the  parallelo¬ 
gram  KC  has  to  EG ;  but  as  BC  to  FG, 
fo  is  EF  to  M;  therefore  KB  is  to  M, 
as  the  parallelogram  KC  is  to  EG ;  and 

the  ratio  of  KB  to  M  is  given,  therefore  the  ratio  of  the  paral¬ 
lelogram  KC,  that  is,  of  AC  to  EG,  is  given 

Cor.  And  if  two  triangles  ABC,  EFG  have  two  equal 
angles,  or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if 
as  BC  a  fide  of  the  f  rft  to  FG  a  fide  of  the  fecond,  fo  the  other 
ftde  of  the  fecond  EF  be  made  to  a  ftraight  line  M;  if  the  ratio 
of  the  triangles  be  given,  the  ratio  of  the  other  fide  of  the  firft 
to  the  ftraight  line  M  is  given.  ‘  ' 

Complete  the  parallelograms  ABCD,  EEGH  ;  and  becaufe 
the  ratio  of  the  triangle  ABC  to  the  triangle  EFG  is  given,  the 
ratio  of  the  parallelogram  AC  to  EG  is  given c,  becaufe  the  pa-  e  15.  r. 
rallelograms  are  double  f  of  the  triangles*,  and  becaufe  BC  is  to  f  41.  r. 
FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  63d  dat. 
if  the  angles  ABC,  EFG  are  equal;  but  if  they  be  unequal, 
but  given  angles,  the  ratio  of  AB  to  M  is  given  by  this  propor¬ 
tion.  ' 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 
rallelogram  AC  to  EG  is  given  by  the.  fame  proportion ;  and 
therefore  the  ratio  of  the  triangle  ABC  to  EFG  is  giyen. 


PROP.  LXV: 

F  two  equiangular  parallelograms  have  a  given  ratib 
to  one  another,  and  if  one  fide  has  to  one  fide  a 
given  ratio;  the  other  fide  (hall  alfo  have  to  the  other 
fide  a  given  ratio. 

y 

Let  the  two  equiangular  parallelograms  AB,  CD  have  a  gi¬ 
ven  ratio  to  one  another,  and  let  the  iide  EB  have  a  given  ratio 
to  the  hde  FD  ;  the  other  f  de  AE  has  alfo  a  given  ratio  to  the 
mother  ftde  CF. 

D  d 
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Becaufe  the  two  equiangular  parallelograms  AB,  CD  have  a 
given  ratio  to  one  another  ;  as  EB,  a  tide  of  the  firft,  is  to  ED, 
a  63.  dat.  a  lide  of  the  fecond,  fo  is  a  FC,  the  other  fide  of  the  fecond,  to 
„  the  ftraight  line  to  which  AE,  the  other  hde  of  the  firft,  has 
the  fame  given  ratio  which  the  firft  parallelogram  AB  has 
to  the  other  CD.  Let  this  ftraight  line  be  EG  ;  therefore  the 
ratio  of  AE  to  EG  is  given  ; 
and  EB  is  to  Ff),  as  FC  to 
EG,  therefore  the  ratio  of 
FC  to  EG  is  given,  becaufe 
the  ratio  of  EB  to  FD  is  gi¬ 
ven;  and  becaufe  the  ratio  of  Q 
AE  to  EG,  as  alfo  the  ratio 
of  FC  to  EG  is  given;  the  H  K.L 
ratio  of  AE  to  CF  is  given  b. 

The  ratio  of  AE  to  CF  may  be  found  thus:  'Fake  a  ftraight 
line  H  given  in  magnitude;  and  becaufe  the  ratio  of  the  paralt 
lelogram  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the 
fame  with  it.  And  becaufe  the  ratio  of  FD  to  EB  is  given, 
make  the  ratio  of  K  to  L  the  fame :  The  ratio  of  AE  to  CF  is 
the  fame  with  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  fo  FC 
to  EG,  therefore,  by  inverllon,  as  FD  to  EB,  lo  is  EG  to  FC; 
and  as  AE  to  EG,  fo  isa  (the  parallelogram  AB  to  CD,  and  fo 
is)  H  to  K ;  but  as  EG  to  FC,  fo  is  (FD  to  EB,  and  fo  is)  K 
to  L ;  therefore,  ex  asquali,  as  AE  to  FC,  fo  is  H  to  Lo 
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TF  two  parallelograms  have  unequal,  but  given  angles, 
j  and  a  given  ratio  to  one  another  ;  if  one  fide  has 
to  one  fide  a  given  ratio,  the  other  fide  has  alio  a  given 
ratio  to  the  other  fide. 

Let  the  two  paralle'ograms  ABCD,  EFGH  which  have  the 
given  unequal  angles  ABC,  EFG  have  a  given  ratio  to  one  an¬ 
other,  and  let  the  ratio  of  BC  to  FG  be  given ;  the  ratio  alfo 
of  AB  to  EF  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK 
•  equal  to  the  given  angle  EFG,  and  complete  the  parallelo¬ 
gram  JbKLC ;  and  becaufe  each  of  the  angles  BAK,  AIvB  is, 
a43.dat.  given,  the  triangle  ABK  is  given3  in  fpecies ;  therefore  the 
ratio  of  AB  to  BK  is  given;  and  becaufe,  by  the  hypothefis, 

the 
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(the  ratio  of  the  parallelogram  AC  to  EG  is  given,  and  that  AC 
Is  equal b  to  BL  ;  therefore  the  ratio  of  BL  to  EG  is  given  :  b  55.  1. 
And  becaufe  BL  is  equiangular  to  EG,  and  by  the  hypothecs, 
the  ratio  of  BC  to  EG  is  given  ;  therefore0  the  ratio  of  KB  to  c  65.  dar, 
EF  is  given,  and  the  ratio  of  KB 
to  BA  is  given  *,  the  ratio  there¬ 
fore  d  of  AB  to  EF  is  given. 

The  ratio  of  AB  to  EF  may  be 
found  thus:  Take  the  ftraight  line 
MN  given  in  pofition  and  magni¬ 
tude  ;  and  make  the  angle  NMO 
equal  to  the  given  angle  BAK, 
and  the  angle  MNO  equal  to  the 
given  angle  EFG  or  AKB  :  And 

becaufe  the  parallelogram  BL  is  equiangular  to  EG,  and  has  a 
given  ratio  to  it,  and  that  the  ratio  of  BC  to  EG  is  given  ;  find 
by  the  65  th  dat.  the  ratio  of  KB  to  EF  ;  and  make  the  ratio  of 
NO  to  OP  the  fame  with  it :  Then  the  ratio  of  AB  to  EF  is  the 
fame  with  the  ratio  of  MO  to  OP  :  For  fince  the  triangle  ABK 
is  equiangular  to  MON,  as  AB  to  BK,  fo  is  MO  to  ON :  And 
as  KB  to  EF,  fo  is  NO  to  OP ;  therefore,  ex  sequali,  as  AB  to 
!  pF,  fo  is  MO  to  OP. 
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PROP.  LXVIL  v>. 

IF  the  fides  of  two  equiangular  parallelograms  have  sec  n* 
given  ratios  to  one  another ;  the  parallelograms 
ihall  have  a  given  ratio  to  one  another. 


Let  ABCD,  EFGH  be  two  equiangular  parallelograms,  and 
let  the  ratio  of  AB  to  EF,  as  alfo  the  ratio  of  BC  to  FG,  be  gi¬ 
ven  ;  the  ratio  of  the  parallelogram  AC  to  EG  is  given. 

Take  a  ftraight  line  K  given  in  magnitude,  and  becaufe  the 
ratio  of  AB  to  EF  is  given, 
make  the  ratio  of  K  to  L  the 
fame  with  it  ;  therefore  L  is 
given8:  And  becaufe  the  ratio 
of  BC  to  FG  is  given,  make 
the  ratio  of  L  to  M  the  fame: 

Therefore  M  is  given 8  :  and 
K  is  given,  wherefore b  :  the 
ratio  of  K  to  M  is  given  :  But  the  parallelogram  AC  is  to  the 
parallelogram  EG,  as  the  ftraight  line  K  to  the  ftraieht  line  M, 
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as  is  denionftrated  in  the  23d  prop,  of  B.  6.  Elem.  therefore 
the  ratio  of  AC  to  EG  is  given. 

From  this  it  is  plain  how  the  ratio  of  two  equiangular  paral¬ 
lelograms  may  be  found  when  the  ratios  of  their  tides  are  given. 

10 *  PRO  P.  LXVIII. 

S  c  M  T  F  the  Tides  of  two  parallelograms  which  have  un- 
equal,  but  given  angles,  have  given  ratios  to  one 
another ;  the  parallelograms  fliall  have  a  given  ratio  to 
one  another. 

Let  two  parallelograms  ABCD,  EFGH  which  have  the  given 
unequal  angles  ABC,  EFG  have  the  ratios  of  their  tides,  viz.  of 
AB  to  EF,  and  of  BC  to  FG,  given  ;  the  ratio  of  the  parallelo¬ 
gram  AC  to  EG  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK 
equal  to  the  given  angle  EFG,  and  complete  the  parallelo¬ 
gram  KBCL :  And  becaufe  each  of  the  angles  BAK,  BKA  is 
a  43.  dat.  given,  the  triangle  ABK  is  given4  in  fpecies :  Therefore  the 
ratio  of  AB  to  BK  is  given ;  and  the  ratio  of  AB  to  EF  is  gi- 
b  9.  dat.  Ven,  wlierefore  b  the  ratio  of  BK  to  EF  is  given  :  And  the 
ratio  of  BC  to  FG  is  given; 
and  the  angle  KBC  is  equal 
to  the  angle  EF G ;  there- 
f  67  dat,  forec  the  ratio  of  the  paral¬ 
lelogram  KG  to  EG  is  gi- 
ci  35.  1.  ven:  But  KC  is  equal d  to 
AC  ;  therefore  the  ratio  of 
AC  to  EG  is  given* 

1  he  ratio  of  the  parallelogram  AC  to  EG  may  be  found 
thus  :  Take  the  ftraight  line  MN  given  in  pofttion  and  magni¬ 
tude,  and  make  the  angle  MNO  equal  to  the  given  angle  KAB, 
and  the  angle  NMO  equal  to  the  given  angle  AKB  or  FEH  : 
A  nd  becaufe  the  ratio  of  AB  to  EF  is  given,  make  the  rctfio  of 
NO  to  P  the  fame ;  alfo  make  the  ratio  of  P  to  Q^the  fame 
with  the  gwen  ratio  of  BC  to  FG*  the  parallelogram  AC  is  to 
EG,  as  MO  to 

Becaufe  the  angle  KAB  is  equal  to  the  angle  MNQ,  and 
the  angle  AKB  equal  to  the  angle  NMO ;  the  triangle  A  KB  is 
equiangular  to  NMO:  Therefore  as  KB  to  BA  fo  is  MO  to 
ON  ;  and  as  BA  to  EF,  fo  is  NO  to  P ;  wherefore,  ex  ae- 
quali,  as  KB  to  EF,  fo  is  MO  to  P  :  And  BC  is  to  FG,  as  P 

to 
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to  0  ,  and  the  parallelograms  K C,  TG  are  equiangular;  there¬ 
fore,  as  was  fhown  in  prop.  67.  the  parallelogram  KC,  that  is, 

AC,  is  to  EG,  as  MO  to 

Cor.  1.  If  two  triangles  ABC,  DEF  have  two  equal  angles,  71. 
or  two  unequal,  but  given  angles  ABC,  DEF,  and  if  the  ratios 
of  the  tides  about  thefe  angles,  viz. 
the  ratios  of  AB  to  DE,  and  of  BC 
to  EF  be  given  ;  the  triangles  fliall 
have  a  given  ratio  to  one  another. 

Complete  the  parallelograms  BG, 

EH ;  the  ratio  of  BG  to  EH  is  gi¬ 
ven3;  and  therefore  the  triangles  which  are  the  halves5  of 3  or  <58 


them  have  a 


ratio  to  one  another. 


dat. 
34.  *« 
*S  5. 
7** 


given  .cc.v,  w  b 

Cor.  2.  If  the  bafes  BC,  EF  of  two  triangles  ABC,  DEF  have  c 
a  given  ratio  to  one  another,  and  if  alfo  the  ftraight  lines  AG, 

DH  which  are  drawn  to  the  bafes  from  the  op  polite  angles, 
either  in  equal  angles,  or  unequal,  but  given  angles  AGC, 

DHF  have  a  given  ratio  to  one  L  D 

another;  the  triangles  fhall  have 
.a  given  ratio  to  one  another. 

Draw  BK,  EL  parallel  to  AG,  _ 

DH,  and  complete  the  paralle-  G*  C  E  H  F 
lograms  KC,  LF.  And  becaufe  the  angles  AGC,  DHF,  or 
their  equals,  the  angles  KBC,  LEF  are  either  equal,  or  un¬ 
equal,  but  given;  and  that  the  ratio  of  AG  to  DH,  that  is,  of 
KB  to  LE,  is  given,  as  alfo  the  ratio  of  BC  to  EF  ;  therefore  a  a  ^ 
the  ratio  of  the  parallelogram  KC  to  LF  is  given ;  wherefore  ^’At  T 
alfo  the  ratio  of  the  triangle  ABC  to  DEF  is  given  b.  b  7  IS!  5. 


DROP.  LXIX*  61. 

IF  a  parallelogram  which  has  a  given  angle  be  ap- 
jl  plied  to  one  fide  of  a  rectilineal  figure  given  in  fpe- 
cies ;  if  the  figure  have  a  given  ratio  to  the  parallelo¬ 
gram,  the  parallelogram  is  given  in  fpecies. 

Let  ABCD  be  a  rectilineal  figure  given  in  fpecies,  and  to  one 
fide  of  it  AB,  let  the  parallelogram  ABEF  having  the  given 
angle  ABE  be  applied ;  if  the  figure  ABCD  has  a  given  ratio  to 
the  parallelogram  BF,  the  parallelogram  BF  is  given  in  fpecies. 
Through  the  point  A  draw  AG  parallel  to  BC,  and  through, 
the  point  C  draw  CG  parallel  to  AB,  and  produce  GA,  CB  to 
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b  53.  dat 
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d  35.  i. 

<5  x.  6. 


the  points  H,  K;  becaufe  the  angle  ABG  is  given8,  and-th<? 
ratio  of  AB  to  BC  is  given,  the  figure  ABCD  being  given  in 
fpecies ;  therefore,  the  parallelogram  BG  is  given  a  in  fpecies. 
And  becaufe  upon  the  fame  firaight  line  AB  the  two  rectilineal 
figures  BD,  BG  given  in  fpecies  are  defcribed,  the  ratio  of 
BD  to  BG  is  given b ;  and,  by  hypothefis,  the  ratio  of 
BD  to  the  parallelogram  BE  is  given  ;  wherefore c  the  ratio  of 
BF,  that  is d,  of  the  parallelogram  BH,  to  BG  is  given,  and 
therefore e  the  ratio  of  the  firaight  line  KB  to  BC  is  given  ; 
and  the  ratio  of  BC  to  BA  is  given,  wherefore  the  ratio  of 
.  KB  to  BA  is  given c :  And  becaufe  the  angle  ABC  is  given,  the 
adjacent  angle  ABK  is  given ;  and  the  angle  ABE  is  given, 
therefore  the  remaining  angle  KBE  is  given.  The  angle  EKB 
is  alfo  given,  becaufe  it  is  equal  to  the  angle  ABK ;  therefore 
the  triangle  BKE  is  given  in  fpecies,.  and  confequently  the  ra¬ 
tio  of  EB  to  BK  is  given ;  and  the  ratio  of  KB  to  BA  is  given,: 
wherefore0  the  ratio  of  Q 
EB  to  BA  is  given  ;  and 
the  angle  ABE  is  given, 
therefore  the  parallelo¬ 
gram  BF  is  given  in 
fpecies. 

A  parallelogram  fimi- 
lar  to  BF  may  be  found 
thus :  'Fake  a  firaight 
line  LM  given  in  pofition  and  magnitude ;  and  becaufe  the 
angles  ABK,  ABE  are  given,  make  the  angle  NLM  equal  to 
ABK,  and  the  angle  NLO  equal  to  ABE.  And  becaufe  the 
ratio  of  BF  to  BD  is  given,  make  the  ratio  of  LM  to  P  the 
fame  with  it ;  and  becaufe  the  ratio  of  the  figure  BD  to  BG 
is  given,  find  this  ratio  by  the  53d  dat.  and  make  the  ratio  of 
P  10  Q^the  fame.  Alio,  becaufe  the  ratio  of  CB  to  BA  is 
given,  make  the  ratio  of  Q^io  R  the  fame  *,  and  take  LN  equal 
to  R  ;  through  the  point  M  draw  OM  parallel  to  LN  and 
complete  the  parallelogram  NLOS  ;  then  this  is  fimilar  to  the 
parallelogram  BF. 

Becaufe  the  angle  ABK  is  equal  to  NLM,  and  the  angle  ABE 
to  NLO,  the  angle  KBE  is  equal  to  MLO  *,  and  the  angles 
BKE,  LMO  are  equal,  becaufe  the  angle  ABK  is  equal  to 
NLM;  therefore  the  triangles  BKE,  LMO  are  equiangu¬ 
lar  to  one  another ;  wherefore  as  BE  to  BK,  fo  is  LO  to 
LM ;  and  becaufe  as  the  figure  BF  to  BD,  fo  is  the  firaight 
line  LM  to  P  ;  and  as  BD  to  BG,  fo  is  P  to  Q;  ex  cequali, 
as  BF,  that  BH  to  BU,  fo  is  LM  to  Qj^  But  BH  is  toc 

BG«r 


BATA. 

Bfc,  as  KB  to  BC ;  as  therefore  KB  to  BC,  fo  is  LM  to  Qj 
and  becaufe  BE  is  to  BK  as  LO  to  LM ;  and  as  BK  to  BC, 
fo  is  LM  to  CU  And  as  BC  to  BA,  fo  Qjvas  made  to  R;  there¬ 
fore,  ex  scquali,  as  BE  to  BA,  fo  is  LO  to  R,  that  is  to  LN ; 
and  the  angles  ABE,  NLO  are  equal  ;  therefore  the  parallelo¬ 
gram  BE  is  fim'ilar  to  LS. 

PROP.  LXX. 
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6z.  7s. 


F  two  ftraight  lines  have  a  given  ratio  to  one  ano-  see  n.  . 
ther,  and  upon  one  of  them  be  defcribed  a  rectili¬ 
neal  figure  given  in  Ipecies,  and  upon  the  other  a  pa¬ 
rallelogram  having-  a  given  angle  ;  if  the  figure  have  a 
given  ratio  to  the  parallelogram,  the  parallelogram  is 
given  in  fpecies. 

Let  the  two  ftraight  lines  AB,  CD  have*  a  given  ratio  to  one  *” 
another,  and  upon  AB  let  the  figure  AEB  given  in  fpecies  be 
defcribed,  and  upon  CD  the  parallelogram  DF  having  the  given 
angle  FCD  ;  if  the  ratio  of  AEB  to  DF  be  given,  the  paralle¬ 
logram  DF  is  given  in  fpecies. 

Upon  the  ftraight  line  AB,  conceive  the  parallelogram  AG 
to  be  defcribed  ftmilar,  and  fimilarlv  placed  to  FD  5  and  becaufe 
the  ratio  of  AB  to  CD  is  given,  and  upon  them  are  defcribed 
the  ftmilar  r.e&ilineal  figures  AG, 

FD  ;  the  ratio  of  AG  to  FD  is  gi-  17 

vena  ;  and  the  ratio  of  FD  to  AEB  - pi}  r - \  a  54.  daft 

is  given;  therefore5  the  ratio  of  \  \  ^  \  b  p,  dan 

AEB  to  AG  is  given;  and  the  angle 
ABG  is  given,  becaufe  it  is  equal  to 
the  angle  FCD  ;  becaufe  therefore 
the  parallelogram  AG  which  has  a 
given  angle  ABG  is  applied  to  a  fide 
AB  of  the  figure  AEB  given  in  fpe- 
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cies,  and  the  ratio  of  i\EB  to  AG  is  given,  the  parallelogram 

AG  is  given  c  in  ipecies  ;  but  FD  is  ftmilar  to  AG  ;  therefore  c  69.  <!at. 

FD  is  given  in  fpecies. 

A  parallelogram  ftmilar  to  FD  may  be  found  thus  :  Take  a 
ftraight  line  El  given  in  magnitude ;  and  becaufe  the  ratio  of 
the  figure  AEB  to'  FD  is  given,  make  the  ratio  of  H  to  K  the 
fame  with  it :  Alfo,  becaufe  the  ratio  of  the  ftraight  line  CD  to 
AB  is  given,  find  by  the  54th  dat.  the  ratio  which  the  figure 
FD  defcribed  upon  CD  has  to  the  figure  AG  defcribed  upon 
AB  ftmilar  to  FD  ;  and  make  the  ratio  of  K  to  L  the  fame 
with  this  ratio ;  And  becaufe  the  ratios  of  H  to  K,  and  of  K 
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to  L  are  given,  the  ratio  of  PI  to  L  is  given  b  ;  becaufe,  there** 
fore,  as  AEB  to  FD,  fo  is  H  to  K ;  and  as  FD  to  AG,  io  is  K 
to  L ;  ex  scquali,  as  AEB  to  AG  fo  is  H  to  L ;  therefore  the 
ratio  of  AEB  to  AG,  is  given  *,  and  the  figure  AEB  is  given  in 
fpecies,  and  to  its  fide  AB  the  parallelogram  AG  is  applied  in 
the  given  angle  ABG  ;  therefore  by  the  69th  dat.  a  parallelo¬ 
gram  may  be  found  fimilar  to  AG  •  Let  this  be  the  parallelo¬ 
gram  MN  *,  MN  alfo  is  fimilar  to  FD  j  for,  by  the  conflru<5tion, 
MN  is  fimilar  to  AG,  and  AG  is  fimilar  to  FD  5  therefore  the 
parallelogram  FD  is  fimilar  to  MN, 

PRO  P.  LXXL  *  I 

the  extremes  of  three  proportional  flraight  lines 
have  given  ratios  to  the  extremes  of  other  three 
proportional  flraight.  lines  ;  the  means  (hall  alfo  have 
a  given  ratio  to  one  another :  And  if  one  extreme  has 
a  given  ratio  to  one  extreme,  and  the  mean  to  the  mean  5 
like  wife  the  other  extreme  fhall  have  to  the  other  a  given 
ratio. 

Let  A,  B,  C  be  three  proportional  flraight  lines,  and  D,  E, 

F,  three  other  •,  and  let  the  ratios  of  A  to  D,  and  of  C  to  F  be 
given ;  then  the  ratio  of  B  to  E  is  alfo  given* 

Becaufe  the  ratio  of  A  to  D,  as  alfo  of  C  to  F  is  given,  the 
ratio  of  the  reftangle  A,  C  to  the  rectangle  D,  F  is  given a ; 
but  the  fquare  of  B  is  equal b  to  the  rectangle  A,  C  j  and  the 
fquare  of  E  to  the  re&angle  h  D,  Fj  therefore  the  ratio  of  the 
fquare  of  B  to  the  fquare  of  E  is  g-ven  ;  wherefore c  alfo  the  ra¬ 
tio  of  the  flraight  line  B  to  E  ;s  given. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to  E  be  gi¬ 
ven  >  then  the  ratio  of  C  to  F  is  allb  given. 

Becaufe  the  ratio  of  B  to  E  is  given,  the  ratio  of  (J 

the  fquare  of  B  to  the  fquare  of  E  is  given*  ;  there-  r\  -p  p 
fore  b  the  ratio  of  the  rectangle  A,  C  to  the  rectangle  . 

D,  F  is  given ;  and  the  ratio  of  the  fide  A  to  the  | 
fiue  D  is  given  ^  therefore  the  ratio  of  the  other  fide 
C  to  the  other  F  is  given e. 

Cor  And  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  four  other  proportionals  given  ratios,  and  one  of 
the  means  a  given  ratio  to  one  of  the  means  j  the  other  mean 
fhall  h  ave  a  given  ratio  to  the  other  mean,  as  may  be  fliown  in 
the  fame  manner  .as  in 'the  toregoing  propofition. 
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F  four  ftraight  lines  be  proportionals ;  as  the  firft  is 
to  the  ftraight  line  to  which  the  fecond  has  a  given 
ratio,  fo  is  the  third  to  a  ftraight  line  to  which  the 
fourth  has  a  given  ratio. 

Let  A,  B,  C,  D  be  four  proportional  ftraight  lines,  viz.  as 
A  to  B,  fo  C  to  D;  as  A  is  to  the  ftraight  line  to  which  B  has 
a  given  ratio,  fo  is  C  to  a  ftraight  line  to  which  D  has  a  given 
ratio. 

Let  E  be  the  ftraight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  E,  fo  make  D  to  F :  The  ratio  of 
B  to  E  is  given a,  and  therefore  the  ratio  of  D  to  F ;  j  a  Hyp. 

and  becaufe  as  A  to  B,  fo  is  C  to  D  ;  and  as  B  to  E  | 

fo  D  to  F;  therefore,  ex  sequali,  as  A  to  E,  f°  *s  ^  JTJ 
C  to  F  j  and  E  is  the  ftraight  line  to  which  B  has  a  q  jj  jp 
given  ratio,  and  F  that  to  which  D  has  a  given  ratio;  t 

therefore  as  A  is  to  the  ftraight  line  to  which  B  has  a  ! 

given  ratio,  fo  is  C  to  a  line  to  which  D  has  a  given 
ratio. 


PROP.  LXXIII. 


S3. 


IF  four  ftraight  lines  be  proportionals;  as  the  firft:  is.SeeN’? 

to  the  ftraight  line  to  which  the  fecond  has  a  given 
ratio,  fo  is  a  ftraight  line  to  which  the  third  has  a  given 
ratio  to  the  fourth. 


Let  the  ftraight  line  A  be  to  B,  as  C  to  D  ;  as  A  to  the 
ftraight  line  to  which  B  has  a  given " ratio,  fo  is  a 
ftraight  line  to  which  C  has  a  given  ratio  to  D. 

Let  E  be  the  ftraight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  E,  fo  make  F  to  C  ;  becaufe  the 
ratio  of  B  to  E  is  given,  the  ratio  of  C  to  F  is  given  : 

And  becaufe  A  is  to  B,  as  C  to  D  ;  and  as  B  to  E, 
fo  F  to  C ;  therefore,  ex  sequali  in  proportione  per 
turbata a,  A  is  to  E,  as  F  to  D ;  that  is,  A  is  to  E  to 
which  B  has  a  given  ratio,  as  F,  to  which  C  has  a 
given  ratio,  is  to  D. 
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0  P.  T.XXIV. 

IF  a  triangle  has  a  given  obtufe  angle ;  the  exeefs 
of  the  fquare  of  the  fide  which  fubtends  the  obtufe 
angle,  above  the  fquares  of  the  fides  which  contain  it, 
fhall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  obtufe  angle  ABC  ;  and 
produce  the  ftraight  line  CB,  and  from  the  point  A  draw  AD 
perpendicular  to  BC  :  The  exeefs  of  the  fquare  of  AC  above 
a  12.  2.  the  fquares  of  AB,  BC,  that  is  a,  the  double  of  the  reCtangle 
contained  by  DB,  BC,  has  a  given  ratio  to  the  triangle 
ABC. 

Becaufe  the  angle  ABC  is  given,  the  angle  ABD  is  alfo  given; 
and  the  angle  ADB  is  given;  wherefore  the  triangle  ABD 
b43.dat.  is  given b  in  fpecies ;  and  therefore  the  ratio  of  AD  to  DB 
c  1.  6.  is  given :  And  as  AD  to  DB,  fo  is c  the  reCtangle  AD,  BC 
to  the  reCtangle  DB,  BC ;  wherefore  the  ratio  of  the  rect¬ 
angle  AD,  BC  to  the  reCtangle  DB,  BC  is  given,  as  alfo  the 
ratio  of  twice  the  reCtangle  DB,  BC  to  \ 
the  reCtangle  AD,  BC  :  But  the  ratio  of 
the  reCtangle  AD,  BC  to  the  triangle  ABC 
d  41.  1.  is  given,  becaufe  it  is  double  d  of  the  tri¬ 
angle  ;  therefore  the  ratio  of  twice  the 
reCtangle  DB,  BC  to  the  triangle  ABC  is 
c  9.  dat.  given e ;  and  twice  the  reCtangle  DB,  BC 

is  the  exeefs a  of  the  fquare  of  AC  above  the  fquares  of  AB, 
BC  ;  therefore  this  exeefs  has  a  given  ratio  to  the  triangle  ABC, 
And  the  ratio  of  this  excels  to  the  triangle  ABC  may  be 
found  thus :  Take  a  ftraight  line  EF  given  in  polition  and  mag¬ 
nitude ;  and  becaufe  the  angle  ABC  is  given,  at  the  point  F 
of  the  ftraight  line  EF,  make  the  angle  EFG  equal  to  the  angle 
ABC;  produce  GF,  and  draw  EH  perpendicular  to  EG;  then 
the  ratio  of  the  exeefs  of  the  fquare  of  AC  above  the  fquares 
of  AB,  BC  to  the  triangle  ABC,  is  the  fame  with  the  ratio  of 
quadruple  the  ftraight  line  HF  to  HE. 

Becaufe  the  angle  ABD  is  equal  to  the  angle  EFH,  and 
the  angle  ADB  to  EHF,  each  being  a  right  angle ;  the  tri- 
f  4.  6.  angle  ADB  is  equiangular  to  EHF  ;  therefore  f  as  BD  to  DA, 
g  Cor.  4. 5 .  fo  FH  to  HE  ;  and  as  quadruple  of  BD  to  DA,  fo  is  s  qua¬ 
druple  of  FH  to  HE  :  But  as  twice  BD  is  to  DA,  fo  is c  twice 
the  reCtangle  DB,-  BC  to  the  reCtangle  AD,  BC ;  and  as  DA 
h  C,  5.  to  the  half  of  it,  fo  is h  the  reCtangle  AD,  BC  to  its  half  the 
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triangle  ABC  \  therefore,  ex  aequali,  as  twice  BD  is  to  the  half 
of  DA,  that  is,  as  quadruple  of  BD  is  to  DA,  that  is,  as  qua¬ 
druple  of  FH  to  HE,  fo  is  twice  the  rectangle  DB,  JBC  to  the 
triangle  ABC. 

PROP.  LXXV.  65, 


IF  a  triangle  has  a  given  acute  angle,  the  fpace  by 
which  the  fquare  of  the  fide  fubtending  the  acute 
angle  is  lefs  t,han  the  fquares  of  the  fides  which  con¬ 
tain  it,  {hall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC,  and 
draw  AD  perpendicular  to  BC,  the  fpace  by  which  the  fquare 
of  AC  is  lefs  than  the  fquares  of  AB,  BC,  that  is  a,  the  double  a  13,  2, 
of  the  rectangle  contained  by  CB,  BD,  has  a  given  ratio  to  the 
triangle  ABC. 

Becaufe  the  angles  ABD,  ADB  are  each  of  them  given, 
the  triangle  ABD  is  given  in  fpecies ;  and  therefore  the  ratio 
of  BD  DA  is  given  :  And  as  BD  to  DA, 
fo  is  the  rectangle  CB,  BD  to  the  rectangle 
CB,  AD  :  therefore  the  ratio  of  thefe  rect¬ 
angles  is  given,  as  alfo  the  ratio  of  twice  the 
reCtangle  CB,  BD  to  the  reCtangle  CB,  AD, 
but  the  reCtangle  CB,  AD  has  a  given  ratio 
to  its  half  the  triangle  ABC:  therefore15  the  O  D  C  b  9,  dat, 

ratio  of  twice,  the  reCtangle  CB,  BD  to  the  triangle  ABC  is  gi¬ 
ven  ;  and  twice  the  reCtangle  CB,  BD  is a  the  {'pace  by  which 
the  fquare  of  AC  is  lefs  than  the  fquares  of  AB,  BC  *,  there¬ 
fore  the  ratio  of  this  fpace  to  the  triangle  ABC  is  given  :  And 
the  ratio  may  be  found  as  in  the  preceding  proportion. 


LEMMA. 


IF  from  the  vertex  A  of  an  ifofceles  triangle  ABC,  any  ftraight 
line  AD  be  drawn  to  the  bafe  BC,  the  fquare  of  the  fide 
AB  is  equal  to  the  reCtangle  BD,  DC  of  the  fegments  of  the  bafe 
together  with  the  fquare  of  AD  ;  but  if  AD  be  drawn  to  the 
bafe  produced,  the  fquare  of  AD  is  equal  to  the  rectangle  BD, 
DC  together  with  tjae  fquare  of  AB. 

Cas.  1.  BifeCt  the  bafe  BC  in  E,  and 
join  AE  which  will  be  perpendicular  *  to 
BC  *,  wherefore  the  fquare  of  AB  is  equal 
b  to  the  fquares  of  AE,  EB;  but  the  fquare 
of  EB  is  equal c  to  the  reCtangle  BD,  DC 
together  with  the  fquare  of  DE  ;  there-  T\  15  TN  xp 
fore  the  fquare  of  AB  is  equal  to  the  ^  13 

fquares 


a  8. 1. 


b  47 
c  5 
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1*47’*'  fquares  of  AE,  ED,  that  is,  tob  the  fquare  of  AD,  together 
with  the  rectangle  BD,  DC ;  the  other  cafe  is  lhown  in  the 
fame  way  by  6.  2.  Elem. 

«*.  ■  PROP.  LXXVI. 

» 

F  a.  triangle  have  a  given  angle,  the  excefs  of  the 
fquare  of  the  ftraight  line  which  is  equal  to  the  two 
fides  that  contain  the  given  angle,  above  the  fquare  of 
the  third  fide,  fhall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  the  excefs 
of  the  fquare  of  the  ftraight  line  which  is  equal  to  BA,  AC  to¬ 
gether  above  the  fquare  of  BC,  fhall  have  a  given  ratio  to  the 
triangle  ABC. 

Produce  EA,  and  take  AD  equal  to  AC,  join  DC  and 
produce  it  to  E,  and  through  the  point  B  draw  BE  parallel  to 
AC ;  join  AE,  and  draw  AF  perpendicular  to  DC  ;  and  be- 
canfe  AD  is  equal  to  AC,  BD  is  equal  to  BE ;  and  BC  is 
drawn  from  the  vertex  B  of  the  ifofceles  triangle  DBE,  there¬ 
fore,  by  the  Lemma,  the  fquare  of  BD,  that  is,  of  BA  and 
AC  together,  is  equal  to  the  rectangle  DC,  CE  together  ^ith 
the  fquare  of  BC ;  and,  therefore,  the  fquare  of  BA,  AC  to¬ 
gether,  that  is,  of  BD,  is  greater  than 
the  fquare  of  BC  by  the  rectangle  DC, 

CE ;  and  this  rectangle  has  g  given 
ratio  to  the  triangle  ABC ;  becaufe 
the  angle  BAC  is  given,  the  adjacent 
angle  CAD  is  given  \  and  each  of  the 
angles  ADC,  DCA  is  given,  for 
a  5.  &  32.  each  of  them  is  the  half8  of  the  given 
'*  angle  BAC  3  therefore  the  triangle 
b  43.  dat.  ADC  is  given  b  in  fpecies  \  and  AF  is 
drawn  from  its  vertex  to  the  bafe  in 

a  given  angle ;  wherefore  the  ratio  of  AF  to  the  bafe  CD  is 

C  50.  dat.  given c ;  and  as  CD  to  AF,  fo  is d  the  redangle  DC,  CE  to 

d  i-6-  the  redangle  AF,  CE ;  and  the  ratio  of  the  redangle  AF, 
e  41.  1.  CE  to  its  half e  j  the  triangle  ACE  is  given  ;  therefore  the  ra- 

f  37. 1.  tio  of  the  rcdangle  DC,  CE  to  the  triangle  ACE,  that  is  f,  to 

s  9-  dat.  the  triangle  ABC,  is  given  §  :  and  the  redangle  DC,  CE  is  the 
excels  of  the  fquare  of  BA,  AC  together  above  the  fquare  of 
BC :  therefore  the  ratio  of  this  excefs  to  the  triangle  ABC  is 
given. 

The  ratio  which  the  redangle  DC,  CE  has  to  the  triangle 
ABC  is  found  thus :  Take  the  ftraight  line  GH  givendn  poii- 

■'  /  '  *  r  tion 
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cion  and  magnitude,  and  at  the  point  G  in  GH  make  the  angle 
HGK  equal  to  the  given  angle  CAD,  and  take  GK  equal  to 
GH,  join  KH,  and  draw  GL  perpendicular  to  it :  Then  the 
ratio  of  HK  to  the  half  of  GL  is  the  fame  with  the  ratio  of 
the  rectangle  DC,  CE  to  the  triangle  ABC :  Becaule  the  angles 
HGK,  DAC  at  tlie  vertices  of  the  ifofceles  triangles  GHK, 

ADC  are  equal  to  one  another,  thefe  triangles  are  fimilar  ;  and 
becaufe  GL,  AF  are  perpendicular  to  the  bafes  HK,  DC,  as 
HK  to  GL,  fo  is  h  (DC  to  AF,  and  fo  is)  the  rectangle  DC,  h  J4’6* 
CE  to  the  rectangle  AF,  CE  ;  but  as  GL  to  its  half,  fo  is  the  ^  33°  5 
rectangle  AF,  CE  to  its  half,  which  is  the  triangle  ACE,  or 
the  triangle  ABC  ;  therefore,  ex  inquali,  HK  is  to  the  half  of 
the  ftraight  line  GL,  as  the  rectangle  DC,  CE  is  to  the  triangle 
ABC. 

Cor.  And  if  a  triangle  have  a  given  angle,  the  fpace  by 
which  the  fquare  of  the  ftraight  line  which  is  the  difference  of 
the  fides  which  contain  the  given  angle  is  lefs  than  the  fquare 
of  the  third  ftde,  {hall  have  a  given  ratio  to  the  triangle.  This 
is  demonftrated  the  fame  way  as  the  preceding  propolition,  by 
help  of  the  fecond  cafe  of  the  Lemma. 


PROP.  LXXVII. 


L. 


IF  the  perpendicular  drawn  from  a  given  angle  ofSecN, 
a  triangle  to  the  oppofite  fide,  or  bale,  has  a  given 
ratio  to  the  bafe,  the  triangle  is  given  in  fpecies. 


Let  the  triangle  ABC  have  the  given  angle  BAG,  and  let  the 
perpendicular  AD  drawn  to  the  bafe  BC,  have  a  given  ratio  to 
it,  the  triangle  ABC  is  given  in  fpecies. 

If  AjBC  "be  an  ifofceles  triangle,  it  is  evident a  that  if  any  a 


B  RD  C 


5-  &  32* 

1. 


one  of  its  angles  be  given,  the  reft  are  alio  given ;  and  there¬ 
fore  the  triangle  is  given  in  fpecies,  without  the  consideration 
of  the  ratio  of  the  perpendicular  to  the  bafe,  which  in  this  cafe 
is  given  by  prop.  50. 

But  when  ABC  is  not  an  ifofceles  triangle,  take  any  ftraight 
line  EF  given  in  portion  and  magnitude,  and  upon  it  defer  it  e 

the 
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the  fegment  of  a  circle  EGF  containing  an  angle  equal  to  the 
given  angle  BAC,  draw  GH  bife£ting  EF  at  right  angles,  and 
join  EG,  GF :  Then,  fince  the  angle  EGF  is  equal  to  the  angle 
BAC,  and  that  EGF  is  an  ifofceles  triangle,  and  ABC  is  not, 
the  angle  FEG  is  not  equal  to  the  angle  CBA  :  Draw  EL  ma¬ 
king  the  angle  FEL  equal  to  the  angle  CBA ;  join  |1,  and 
draw  LM  perpendicular  to  EF ;  then,  becaufe  the  triangles  ELF 
BAC  are  equiangular,  as  alfo  are  the  triangles  MLE,  DAB, 
as  ML  to  LE,  fo  is  DA  to  AB ;  and  as  LE  to  EF,  fo  is  AB  to 
BC ;  wherefore,  ex  aequali,  as  LM  to  EF,  fo  is  AD  to  BC  *, 
and  becaure  the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio 
b  a.  dat.  of  LM  to  EF  is  given  ;  and  EF  is  given,  wherefore  b  LM  alfo 
is  given.  Complete  the  parallelogram  LMFKj  and  becaufe  LM 
is  given,  FIC  is  given  in  magnitude ;  it  is  alfo  given  in  pofition, 
c  30.  dat.  and  the  point  F  is  given,  and  confequentlyc  the  point  K;  and  be¬ 
caufe  through  K  the  ftraight  line  KL  is  drawn  parallel  to  EF 
d  31.  dat.  which  is  given  in  portion,  therefore d  KL  is  given  in  pofition  *. 


B  RD  G 


and  the  circumference  ELF  is  given  in  pofition  ;  therefore  the 
c  28.  dat.  point  L  is  given e.  And  becaufe  the  points  L,  E,  F,  are  given, 
f  29.  dat.  the  ftraight  lines  LE,  EF,  FL,  are  given  f  in  magnitude ;  there- 
s  dat,  fore  the  triangle  LEF  is  given  in  fpecies g ;  and  the  triangle 
ABC  is  fimilar  to  LEF,  wherefore  alfo  ABC  is  given  in  fpecies. 

Becaufe  LM  is  lefs  than  GH,  the  ratio  of  LM  to  EF,  that 
is,  the  given  ratio  of  AD  to  BC,  muft  be  lefs  than  the  ratio  of 
GH  to  EF,  which  the  ftraight  line,  in  a  fegment  of  a  circle  con¬ 
taining  an  angle  equal  to  the  given  angle,  that  bifedls  the  bafe 
of  the  fegment  at  right  angles,  has  unto  the  bafe. 

Cor.  1.  If  two  triangles,  ABC,  LEF,  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
bafe  BC,  as  the  perpendicular  LM  to  the  bafe  EF,  the  triangles 
ABC,  LEF  are  fimilar. 

Defcribe  the  circle  EGF  about  the  triangle  ELF,  and  draw 
LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicu¬ 
lar  to  EF ;  becaufe  the  angles  ENF,  ELF  are  equal,  and  that 

the 
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the  angle  EFN  is  equal  to  the  alternate  angle  FNL,  that  is,  to 
the  angle  FEL  in  the  Fame  fegment ;  therefore  the  triangle 
NEF  is  fimilar  to  LEF ;  and  in  the  fegmei\t  EGF  there  can 
be  no  other  triangle  upon  the  bafe  EF,  which  has  the  ratio  of 
its  perpendicular  to  that  bafe  the  fame  with  the  ratio  of  LM 
or  NO  to  EF,  becaufe  the  perpendicular  mud;  be  greater  or 
lefs  than  LM  or  NO ;  but,  as  has  been  fhevvn  in  the  preceding 
demonflration,  a  triangle,  fimilar  to  ABC,  can  be  described  in 
the  fegment  EGF  upon  the  bafe  EF,  and  the  ratio  of  its  perpen¬ 
dicular  to  the  bafe  is  the  fame,  as  was  there  (hewn,  with  the  ra¬ 
tio  of  AD  to  BC,  that  is,  of  LM  to  EF  ;  therefore  that  triangle 
rnuft  be  either  LEF,  or  NEF,  which  therefore  are  limilar  to  the 
triangle  ABC. 

Cor.  2.  If  a  triangle  ABC  has  a  given  angle  BAC,  and  if  the 
flraight  line  AR  drawn  from  the  given  angle  to  the  oppolke 
fide  BC,  in  a  given  angle  ARC,  has  a  given  ratio  to  BC,  the 
triangle  ABC  is  given  in  fpecies. 

Draw  AD  perpendicular  to  BC*,  therefore  the  triangle  ARD 
is  given  in  fpecies  ;  wherefore  the  ratio  of  AD  to  AR  is  given  : 
and  the  ratio  of  AR  to  BC  is  given,  and  confequently  h  the  ra-  n  9.  dat. 
tio  of  AD  to  BC  is  given ;  and  the  triangle  ABC  is  therefore 
given  in  fpecies  >.  i  77 *  dat. 

«  Cor.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  flraight  lines  drawn  from 
thefe  angles  to  the  bafes,  making  with  them  given  and  equal 
angles,  have  the  fame  ratio  to  the  bafes,  each  to  each  \  then  the 
triangles  are  fimilar  \  for  having  drawn  perpendiculars  to  the 
bafes  from  the  equal  angles,  as  one  perpendicular  is  to  its  bafe, 
fo  is  the  other  to  its  bale k  \  wherefore,  by  Cor.  1 .  the  tri-  k 
angles  are  fimilar. 

A  triangle  fimilar  to  ABC  may  be  found  thus  :  Having  de- 
feribed  the  ferment ,  EGF  and  drawn  the  flraight  line  GH  as 
was  directed  in  the  proportion,  find  FK  which  has  to  EF  the 
given  ratio  of  AD  to  BC  \  and  place  FK  at  right  angles  to  EF 
from  the  point  F ;  then  becaufe,  as  has  been  fhewn,  the  ratio 
of  AD  to  BC,  that  is  of  FK  to  EF,  muft  be  lefs  than  the  ratio 
of  GH  to  EF ;  therefore  FK  is  lefs  than  GH  ;  and  confequent¬ 
ly  the  parallel  to  EF  drawn  through  the  point  K,  mutt  meet 
the  circumference  of  the  fegment  in  two  points  :  Let  L  be  either 
of  them,  and  join  EL,  LF,  and  draw  LM  perpendicular  to  EF  : 
then,  becaufe  the  angle  BAC  is  equal  to  the  angle  ELF,  and 
that  AD  is  to  BC,  as  KF,  that  is,  LM  to  EF,  the  triangle  ABC 
is  fimilar  to  the  triangle  LEF,  by  Cor.  1. 
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*«•  ,  •  PRO  P.  LXXVIII. 

IF  a  triangle  have  one  angle  given,  and  if  the  ratio 
of  the  redangle  of  the  Tides  which  contain  the  gi¬ 
ven  angle  to  the  lquare  of  the  third  fide  be  given,  the 
triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  redangle  BA,  AC  to  the  fquare  of  BC  be  gi¬ 
ven  ;  the  triangle  ABC  is  given  in  fpecies. 

From  the  point  A,  draw  AD  perpendicular  to  BC,  the  red- 
a  41.  i,  angle  AD,  BC  has  a  given  ratio  to  its  half3  the  triangle  ABC  •, 
and  becaufe  the  angle  BAC  is  given,  the  ratio  of  the  triangle 
b  Cor.  6z  BAC  to  the  redangle  BA,  AC  is  given b  •,  and  by  the  hypo- 
dat*  thefis,  the  ratio  of  the  redangle  BA,  AC  to  the  fquare  of  BC  is 
c  9  dat.  given;  therefore0  the  ratio  of  the  redangle  AD,  BC  to  the 
d  i.  6,  fquare  of  BC,  that  is  d,  the  ratio  of  the  ftraight  line  AD  to  BC, 

c  77.  dat.  is  given;  wherefore  the  triangle  ABC  is  given  in  fpecies0. 

A  triangle  fimilar  to  ABC  may  be  found  thus  :  Take  a 
ftraight  line  EF  given  in  polition  and  magnitude,  and  make 
the  angle  FEG  equal  to  the  given  angle  BAC,  and  draw  FH 
perpendicular  to  EG,  and  BK  perpendicular  to  AC ;  therefore 
the  triangles  A8K,  EFH 
are  fimilar,  and  the  red¬ 
angle  AD,  BC,  or  the 
redangle  BK,  AC  which 
is  equal  to  it,  is  to  the 
redangle  BA,  BC  as  the  _ _ 

ftraight  line  BK  to  BA,  ti  n  \t  r*  TP  ft 

that  is,  as  FH  to  FE.  Let  U  °  V  U 

the  given  ratio  of  the  redangle  BA,  AC  to  the  fquare  of  BC 
be  the  fame  with  the  ratio  of  the  ftraight  line  EF  to  FL ;  there¬ 
fore,  ex  sequali,  the  ratio  of  the  redangle  AD,  BC  to  the 
fquare  of  BC,  that  is,  the  ratio  of  the  ftraight  line  AD  to  BC, 
is  the  fame  with  the  ratio  of  HF  to  FL ;  and  becaufe  AD  is 
not  greater  than  the  ftraight  line  MN  in  the  fegment  of  the 
circle  defcribed  about  the  triangle  ABC,  which  bifeds  BC 
at  right  angles;  the  ratio  of  AD  to  BC,  that  is,  of  HF 
to  FL,  ^  muft  not  be  greater  than  the  ratio  of  MN  to  BC  : 

Let  it  be  fo,  and,  by  the  77th  dat.  find  a  triangle  OPO 

which  has  one  of  its  angles  POQ^  equal  to  the  given 
angle  BAC,  and  the  ratio  of  the  perpendicular  °OR, 
drawn  from  that  angle  to  the  bafe  PQ^the  fame  with  the 
$-at:o  of  HF  to  FL;  then  the  triangle  ABC  is  fimilar  to 

OPQ^ 
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OPQj  Becaufe,  as  has  been  fhown,  the  ratio  of  AD  to  BC  is 
the  fame  with  the  ratio  of  (HF  to  FL,  that  is,  by  the  conftruc- 
tion,  with  the  ratio  of)  OR  to  PQj  and  the  angle  BAG  is 
equal  to  the  angle  POQ^  Therefore  the  triangle  ABC  is  fimilar  f  f  i.  Cor. 
to  the  triangle  POQ^ 

Otherivife , 


77*  dat. 


Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
ratio  of  the  redbmgle  BA,  AC  to  the  fquare  of  BC  be  given  5 
the  triangle  ABC  is  given  in  fpecies. 

Becaufe  the  angle  BAC  is  given,  the  excefs  of  the  fquare ' 
of  both  the  fides  BA,  AC  together  above  the  fquare  of  the 
third  fide  BC  has  a  given3  ratio  to  the  triangle  ABC.  Let  the  a  76.  dau 
figure  D  be  equal  to  this  excefs  ;  therefore  the  ratio  of  D  to 
the  triangle  ABC  is  given;  and  the  ratio  of  the  triangle  ABC 
to  the  rectangle  BA,  AC  is  given5,  becaufe  BAC  is  a  given b  Cor.  6i. 
angle;  and  the  rectangle  BA,  AC  has 
a  given  ratio  to  the  fquare  of  BC ; 
wherefore c  the  ratio  of  D  to  the 
fquare  of  BC  is  given ;  and,  by  com¬ 
pofition  d,  the  ratio  cf  the  fpace  D  B  C  *  d  7.dat. 

together  with  the  fquare  of  BC  to  the  fquare  of  BC  is  given ; 
but  D  together  with  the  fquare  of  BC  is  equal  to  the  fquare  of 
both  BA  and  AC  together ;  therefore  the  ratio  of  the  fquare  of 
BA,  AC  together  to  the  fquare  of  BC  is  given ;  and  the  ratio 
of  BA,  AC  together  to  BC  is  therefore  given c ;  and  the  angle c  59.  dat, 
BAC  is  given,  wherefore f  the  triangle  ABC  is  given  in  fpecies.  f  4S.  dat. 

The  compofition  of  this,  which  depends  upon  thofc  of  the 
76th  and  48th  propoiitions,  is  more  complex  than  the  preced¬ 
ing  compofition,  which  depends  upon  that  of  prop.  77.  which 
is  eafv. 


dat. 


c  lo.  dat. 
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IF  a  triangle  have  a  given  angle,  and  if  the  ltraight  See  N* 
line  drawn  from  that  angle  to  the  bafe,  making  a 
given  angle  with  it,  divides  the  bafe  into  fegments 
which  have  a  given  ratio  to  one  another  \  the  triangle 
is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ftraight  line  AD  drawn  to  the  bafe  BC  making  the  given 
angle  ADB,  divide  CB  into  the  fegments  BD,  DC  which  have 
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a  5.  4. 


b  lo.  3. 


d  7 
e  9 


dat. 

dat. 


a  given  ratio  to  one  another;  the  triangle  ABC  is  giv£n  in  fpecies^ 
Defcribe3  the  circle  BAC  about  the  triangle,  and  from  its 
centre  E,  draw  EA,  EB,  EC,  ED  ;  becaufe  the  angle  BAC  is 
given,  the  angle  BEC  at  the  centre,  which  is  the  double  b  of  it, 
is  given.  And  the  ratio  of  BE  to  EC  is  given,  becaufe  they 
c44.dat.  are  equal  to  one  another;  therefore0  the  triangle  BEC  is 
given  in  fpecies,  and  the  ratio  of  EB  to  BC  is  given ;  alfo  the 
ratio  of  CB  to  BD  is  given  d,„  becaufe  the  ratio  of  BD  to  DC 
is  given  ;  therefore  the  ratio  of  EB  to  BD  is  given  e,  and  the 
angle  EBC  is  given,  wherefore  the  triangle  EBD  is  given c 
in  fpecies,  and  the  ratio  of  EB,  that  is,  of  EA,  to  ED,  is  there-- 
fore  given ;  and  the  angle  EDA  is  given,  becaufe  each  of  the 
angles  BDE,  BDA  is  given;  therefore  the  triangle  A.ED  is 
£47.  dat.  given  f  in  fpecies,  and  the  angle  AED  gi¬ 
ven  :  alio  the  angle  DEC  is  given,  be- 
eaufe  each  of  the  angles  BED,  BEC  is 
given  ;  therefore  the  angle  AEG  is  given, 
and  the  ratio  of  EA  to  EC,  which  are 
equal,  is  given ;  and  the  triangle  AEC  is 
therefore  given  c  in  fpecies,  and  the  angle 
ECA  given  ;  and  the  angle  ECB  is  given, 
wherefore  the  angle  ACB  is  given,  and  the  angle  BAC  is  alfo 
5  43*  dat.  given ;  therefore  s'  the  triangle  ABC  is  given  in  fpecies. 

A  triangle  limilar  to  ABC  may  be  found,  by  taking  a  fbaight 
line  given  in  pofition  and  magnitude,  and  dividing  it  in  the 
given  ratio  which  the*  fegments  BD,  DC  are  required  to  have 
to  one  another  ;  then,  if  upon  that  ftraight  Tine  a  fegment  of  & 
circle  be  deferibed  containing  an  angle  equal  to  the  given  angle 
BAC,  and  a  ftraight  line  be  drawn  from  the  point  of  divillon  in 
an’  angle  equal  to  the"  given  angle  ADB,  and  frobi  the  point 
where  it  meets  the  circumference,  ftraight  lines  be  drawn  to 
the  extremity  of  the  ftrft  line,  thefe,  together  with  the  firft  line, 
fhail  contain  a  triangle  limilar  to  ABC,  as  may  ealily  be  fhown. 

The  demonftration  may  be  alfo-  made  in  the  manner  of  that 
of  the  77th  prop,  and  that  of  the  77th  may  be  made  in  the 
manner  of  this.* 


L. 


PRO  P.  LXXXo 


F  the  Tides  about  an  angle  of  a  triangle  have  a  given 
ratio  to  one  another,  and  if  the  perpendicular 
drawn  from  that  angle  to  the  bafe  has  a  given  ratio  to 
the  bafe  \  the  triangle  is  given  in  fpecies. 

Let 
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Let  the  Tides  BA,  AC,  about  the  angle  BAC  of  the  triangle 
ABC  have  a  given  ratio  to  one  another,  and  let  the  perpendicu¬ 
lar  AD  have  a  given  ratio  to  the  bafe  BC ;  the  triangle  ABC  is 
given  in  fpecies. 

Firft,  let  the  Tides  AB,  AC  be  equal  to  one  another,  there¬ 
fore  the  perpendicular  AD  bifects a  the  bafe 
BC ;  and  the  ratio  of  AD  to  BC,  and  there¬ 
fore  to  its  half  DB,  is  given ;  and  the  angle 
ADB  is  given;  wherefore  the  triangle  *  ABD, 
and  confequently  the  triangle  ABC,  is  given  b 
in  fpecies. 

But  let  the  tides  be  unequal,  and  BA  be  greater  than  AC ; 
and  make  the  angle  CAE  equal  to  the  angle  ABC;  becaule 
the  angle  AEB  is  common  to  the  triangles  AEB,  CEA,  they 
are  fimilar ;  therefore  as  AB  to  BE,  To  is  CA  to  AE,  and,  by 
permutation,  as  BA  to  AC,  To  is  BE  to  EA,  and  To  is  EA 
to  EC ;  and  the  ratio  of  BA  to  AC  is  given,  therefore  the 
ratio  of  BE  to  EA,  and  the  ratio  of  EA  to  EC,  as  alfo  the 
ratio  of  BE  to  EC  is  given c ;  wherefore  the  ratio  of  EB  to  c 
BC  is  given  d  ;  and  the  ratio  of  AD  to  BC 
is  given  by  the  hypothecs,  therefore c  the 
ratio  of  AD  to  BE  is  given ;  and  the  ratio 
of  BE  to  EA  was  fhown  to  be  Given;  where- 
fore  the  ratio  of  AD  to  AE  is  given,  and  g 
ADE  is  a  right  angle,  therefore  the  triangle 
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ADE  is  given  e  in  fpecies,  and  the  angle  AEB  given;  thera-e 
tio  of  BE  to  EA  is  likewife  given,  therefore  b  the  triangle  ABE 
is  given  in  fpecies,  and  confequently  the  angle  EAB,  as  alfo 
the  angle  ABE,  that  is,  the  angle  CAE,  is  given  ;  therefore  the 
angle  BAC  is  given,  and  the  angle  ABC  being  alfo  given,  the 
triangle  ABC  is  given  f  in  fpecies.  f 

How  to  find  a  triangle  which  fhall  have  the  things  which 
are  mentioned  to  be  given  in  the  proportion,  is  evident  in 
the  firft  cafe ;  and  to  find  it  the  more  eafily  in  the  other 
cafe,  it  is  to  be  obferved  that,  if  the  ftraight  line  EF  equal  to 
EA  be  placed  in  EB  towards  B,  the  point  F  divides  the  bafe 
BC  into  the  fegments  BF,  FC  which  have  to  one  another  the 
ratio  of  the  lides  BA,  AC,  bccaufe  BE,  EA,  or  EF,  and 
EC  were  fhown  to  be  proportionals,  therefore  *  BF  is  to  FC,  * 
as  BE  to  EF,  or  E  ,  that  is,  as  BA  to  AC ;  and  AE  cannot 
be  lefs  than  the  altitude  of  the  triangle  ABC,  but  it  may  be 
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equal  to  it,  which,  if  it  be,  the  triangle,  in  this  cafe,  as  alio 
the  rat»o  of  the  lides,  may  be  thus  found :  Having  given  the 
ratio  of  the  perpendicular  to  the  bafe,  take  the  ftraight  line 
GH,  given  in  polition  and  magnitude,  for  the  bafe  of  the  tri¬ 
angle  to  be  found ;  and  let  the  given  ratio  of  the  perpendicu¬ 
lar  to  the  bafe  be  that  of  the  lfraight  line  K  to  GH,  that  is, 
let  K  be  equal  to  the  perpendicular ;  and  fuppofe  GLH  to  be 
the  triangle  which  is  to  be  found,  therefore  having  made  the 
angle  HLM  equal  to  LGH,  it  is  required  that  LM  be  per¬ 
pendicular  to  GM,  and  equal  to  K  *  and  becaufe  GM,  ML, 
MH  are  proportionals,  as  was  fhown  of  BE,  EA,  EC,  the 
rectangle  GMH  is  equal  to  the  fquare  of  ML.  Add  the  com¬ 
mon  fquare  of  NH,  (having  bifeHed  GH  in  N),  and  the  fquare 
of  NM  is  equal g  to  the  fquares  of  the  given  lfraight  lines  NH\ 
and  ML  or  K  p  therefore  the  fquare  of  NM  and  its  fide 
NM,  is  given,  as  aifo  the  point  M,  viz.  by  taking  the  ftraight 
line  NM,  the  fquare  of  which  is  equal  to  the  fquares  of  NH, 
ML.  Draw  ML  equal  to  K,  at  right  angles  to  GM ;  and  be¬ 
caufe  ML  is  givexi  in  polition  and  magnitude,  therefore  the 
point  L  is  given,  join  LG,  LH  ;  then  the  triangle  LGH  is 
that  which  was  to  be  found,  for  the  fquare  of  NM  is  equal  to 
the  fquares  of  NH  and  ML,  and  taking  away  the  common 
fquare  of  NH,  the  rect¬ 
angle  GMH  is  equal g  to 
the  fquare  of  ML:  there¬ 
fore  as  GM  to  ML,  fo  is 
ML  to  MH,  and  the  tri¬ 
angle  LGM  is  h  therefore 
equiangular  to  HLM,  and 
the  angle  HLM  equal  to 
the  ancle  LGM,  and  the 
lfraight  line  LM,  drawn  from  the  vertex  of  the  triangle  making 
the  angle  HLM  equal  to  LGH,  is  perpendicular  to  the  bafe  and 
equal  to  the  given  lfraight  line  K,  as  was  required  ;  and  the 
ratio  of  the  lides  GL,  LH  is  the  fame  with  the  ratio  of  GM  to 
ML,  that  is,  with  the  ratio  of  the  ftraight  line  which  is  made 
up  of  GN  the  half  of  the  given  bafe  and  of  NM,  the  fquare  of 
which  is  equal  to  the  fquares  of  GN  and  K,  to  the  lfraight 
line.  K. 

And  whether  this  ratio  of  GM  to  ML  is  greater  or  lefs 
than  the  ratio  of  the  lides  of  any  other  triangle  upon  the  bafe 
GH,  ana  of  which  the  altitude  is  equal  to  the  ftraight  line  K, 
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that  is,  the  vertex  of  which  is  in  the  parallel  to  GH  drawn 
through  the  point  L,  may  be  thus  found.  Let  OGH  be  any 
fuch  triangle,  and  draw  OP,  making  the  angle  HOP  equal  to 
the  angle  OGH  ;  therefore  as  before,  GP,  PQ,  PH  are  pro¬ 
portionals,  and  PO  cannot  be  equal  to  LM,  becaufe  the  rect¬ 
angle  GPH  would  be  equal  to  the  reCtangie  GMH,  which 
is  impofhble ;  for  the  point  P  cannot  fall  upon  M,  becaufe  O 
would  then  fall  on  L  *,  nor  can  PO  be  lefs  than  LM,  therefore 
it  is  greater ;  and  confequently  the  rectangle  GPH  is  greater 
than  the  rectangle  GMH,  and  the  ffraight  line  GP  greater 
than  GM :  Therefore  the  ratio  of  GM  to  MH  is  greater  than 
the  ratio  of  GP  to  PH,  and  the  ratio  of  the  fquare  of  GM  to 
the  lquare  of  ML  is  therefore 1  greater  than  the  ratio  of  the  i  2.  Cor, 
fquare  of  GP  to  the  fquare  of  PO,  and  the  ratio  of  the  ftraight  a0- 
line  GM  to  ML  greater  than  the  ratio  of  GP  to  PO.  But  as 
GM  to  ML,  fo  is  GL  to  LH  ;  and  as  GP  to  PO,  fo  is  GO 
to  OPI  ;  therefore  the  ratio  of  GL  to  LH  is  greater  than  the 
ratio  of  GO  to  OH  ;  wherefore  the  ratio  of  GL  to  LH  is  the 
greateff  of  all  others  *,  and  confequently  the  given  ratio  of  tl^e 
greater  fide  to  the  lefs  muff  not  be  greater  than  this  ratio. 

But  if  the  ratio  of  the  fides  be  ngt  the  fame  with  this  great  - 
eff  ratio  of  GM  to  LM,  it  muff  neceffarily  be  lefs  than  it : 

Let  any  lefs  ratio  be  given,  and  the  fame  things  being  fuppo- 
fed,  viz.  that  GH  is  the  bafe,  and  K  equal  to  the  altitude  of 
the  triangle,  it  may  be  found  as  follows.  Divide  GH  in  the 
point  Qj  fo  that  the  ratio  of  GQ^to  QH  may  be  the  fame 
with  the  given  ratio  of  the  fides  ;  and  as  GQ^to  QH,  fo  make 
GP  to  PQ^,  and  fo  will  f  PQ^be  to  PH  ;  wherefore  the  fquare  f  19. 
of  GP  is  to  the  fquare  of  PQj  as «  the  ffraight  line  GP  to 
PH  :  And  becaufe  GM,  ML  MH  are  proportionals,  the  fquare 
of  GM  is  to  the  fquare  of  ML,  as  >  the  ffraight  line  GM  to  MH: 

But  the  ratio  of  GQ^to  QH,  that  is,  the  ratio  of  GP  to  PQ  , 
is  lefs  than  the  ratio  of  GM  to  ML ;  and  therefore  the  ratio 
of  the  fquare  of  GP  to  the  fquare  of  PQ^is  lefs  than  the  ratio 
of  the  fquare  of  GM  to  that  of  ML ;  and  confequently  the 
ratio  of  the  ffraight  line  GP  to  PH  is  lei s  than  the  ratio  of 
GM  to  MH ;  and,  by  divifion,  the  ratio  of  GH  to  HP  is  lefs 
than  that  of  GPI  to  HM;  wherefore k  the  ffraight  line  HP  is  k  10. 
greater  than  HM,  and  the  reftangle  GPH,  that  is,  the  fquare 
vf  PQj  greater  than  the  redfangle  GMH,  that  is,  than  the 
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fquare  of  ML,  and  the  flraight  line  PQHs  therefore  greater 
than  ML.  Draw  LR  parallel  to  GP,  and  from  P  draw  PR  at 
right  angles  to  GP  :  Becaufe  PQ^is  greater  than  ML,  or  PR, 
the  circle  defcribed  from  the  centre  P,  at  the  diftance  PQ, 
muft  necefinrily  cut  LR  in  two  points ;  let  thefe  be  O,  8,  and 
joinOG,  OH;  SO,  8H :  each  of  the  triangles  OGI  I,  SGH 
have  the  things  mentioned  to  be  given  in  the  proportion : 
Join  OP,  SP ;  and  becaufe  as  GP  to  PQ  ,  or  PO,  fo  is  PO 
to  PH,  the  triangle  OGP  is  equiangular  to  HOP ;  as,  there¬ 
fore,  OG  to  GP,  fo  is  HO  to  OP  •,  and,  by  permutation,  as 
GO  to  OH,  fo  is  GP  to  PO,  or  PQj  and  fo  is  GQ^to  QH  : 
Therefore  the  triangle  OGH  has  the  ratio  of  its  fides  GO,  OH 
the  fame  with  the  given  ratio  of  GQ^to  QH  :  and  the  perpen¬ 
dicular  has  to  the  bafe  the  given  ratio  of  K  to  GH,  becaufe  the 
perpendicular  is  equal  to  LM,  or  K :  The  like  may  be  fhewn  in 
the  fame  way  of  the  triangle  SGH. 

This  conftriuSlion  by  which  the  triangle  OGPI  is  found,  is 
fhorter  than  that  which  would  be  deduced  from  the  demonftra- 
tion  of  the  datum,  by  reafon  that  the  bafe  GH  is  given  in 
'pohtion  and  magnitude,  which  was  not  fuppofed  in  the  de* 
monftration :  The  fame 
polition. 


PROP.  LXXXI. 

IF  the  Tides  about  an  angle  of  a  triangle  be  unequal 
and  have  a  given  ratio  to  one  another,  and  if  the 
perpendicular  from  that  angle  to  the  bafe  divides  it 
into  fegments  that  have  a  given  ratio  to  one  another, 
the  triangle  is  given  in  fpecies. 

Let  ABC  be  a -triangle,  the  fides  of  which  about  the  angle 
BAC  are  unequal  and  have  a  given  ratio  to  one  another,  and 
let  the  perpendicular  AD  to  the  bafe  BC  div.de  it  into  the  feg~ 
/ihents  BD,  DC  which  have  a  given  ratio  to  one  another,  the 
triangle  ABC  is  given  in  fpecies. 

Let  AB  be  greater  than  AC,  and  make  the  angle  CAE 
equal  to  the  angle  ABC  ;  and  becaufe  the  angle  AEB  is  com¬ 
mon  to  the  triangles  ABE,  CAE,  they  are  a  equiangular  to 
one  another :  Therefore  as  AB  to  BE,  fo  is  CA  to  AE,  and, 
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thing  is  to  be  obferved  in  the  next  pro- 
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fey  permutation,  as  AB  to  AC,  fo  BE  to 
EA,  and  fo  is  EA  to  EC:  But  the  ratio  of 
BA  to  AC  is  given,  therefore  the  ratio 
of  BE  to  EA,  as  alfo  the  ratio  of  EA  to 
EC  is  given ;  wherefore b  the  ratio  of 
BE  to  EC,  as  alfoc  the  ratio  of  EC  to 
CB  is  given:  And  the  ratio  of  BC  to  CD 
is  given d,  becaufe  the  ratio  of  BD  to 
DC  is  given  ;  therefore  b  the  ratio  of  EC 
to  CD  is  given,  and  confequently d  the  G* 
ratio  of  DE  to  EC  :  And  the  ratio  of  EC 
to  EA  was  fhownto  be  given,  therefore  b  the  ratio  of  DE  to  EA 
is  given:  And  ADEis  aright  angle,  wherefore c  the  triangle  e 
ADE  is  given  in  fpecies,  and  the  angle  AED  given :  And  the 
ratio  of  CE  to  EA  is  given,  therefore f  the  triangle  AEC  is  gi- f 
ven  in  fpecies,  and  confequently  the  angle  ACE  is  given,  as 
alfo  the  adjacent  angle  ACB.  In  the  fame  manner,  becaufe  the 
ratio  of  BE  to  EA  is  given,  the  triangle  BEA  is  given  in  fpe¬ 
cies,  and  the  angle  ABE  is  therefore  given :  And  the  angle 
ACB  is  given;  wherefore  the  triangle  ABC  is  given g  infpe-s 
cies. 

But  the  rati©  of  the  greater  fide  BA  to  the  ether  AC  muff 
he  lefs  than  the  ratio  of  the  greater  fegment  BD  to  DC,;  Be¬ 
caufe  the  fquare  of  BA  is  to  the  fquare  of  AC,  as  the  fquares 
of  BD,  DA  to  the  fquares  of  DC,  D A  ;  and  the  fquares  of  BD, 
DA  have  to  the  fquares  of  DC,  DA  a  lefs  ratio  than  the  fquare 
of  BD  has  to  the  fquare  of  DC  f,  becaufe  the  fquare  of  BD  is 
greater  than  the  fquare  of  DC  ;  therefore  the  fquare  of  BA  has 
to  the  “fquare  of  AC  a  lefs  .ratio  than  the  fquare  of  BD  has  to 
that  of  DC  :  And  confequently  the  ratio  of  BA  to  AC  is  lefs 
than  the  ratio  of  BD  to  DC. 

This  being  premised,  a  triangle  which  fliall  have  the  things 
mentioned  to  be  given  in  the  propofition,  and  to^  which  the 
triangle  ABC  is  fimilar,  may  be  found  thus :  Take  a  ftraight 
line  GH  given  in  petition  and  magnitude,  and  divide  it  in  K, 
fo  that  the  ratio  of  GK  to  KH  mav  be  the  fame  with  the  given 
ratio  of  BA  to  AC :  Divide  alfo  GH  in  L,  fo  that  the  ratio 
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+  If  A  he  greater  than  B,  and  C  any 
third  magnitude  ;  then  A  and  C  toge¬ 
ther  have  to  B  and  C  together  a  lef>  ra¬ 
tio  than  A  has  to  J3. 

Let  A  be  to  B  as  C  to  D,  and.  be* 
■saufe  A  is  greater  than  B,  C  is  greater 


tlnn  D  :  But  as  A  is  to  B,  fo  A  and  C 
to  B  .^nd  t)  ;  and  A  and  C  have  to  B 
and  C  a  lefs  ratio  than  A  and  C  have  to 
B  and  D,  becaufe  C  is  greater  than 
D,  therefore  A  and  C  have  to  B  and  C 
a  lefs  ratio  than  A  to  B» 
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of  GL  to  LH  may  be  the  fame  with  the  given  ratio  of  BD  to 
DC,  and  draw  LM  at  right  angles  to  GH  :  And  becaufe  the 
.  ratio  of  the  tides  of  a  triangle  is  lefs  than  the  ratio  of  the  feg- 
ments  of  the  bafe,  as  has  been  fhcwn,  the  ratio  of  GK  to  KH 
is  lefs  than  the  ratio  of  GL  to  LH  wherefore  the  point  L 
mu  ft  fall  betwixt  K  and  H  :  Alfo  make  as  GK  to  KH,  fo  GN 
i?*  5^  to  NK,  and  fo  lhall h  NK  be  to  NH.  And  from  the  centre  N, 
at  the  diftance  NK,  defcribe  a  circle,  and  let  its  circumference 
meet  LM  in  O,  and  join  OG,  OH  ;  then  OGH  is  the  triangle 
which  wgs  to  be  defcribed  :  Becaufe  GN  is  to  NK,  or  NO,  as 
NO  to  NH,  the  triangle  OGN  is  equiangular  to  HON ;  there¬ 
fore  as  OG  to  GN,  fo  is  HO  to  ON,  and,  by  permutation,  as 
GO  to  OBI,  fo  is  GN  to  NO,  or  NK,  that  is,  as  GK  to  KH, 
that  is,  in  the  given  ratio  of  the  ftdes,  and  by  the  conftruction, 
GL,  LH  have  to  one  another  the  given  ratio  cf  the  fegments 
of  the  bafe, 


PROP.  LXXXII. 


IF  a  parallelogram  given  in  fpecies  and  magnitude 
J.  be  increafed  or  diminifhed  by  a  gnomon  given  in 
magnitude,  the  fides  of  the  gnomon  are  given  in  mag¬ 
nitude. 


Firft,  let  the  parallelogram  AB  given  in  fpecies  and  mag¬ 
nitude  be  increafed  by  the  given  gnomon  ECBDFG,  each  of 
the  ftraight  lines  CE,  DF  is  given. 

Becaufe  AB  is  given  in  fpecies  and  magnitude,  and  that  the 
gnomon  ECBDFG  is  given,  therefore  the  whole  fpace  AG 
is  given  in  magnitude :  But  AG  is  alfo  given  in  fpecies,  be- 
a,  def.caufe  it  is  ftmilar 3  to  AB  ;  therefore  the  tides  of  AG  are  gi- 
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’  is  therefore  given  ;  and  each  of  the  ftraight 
lines  CA,  AD  is  given b,  therefore  each  of 
the  remainders  EC,  DF  is  given c. 

Next  let  the  parallelogram  AG  given  in 
fpecies  and  magnitude,  be  diminifhed  by  the 
given  gnomon  ECBDFG,  each  of  the  ftraight 
lines -CE,  DE  is  given. 

Becaufe  the  parallelogram  AG  is  given,  as 
alfo  its  gnomon  ECBDFG,  the  remaining  fpace  AB  is  given  h\ 

magnitud 
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magnitude :  But  it  is  alio  given  in  fpecies  ;  becauie  it  is  fimiiar a 
to  AG ;  therefore5  its  (Ides  CA,  AD  are  given,  and  each  of  the  a 
firaight  lines  EA  AF  is  given;  therefore  EC,  DF  are  each  ofb 
them  given. 

The  gnomon  and  its  tides  CE,  DF  mav  be  found  thus  in 
the  firfc  cafe.  Let  FI  be  the  given  fpace  to  which  the  gnomon 
mu  ft  be  made  equal,  and  iindd  a  parallelogram  ilmilr.r  to  AB 
and  equal  to  the  figures  AB  and  FI  together,  and  place  its 
tides  AE,  AF  from  the  point  A,  upon  the  firaight  lines  AC, 
AD,  and  complete  the  parallelogram  AG  which  is  about  the 
fame  diameter  c  with  AB  ;  becaufc  therefore  AG  is  equal  to  c 
both  AB  and  FI,  take  away  the  common  part  AB,  the  remain¬ 
ing  gnomon  ECBDFG  is  equal  to  the  remaining  figure  FI ; 
therefore  a  gnomon  equal  to  Fi,  and  its  fides  CE,  DF  are  found: 
And  in  like  manner  they  may  be  found  in  the  other  cafe,  in 
which  the  given  figure  FI  mult  be  lefs  than  the  figure  FE  from 
which  it  is  to  be  taken. 


\ 
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P  R  O  P.  LXXXIII. 

IF  a  parallelogram  equal  to  a  given  fpace  be  applied 
to  a  given  firaight  line,  deficient  by  a  parallelogram 
given  in  fpecies,  the  fides  of  the  defefit  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied 
to  the  given  firaight  line  AB,  deficient  by  the  parallelogram 
BDCL  given  in  fpecies,  each  of  the  firaight  lines  CD,  DB  are 


given, 
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Bifecl  AB  in  E;  therefore  EB  is  given  in  magnitude,  up¬ 
on  EB  deferibe3  the  parallelogram  EF  fimilar  to  DL  and  fm fi¬ 
lar  ly  placed ;  therefore  EF  is  given  in 
fpecies,  and  is  about  the  fame  diameter  b 
with  DL ;  let  BCG  he  the  diameter,  and 
conftrufit  the  figure;  therefore,  becauie 
the  figure  EF  given  in  fpecies  is  ‘defer  ib- 
ed  upon  the  given  firaight  line  EB,  EF 
is  given c  in  magnitude,  and  the  gnomon 
ELH  is  equal d  to  the  given  figure  AC  : 
therefore e  iince  EF  is  diminilhed  by  the  given  gnomon  ELFI,  “  43.'  u 
the  fides  EK,  FFI  of  the  gnomon  are  given  ;  but  EK  is  eoual  e  ba*  dat 
to  DC,  and  FH  to  DB ;  wherefore  CD,  DB  are  each  of  them 
givei), 
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This  demonftration  is  the  analyfis  of  the  problem  in  the 
28th  prop,  of  book  6.  the  conftruftion  and  demonftration  of 
which  propofition  is  the  compofition  of  the  analyfis ;  and  be- 
caufe  the  given  fpace  AC  or  its  equal  the  gnomon  ELH  is  to 
be  taken  from  the  figure  EF  defcribed  upon  the  half  of  AB  fi- 
milar  to  BC,  therefore  AC  mull  not  be  greater  than  EF,  as  is 
fhewn  in  the  27th  prop.  B.  6. 


S+  PRO  P.  LXXXIV. 

IF  a  parallelogram  equal  to  a  given  fpace  be  applied 
to  a  given  ftraight  line,  exceeding  by  a  parallelo¬ 
gram  given  in  fpecies  ;  the  fides  of  the  excefs  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied 
to  the  given  ftraight  line  AB,  exceeding  by  the  parallelogram 
BDCL  given  in  fpecies ;  each  of  the  ftraight  lines  CD,  DB  are 
given. 

Bife£t  AB  in  E ;  therefore  EB  is  given  in*magnitude  :  Upon 
a  18,  6,  BE  defcribe  a  the  parallelogram  EF  limilar  to  LD,  and  fimilar- 
ly  placed ;  therefore  EF  is  given  in  fpecies,  and  is  about  the 
fe  26.  fame  diameter  b  with  LD.  Let  CBG  be 
the  diameter  and  conftruct  the  figure : 

Therefore,  becaufe  the  figure  EF  given 
in  fpecies  is  defcribed  upon  the  given 
ftraight  line  EB,  EF  is  given  in  magni- 
c  56.  dat.  tude c,  and  the  gnomon  ELH  is  equal 
d  36.  and  to  the  given  figure d  AC;  wherefore, 

43- **  fince  EF  is  increafed  by  the  given  gnomon  ELH,  its  fides  EK 
e8z.  dat.  FH  are  given' ;  but  EK  is  equal  to  CD,  and  FH  to  BD  ;  there- 
fore  CD,  DB  are  each  of  them  given. 

This  demonftration  is  the  analyfis  of  the  problem  in  the  2pth 
prop,  book  6.  the  conftru<51ion  and  ciemonftration  of  which  is 
the  compofition  of  the  analyfis. 

Cor.  If  a  parallelogram  given  in  fpecies  be  applied  to  a  m- 
ven  ftraight  line,  exceeding  by  a  parallelogram  equal  to  a  given 
fpace;  the  fides  of  the  parallelogram  are  given. 

Let  the  parallelogram  ADCE  given  in  fpecies  be  applied  to 
the  given  ftraight  line  AB  exceeding  by  the  parallelogram 

BDCG  equal  to  a  given  fpace ;  the  fides  AD,  DC  of  the  paral¬ 
lelogram  are  givep. 


Draw 


DAT  A. 


443 


Draw  the  diameter  DE  of  the  parallelogram  AC,  and  con- 
flrudt  the  figure.  Becaufe  the  parallelogram  AK  is  equal a  to  a  43.  *• 


E 


G 


1  . 

F 

X 

6, 


BC  which  is  given,  therefore  AK  is 
given  ;  and  13K  is  fimilar  b  to  AC,  there¬ 
fore  BK  is  given  in  fpecies.  And  fince 

O  l 

the  parallelogram  AK  given  in  magni-  yy  ^  r _ ^ 

tude  is  applied  to  the  given  flraight  line  r" 

AB,  exceeding  by  the  parallelogram  BK  - -  _ 

given  in  fpecies,  therefore  by  this  pro-  A-  D  1' 

polltion,  BD,  DK  the  tides  ot  the  excels  are  given,  and  the 
llraight  line  AB  is  given ;  therefore  the  whole  AD,  as  alfo  DC, 
to  which  it  has  a  given  ratio  is  given. 

P  R  O  B. 

To  apply  a  parallelogram  fimilar  to  a  given  one  to  a  given 
flraight  line  AB,  exceeding  by  a  parallelogram  equal  to  a  given 
fpace. 

To  the  given  flraight  line  AB  apply c  the  parallelogram  AKc  29.  6. 
equal  to  the  given  fpace,  exceeding  by  the  parallelogram  BK  li- 
milar  tg  the  one  given.  Draw  DF  the  diameter  of  BK,  and 
through  the  point  A  draw  AE  parallel  to  BF  meeting  DF  pro¬ 
duced  in  E,  and  complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal a  to  AK,  that  is,  to  the  given 
fpace;  and  the  parallelogram  AC  is  fimilar  b  to  BK ;  therefore 
the  parallelogram  AC  is  applied  to  the  flraight  line  AB  fimilar 
to  the  one  given  and  exceeding  by  the  parallelogram  BC  which 
is  equal  to  the  given  fpace. 

PROP.  LXXXV.  v 

1  F  two  flraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle;  if  the  difference  of 
the  flraight  lines  be  given,  they  fhali  each  of  them  be 
given. 

Let  AB,  BC  contain  the  parallelogram  AC  given  in  magni¬ 
tude,  in  the  given  angle  ABC,  and  let  the  excels  of  BC  above 
AB  be  given ;  each  of  the  flraight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  excels  of  BC  above  A  E 
BA,  therefore  the  remainder  BD  is  equal 
to  BA.  Complete  the  parallelogram  AD  ; 
and  becaufe  AB  is  equal  to  BD,  the  ratio 
of  AB  to  BD  is  given ;  and  the  angle  ABD 
is  given,  therefore  the  parallelogram  AD  is 
given  in  fpecies ;  and  becaufe  the  given  parallelogram  AC  is 
applied  to  the  given  flraight  line  DC,  exceeding  by  the  paral¬ 
lelogram  AD  given  in  fpecies,  the  Tides  of  the  excefs  are  given a :  a  84.  dtu 

therefore 
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therefore  BD  is  given  *,  and  DC  is  given,  wherefore  the  whole 
BC  is  given :  And  AB  is  given,  therefore  AB,  BC  are  each  of 
them  given. 

85.  PRO  P.  LXXXVI. 

F  two  ftraight  lines  contain  a  parallelogram  given  in 
_  magnitude,  in  a  given  angle ;  if  both  of  them  to¬ 
gether  be  given,  they  fhall  each  of  them  be  given.  1 

Let  the  two  ftraight  lines  AB,  BC  contain  the  parallelogram 
AC  given  in  magnitude,  in  the  given  angle  ABC,  and  let  AB, 
BC  together  be  given ;  each  of  the  ftraight  lines  AB,  BC  is  given. 

Produce  CB,  and  make  DB  equal  to  BA,  and  complete  the 
parallelogram  ABDE.  Becaufe  DB  is  equal  to  BA,  and  the 
angle  ABD  given,  becaufe  the  adjacent  an¬ 
gle  ABC  is  given,  the  parallelogram  AD  is 
given  in  fpecies :  And  becaufe  AB,  BC  to¬ 
gether  are  given,  and  AB  is  equal  to  BD  j 
therefore  DC  is  given  :  And  becaufe  the  gi¬ 
ven  parallelogram  AC  is  applied  to  the  given  D  B  C 
ftraight  line  DC,  deficient  by  the  paral- 
a  83.  dat.  lelogram  AD  given  in  fpecies,  the  fides  AB?  BD  of  the  defect 
are  given a  j  and  DC  is  given,  wherefore  the  remainder  BC  is 
given  3  and  each  of  the  ftraight  lines  AB,  BC  is  therefore  given. 


E  A 
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PROP.  LXXXVII. 


IF  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle ;  if  the  excels  of  the 
fquare  of  the  greater  above  the  fquare  of  the  leftfer  be 
given,  each  of  the  ftraight  lines  fhall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralle¬ 
logram  AC  in  the  given  angle  ABC ;  if  the  excefs  of  the  fquare 
of  BC  above  the  fquare  of  BA  be  given ;  AB  and  BC  are  each 
of  them  given. 

Let  the  given  excefs  of  the  fquare  of  BC  above  the  fquare 

of  BA  be  the  rectangle  CB,  BD ;  take  this  from  the  fquare 

a  a.  a.  of  BC,  the  remainder,  which  is a  the  rectangle  BC,  CD  is  e- 

qual  to  the  fquare  of  AB ;  and  becaufe  the  angle  ABC  of 

the  parallelogram  AC  is  given,  the  ratio  of  the  rectangle 

b  6a.dat.  of  the  fides  AB,  BC  to  the  parallelogram  AC  is  given  b  ;  and 

AC  is  given,  therefore  the  rectangle  AB,  BC  is  given ;  and 

the  rectangle  CB,  BD  is  given  5  therefore  the  ratio  of  the  rect- 

v  angle 
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angle  CB,  BD  to  the  re&angle  AB,  BC,  that  is  c,  the  ratio  of  the  c  *•  c' 
ftraight  line  DB  to  BA  is  given;  therefore*1  the  ratio  of  the d  54. 
fquare  of  DB  to  the  fquare  of  BA  is  gi¬ 
ven  :  And  the  fquare  of  BA  is  equal  to 
the  re&angle  BC,  CD  :  wherefore  the  ra¬ 
tio  of  the  rectangle  BC,  CD  to  the  fquare 
of  BD  is  given,  as  alfo  the  ratio  of  four  J  P  D  C 
times  the  re&angle  BC,  CD  to  the  fquare 

of  BD  ;  and,  by  compofttion e,  the  ratio  of  four  times  the  re&-  c  7.  dag 
angle  BC,  CD  together  with  the  fquare  of  BC  to  the  fquare 
of  BD  is  given :  But  four  times  the  re&angle  BC,  CD  toge¬ 
ther  with  the  fquare  of  BD  is  equal  f  to  the  fquare  ot  the  ftraight  f  8.  2. 
lines  BC,  CD  taken  together  :  therefore  the  ratio  of  the  fquare 
of  BC,  CD  together  to  the  fquare  of  BD  is  given ;  wherefore 
sthe  ratio  of  the  ftraight  line  BC  together  with  CD  to  BD  is  g  58.  d'at. 
given :  And,  by  compofttion,  the  ratio  of  BC  together  with 
CD  and  DB,  that  is,  the  ratjo  of  twice  BC  to  BD,  is  given ; 
therefore  the  ratio  of  BC  to  BD  is  given,  as  alfo  c  the  ratio  of 
the  fquare  of  BC  to  the  re&angle  CB,  BD  :  But  the  re&angle 
CB,  BD  is  given,  being  the  given  excefs  of  the  fquares  of  BC, 

BA;  therefore  the  fquare  of  BC,  and  the  ftraight  line  BC  is 
given :  And  the  ratio  of  BC  to  BD,  as  alfo  of  BD  to  BA  has 
been  fhewn  to  be  given  ;  therefore  h  the  ratio  of  BC  to  BA  is  h  9.  dat, 
given ;  and  BC  is  given,  wherefore  BA  is  given. 

The  preceding  demonftration  is  the  analyfts  of  this  problem,  viz. 

A  parallelogram  AC  which  has  a  given  angle  ABC  being  gi¬ 
ven  in  magnitude,  and  the  excefs  of  the  fquare  of  BC  one  of 
its  lides  above  the  fquare  of  the  other  BA  being  given ;  to  find 
the  tides :  And  the  compofttion  is  as  follows. 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  re¬ 
quired  to  be  equal,  and  from  any  point  E  in  FE,  draw  EG 
perpendicular  to  FG  ;  let  the  re&- 
angle  EG,  GH  be  the  given  lpace 
to  which  the  parallelogram  AC  is 
to  be  made  equal;  and  the  re&angle 
HG,  GL,  be  the  given  excefs  of  the 

fquares  of  BC,  BA.  _  n  T  TJ 

Take,  in  the  ftraight  line  GE,  r  ^ 

GK  equal  to  FE,  and  make  GM  double  of  GK ;  join  ML, 
and  in  GL  produced,  take  LN  equal  to  LM :  Bife&  GN  in  Q, 
and  between  GH,  GO  find  a  mean  proportional  BC  :  As  OG 
to  GL,  fo  make  CB  to  BD  ;  and  make  the  angle  CBA  equal 

to 
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to  GFE,  and  as  LG  to  GK  fo  make  DB  to  BA ;  and  complete 
the  parallelogram  AC  :  AC  is  equal  to  the  reCtangle  EG,  GH, 
and  the  excefs  of  the  fquares  of  CB,  BA  is  equal  to  the  rect¬ 
angle  HG,  GL. 

Becaufe  as  CB  to  BD,  fo  is  OG  to  GL,  the  fquare  of  CB 
is  to  the  reCtangle  CB,  BD  asa  the  reCtangle  HG,  GO  to 
the  reCtangle  HG,  GL  :  And  the  fquare  of  CB  is  equal  to  the 
reCtangle,  HG,  GO,  becaufe  GO,  BC,  GH  are  proportionals ; 
therefore  the  reCtangle  CB,  BD  is  equal b  to  HG,  GL.  And 
becaufe  as  CB  to  BD,  fo  is  OG  to  GL  \  twice  CB  is  to  BD, 
as  twice  OG,  that  is,  GN  to  GL ;  and,  by  divilion,  as  BC 
together  with  CD  is  to  BD,  fo  is  NL,  that  is,  LM,  to  LG : 
Therefore  v  the  fquare  of  BC  together  with  CD  is  to  the  fquare 
of  BD,  as  the  fquare  of  ML  to  the  fquare  of  LG  :  But  the 
fquare  of  BC  and  CD  together  is  equal d  to  four  times  the 
reCtangle  BC,  CD  together  with  the  fquare  of  BD  ;  therefore 
four  times  the  reCtangle  BC,  CD  together  with  the  fquare  of 
BD  is  to  the  fquare  of  BD,  as  the  fquare  of  ML  to  the  fquare 
of  LG  :  And,  by  divilion,  four  times  the  reCtangle  BC,  CD  is 
to  the  fquare  of  BD,  as  the  fquare  of  MG  to  the  fquare  of 
GL ;  wherefore  the  reCtangle  BC,  CD  is  to  the  fquare  of  BD 
as  (the  fquare  of  KG  the  l  alf  of  MG  to  the  fquare  of  GL, 
that  is,  as)  the  fquare  of  AB  to  the  fquare  of  BD,  becaufe  as 
LG  to  GK,  fo  DB  was  made  to  BA  :  Therefore15  the  reCtan¬ 
gle  BC,  CD  is  equal  to  the  fquare  of  AB.  To  each  of  thefe  add 
the  reCtangle  CB,  BD,  and  the  fquare  of  BC  becomes  equal 
to  the  fquare  of  AB  together  with  the  reCtangle  CB,  BD ; 
therefore  this  reCtangle,  that  is,  the  given  reCtangle  HG,  GL 
is  the  exccfs  of  the  fquares  of  BC,  AB.  From  the  point  A, 
draw  AP  perpendicular  to  BC,  and  becaufe  the  angle  ABP 
is  equal  to  the  angle  EFG,  the  triangle  ABP  is  equiangular 
to  EFG  :  And  DB  was  made  to  BA,  as  LG  to  GK  $  therefore 
as  the  reCtangle  CB,  BD  to  CB,  BA,  fo  is  the  rectangle  HG, 
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GL  to  HG,  GKj  and  as  the  reCtangle  CB,  BA  to  AP,  BC, 
fo  is  (the  ftraight  line  BA  to  AP,  and  fo  is  FE  or  GK  to 

‘  EG, 
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EG,  and  fo  is)  the  rectangle  HG,  GK  to  HG,  GE;  therefore, 
ex  aequali,  as  the  reCtangle  CB,  BD  to  AP,  BC,  fo  is  the  rect¬ 
angle  HG,  GL  to  EG,  GH  :  And  the  reCtangle  CB,  BD  is 
equal  to  HG,  GL  ;  therefore  the  reCtangle  AP,  BC,  that  is, 
the  parallelogram  AC,  is  equal  to  the  given  reCtangle  EG,  GH. 

PROP.  LXXXVIII.  N, 

F  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle ;  if  the  fum  of  the 
fquares  of  its  Tides  be  given,  the  (ides  fha.ll  each  of 
them  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  parallelogram 
ABCD  given  in  magnitude  in  the  given  angle  ABC,  and  let  the 
fum  of  the  fquares  of  AB,  BC  be  given ;  AB,  BC  are  each  of 
them  given. 

Firft,  let  ABC  be  a  right  angle  ;  and  becaufe  twice  the  rect¬ 
angle  contained  by  two  equal  ftraight  lines  is  equal  to  both 

their  fquares  \  but  if  two  ftraight  lines  are  un-  4  _ T\ 

equal,  twice  the  reCtangle  contained  by  them  is  '  *** 

lefs  than  the  fum  of  their  fquares,  as  is  evident  r* 
from  the  7th  prop.  B.  2.  Elem ;  therefore  twice  ® 
the  given  fpace,  to  which  fpace  the  reCtangle  of  which  the  fides 
are  to  be  found  is  equal,  mult  not  be  greater  than  the  given 
fum  of  the  fquares  of  the  fides :  And  if  twice  that  fpace  be 
equal  to  the  given  fum  of  the  fquares,  the  fides  of  the  reCtangle 
muft  neceffarilv  be  equal  to  one  another ;  Therefore  in  this 
cafe  defcribe  a  fquare  ABCD  equal  to  the  given  reCtangle,  and 
its  fides  AB,  BC  are  thofe  which  were  to  be  found :  For  the 
reCtangle  AC  is  equal  to  the  given  fpace,  and  the  fum  of  the 
fquares  of  its  fides  AB,  BC  is  equal  to  twice  the  reCtangle  AC, 
that  is  by  the  hypothefis,  to  the  given  fpace  to  which  the  fum 
of  the  fquares  was  required  to  be  equal. 

But  if  twice  the  given  reCtangle  be  not  equal  to  the  given 
fum  of  the  fquares  of  the  fides,  it  muft  be  lefs  than  it,  as 
has  been  fhown.  Let  ABCD  be  the  reCtangle,  join  AC  and 
draw  BE  perpendicular  to  it,  and  complete  the  reCtangle 
AEBF,  and  defcribe  the  circle  ABC  about  the  triangle  ABC  > 

AC  is  its  diameter  a  :  And  becaufe  the  triangle  ABC  is  fimi-  a  Cor.  $ 
larb  to  AEB,  as  AC  to  CB  fo  is  AB  to  BE;  therefore  theb  8,  6. 
reCtangle  AC,  BE  is  equal  to  AB,  BC  *,  and  the  reCtangle  AB, 

BC 
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BC  is  given,  wherefore  AC,  BE  is  given :  And  becaufe  the  funs 
of  the  fquares  of  AB,  BC  is  given,  the  fquare  of  AC  which  is 
c  47.  1.  equal0  to  that  fum  is  given;  and  AC  itfelf  is  therefore  given 
in  magnitude :  Let  AC  be  likewife  given  in  pofition,  and  the 
d  32.  dat.  point  A  ;  therefore  AF  is  given d  in  po-  a  t\ 

iition :  And  the  rectangle  AC,  BE  is 
given,  as  has  been  fhewn,  and  AC  is 
e  61.dat.  given,  wherefore0  BE  is  given  in  mag¬ 
nitude,  as  alfo  AF  which  is  equal  to  it ;  F 
and  AF  is  alfo  given  in  pofition,  and 
f  3c.  dat.  the  point  A  is  given,  wherefore f  the 

point  F  is  given,  and  the  ftraight  line  7r”  jl|- 

g  31.dat.  FB  in  pofition3 :  And  the  circumference 

h  28,  dar,  ABC  is  given  in  pofition,  wherefore h  the  point  B  is  given  : 

And  the  points  A,  C  are  given  ;  therefore  the  ftraight  lines 
i  29.  dar,  AB,  BC  are  given  1  in  pofition  and  magnitude. 

The  fides  AB,  BC  of  the  rectangle  may  be  found  thus  :  Let 
the  rectangle  GH,  GK  be  the  given  fpace  to  which  the  rect¬ 
angle  AB,  BC  is  equal ;  and  let  GH,  GL  be  the  given  rect¬ 
angle  to  which  the  fum  of  the  fquares  of  AB,  BC  is  equal : 
k  14,  s.  Find k  a  fquare  equal  to  the  rectangle  GH,  GL :  And  let  its 
fide  AC  be  given  in  pofition  p  upon  AC  as  a  diameter  deferibe 
the  femich'cle  ABC,  and  as  AC  to  GH,  fo  make  GK  to  AF, 
and  from  the  point  A  place  AF  at  right  angles  to  AC  :  There- 
1  16.  6,  fore  the  rectangle  CA,  AF  is  equal 1  to  GH,  GK ;  and,  by 
the  hypothecs,  twice  the  rectangle  GH,  GK  is  lefs  than  GH, 
GL,  that  is,  than  the  fquare  of  AC ;  wherefore  twice  the 
rectangle  CA,  AF  is  lefs  than  the  fquare  of  AC,  and  the 
reCtangie  CA,  AF  itfelf  lefs  than  half  the  fquare  of  AC,  that 
is,  than  the  rectangle  contained  by  the  diameter  AC  and  its 
half ;  wherefore  AF  is  lefs  than  the  femidiameter  of  the  circle, 
and  confequently  the  ftraight  line  drawn  through  the  point  F 
parallel  to  AC  muft  meet  the  circumference  in  two  points  :  Let 
B  be  either  of  them,  and  join  AB,  BC,  and  complete  the  rect¬ 
angle  ABCD,  AECD  is  the  reClangle  which  was  to  be  found  : 
m  34.  1,  Draw  BE  perpendicular  to  AC ;  therefore  BE  is  equal111  to  AF, 
and  becaufe  the  angle  ABC  in  a  femicircle  is  a  right  angle,  the 
to  8.  6,  rectangle  AB,  BC  is  equal5  to  AC,  BE,  that  i?,  to  the  reCtangle 
CA,  AF  which  is  equal  to  the  given  reCtangle  GH,  GK :  And 
the  fquares  of  AB,  BC  are  together  equal c  to  the  fquare  of  AC, 
that  is,  to  the  given  rcCtangle  GH,  GL. 

But 
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But  if  the  given  angle  ABC  of  the  parallelogram  AC  be  not 
a  right  angle,  in  this  cafe,  becaufe  ABC  is  a  given  angle,  the 
ratio  of  the  rediangle  contained  by  the  tides  AB,  BC  to  the  pa¬ 
rallelogram  AC  is  given11  ;  and  AC  is  given,  therefore  the  redi-n  6*.dad 
angle  AB,  BC  is  given ;  and  the  fum  of  the  fquares  of  AB,  BC 
is  given ;  therefore  the  tides  AB,  BC  are  given  by  the  preced¬ 
ing  cafe. 

The  tides  AB,  BC  and  the  parallelogram  AC  may  be  found 
thus :  Let  EF G  be  the  given  angle  of  the  parallelogram,  and 
from  any  point  E  in  FE  draw  EG  perpendicular  toFG;  and 
let  the  rectangle  EG,  FH  be  the  given  fpace  to  which  the  pa¬ 
rallelogram  is  to  be  made  equal,  and  let  EF, 

FK  be  the  given  rectangle  to  which  the 
fum  of  the  fquares  of  the  tides  is  to  be  equal. 

And,  by  the  preceding  cafe,  find  the  tides 
Of  a  rectangle  which  is  equal  to  the  given 
rectangle  EF,  FH,  and  the  fquares  of  the 
tides  of  which  are  together  equal  to  the  gi¬ 
ven  rediangle  EF,  FK  ;  therefore,  as  was 
fhewn  in  that  cafe,  twice  the  rediangle  EF, 

FH  mull  not  be  greater  than  the  rediangle 

EF,  FK ;  let  it  be  fo,  and  let  AB,  BC  be 

the  tides  of  the  rediangle  joined  in  the  an-  _  —  - — 

gle  ABC  equal  to  the  given  angle  EFG,  ®  HG  IC 
and  complete  the  parallelogram  ABCD,  which  will  be  that 
which  was  to  be  found  :  Draw  AL  perpendicular  to  BC,  and 
becaufe  the  angle  ABL  is  equal  to  EFG,  the  triangle  ABL  is 
equiangular  to  EFG  5  and  the  parallelogram  AC,  that  is,  the 
rediangle  AL,  BC,  is  to  the  rediangle  AB, .  BC  as  (the  tiraight 
line  AL  to  AB,  that  is,  as  EG  to  EE,  that  is  as)  the  rediangip 

EG,  FH  to  EF,  FH ;  and,  by  the  conlirudiion,  the  rediangle 
AB,  BC  is  equal  to  EF,  FH,  therefore  the  rediangle  AL,  BC 
or,  its  equal,  the  parallelogram  AC,  is  equal  to  the  given  redi¬ 
angle  EG,  FH  ;  and  the  fquares  of  AB,  BC  are  together  equal, 
by  confirudiipn,  to  the  given  rediangle  EF,  FK. 
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86. 


PROP.  LXXXIX. 


IF  two  liraight  lines  contain  a  given  parallelogram  in 
a  given  angle,  and  if  the  excefs  of  the  fquare  of 
one  of  them  above  a  given  fpace,  has  a  given  ratio  to 
the  fquare  of  the  other  ;  each  of  the  ftraight  lines  fhall 
be  given. 

Let  tlie  two  ftraight  lines  AB,  BC  contain  the  given  paral¬ 
lelogram  AC  in  the  given  angle  ABC,  and  let  the  excefs  of  the 
fquare  of  BC  above  a  given  fpace  have  a  given  ratio  to  the 
fquare  of  AB,  each  of  the  ftraight  lines  AB,  BC  is  given. 

Becaufe  the  excefs  of  the  fquare  of  BC  above  a  given  fpace 
has  a  given  ratio  to  the  fquare  of  BA,  let  the  re&angle  CB, 
BD  be  the  given  fpace  *,  take  this  from  the  fquare  of  BC,  the 
a  a.  remainder,  to  v/it,  the  rectangle a  BC,  CD  has  a  given  ratio  to 

the  fquare  of  BA :  Draw  AE  perpendicular  to  BC,  and  let  the 

fquare  of  BF  be  equal  to  the  rectangle  BC,  CD,  then,  becaufe 
the  angle  ABC,  as  alfo  BEA  is  given,  the  p 
b  43.dat.  triangle  ABE  is  given5  in  fpecies,  and  the  .  / 

ratio  of  AE  to  AB  given  :  And  becaufe  the  *  J 

ratio  of  the  rectangle  BC,  CD,  that  is,  of 


the  fquare  of  BF  to  the  fquare  of  BA,  is  gi-  g  g  jj 
ven,  the  ratio  of  the  ftraight  line  BF  to  BA 
c  58.  dat.  is  given c ;  and  the  ratio  of  AE  to  AB  is  given,  wherefore  d  the 
U  j>.  dat,  ratio  of  AE  to  BF  is  given  *,  as  alfo  the  ratio  of  the  rectangle 
e  35,  i«  AE,  BC,  that  ise  of  the  parallelogram  AC  to  the  rectangle 
FB,  BC  j  and  AC  is  given,  wherefore  the  re&angle  FB,  BC  is 
given.  The  excefs  of  the  fquare  of  BC  above  the  fquare  of  BF, 
that  is,  above  the  rectangle  BC,  CD,  is  given,  for  it  is  equal a  to 
the  given  rectangle  CB,  BD  ;  therefore,  becaufe  the  re&angle 
contained  by  the  ftraight  lines  FB,  BC  is  given,  and  alfo  the 
excefs  of  the  fquare  of  BC  above  the  fquare  of  BF ;  FB,  BC 
f$7.  dar.  are  each  of  them  given f ;  and  the  ratio  of  FB  to  BA  is  given; 
therefore,  AB,  BC  are  given. 

The  compofition  is  as  follows  : 

Let  GHK  be  the  given  angle  to  which  the  angle  of  the  pa¬ 
rallelogram  is  to  be  made  equal,  and  from  any  point  G  in 
HG,  draw  GK  perpendicular  to  HK  5  let  HL  be  the  Jrett- 
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angle  to  which  the  parallelogram  is  to  be 
made  equal,  and  let  LH,  HM  be  the  rect¬ 
angle  equal  to  the  given  fpace  which  is  to 
be  taken  from  the  fquare  of  one  of  the  lides  *, 
and  let  the  ratio  of  the  remainder  to  the  H  KM 
fquare  of  the  other  fide  be  the  fame  with  the 
ratio  of  the  fquare  of  the  given  ftraight  line  NH  to  the  fquare 
of  the  given  ftraight  line  HG. 

By  help  of  the  87th  dat.  find  two  ftraight  lines  BC,  BF 
which  contain  a  reCtangle  equal  to  the  given  reCtangle  NH, 

HL,  and  fuch  that  the  excefs  of  the  fquare  JTh 
of  BC  above  the  fquare  of  BF  be  equal  to  jv  / 
the  given  reCtangle  LH,  HM  ;  and  join  CB,  /\  *  / 

BF  in  the  angle  FBC  equal  to  the  given  /  \  1  / 

angle  GHK :  And  as  NH  to  HG,  fo  makeB  ED  Q 
FB  to  BA,  and  complete  the  parallelogram 
AC,  and  draw  AE  perpendicular  to  BC  *,  then  AC  is  equal  to 
the  rectangle  GK,  HL ;  and  if  from  the  fquare  of  BC,  the 
given  reCtangle  LH,  HM  be  taken,  the  remainder  thall  have 
to  the  fquare  of  BA  the  fame  ratio  which  the  fquare  of  NH  has 
to  the  fquare  of  HG. 

Becaufe,  by  the  conftruCtion,  the  fquare  of  BC  is  equal  to 
the  fquare  of  BF  together  with  the  reCtangle  LH,  HM ;  if 
from  the  fquare  of  BC  there  be  taken  the  reCtangle  LH,  HM, 
there  remains  the  fquare  of  BF  which  has  e  to  the  fquare  of  g  S, 
BA  the  fame  ratio  which  the  fquare  of  NH  has  to  the  fquare 
of  HG,  becaufe,  as  NH  to  HG,  fo  FB  was  made  to  BA ;  but 
as  HG  to  GK,  fo  is  BA  to  AE,  becaufe  the  triangle  GHK  is 
equiangular  to  ABE ;  therefore,  ex  aequali,  as  NH  to  GK  fo  is 
FB  to  AE ;  wherefore11  the  reCtangle  NH,  HL  is  to  the  reCt-h 
angle  GK,  HL,  as  the  reCtangle  FB,  BC  to  AE,  BC  ;  but  by 
the  conftruCtion,  the  reCtangle  NH,  HL  is  equal  to  FB,  BC ; 
therefore 5  the  reCtangle  GK,  HL  is  equal  to  the  reCtangle  AE,  i  *4<  5* 
BC,  that  is,  to  the  parallelogram  AC. 

The  analyfis  of  this  problem  might  have  been  made  as  in  the 
86th  prop,  in  the  Greek,  and  the  competition  of  it  may  be  made 
as  that  which  is  in  prop.  87th  of  this  edition. 
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IF  two  ftraight  lines  contain  a  given  parallelogram 
in  a  given  angle,  and  if  the  fquare  of  one  of  them 
together  with  the  fpace  which  has  a  given  ratio  to  the 
fquare  of  the  other  be  given,  each  of  the  ftraight  lines 
fhall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralle¬ 
logram  AC  in  the  given  angle  ABC,  and  let  the  fquare  of  BC 
together  with  the  fpace  which  has  a  given  ratio  to  the  fquare  of 
AB  be  given,  AB,  BC  are  each  of  them  given. 

Let  the  fquare  of  BD  be  the  fpace  which  has  the  given  ratio 
to  the  fquare  of  AB  ;  therefore,  by  the  hypothecs,  the  fquare 
of  BC  together  with  the  fquare  of  BD  is  given.  From  the 
point  A,  draw  AE  perpendicular  to  BC  ;  and  becaufe  the  angles 
a  43.  dat.  ABE,  BEA  are  given,  the  triangle  ABE  is  given  a  in  fpecies  5 
therefore  the  ratio  of  BA  to  AE  is  given :  And  becatife  the  ra¬ 
tio  of  the  fquare  of  BD  to  the  fquare  of  BA  is  given,  the  ra~ 
b  58.  dat.  tio  of  the  ftraight  line  BD  to  BA  is  given  !)  ;  and  the  ratio  of 
c  9.  dat.  BA  to  AE  is  given  ;  therefore c  the  ratio  of  AE  to  BD  is  gi¬ 
ven,  as  alfo  the  ratio  of  the  rectangle  AE,  BC,  that  is,  of  the 
parallelogram  AC  to  the  rectangle  DB,  BC  ;  and  AC  is  given, 
therefore  the  rectangle  DB,  BC  is  given  ;  and  the  fquare  of 
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4' 88.  dati  BC  together  with  the  fquare  of  BD  is  given;  therefore d  be¬ 
caufe  the  rectangle  contained  by  the  two  ftraight  lines  DB,  BC 
is  given,  and  the  fum  of  their  fquares  is  given  :  The  ftraight 
lines  DB,  BC  are  each  of  them  given  ;  and  the  ratio  of  DB  to 
BA  is  given  ;  therefore  AB,  BC  are  given. 

The  compofitlon  is  as  follows  : 

Let  FGH  be  the  given  angle  to  which  the  angle  of  the  pa¬ 
rallelogram  is  to  be  made  equal,  and  from  any  point  F  in  GF 
draw  FH  perpendicular  to  GH ;  and  let  the  rectangle  FH, 
GK  be  that  to  which  the  parallelogram  is  to  be  made  equal ; 
and  let  the  redangle  KG,  GL  be  the  fpace  to  which  the  fquare 

of 
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of  one  of  the  Tides  of  the  parallelogram  together  with  the  fpace 
which  has  a  given  ratio  to  the  fquare  of  the  other  fide,  is  to  be 
made  equal.;  and  let  this  given  ratio  be  the  fame  which  the  fquare 
of  the  given  straight  line  MG  has  to  the  fquare  of  GF. 

By  the  88th  dat.  find  two  ftraight  lines  D13,  BC  which  con¬ 
tain  a  reftangle  equal  to  the  given  rectangle  MG,  GIv,  and 
fuch  that  the  fum  of  their  fquares  is  equal  to  the  given  rect¬ 
angle  KG,  GL ;  therefore,  by  the  determination  of  the  pro¬ 
blem  in  that  proportion,  twice  the  reCtangle  MG,  GK  muft 
not  be  greater  than  the  rectangle  KG,  GL.  Let  it  be  fo,  and 
join  the  ftraight  lines  DI3,  BC  in  the  angle  DBC  equal  to  the 
given  angle  FGH  •,  and,  as  MG  to  GF,  fo  make  DB  to  BA, 
asid  complete  the  parallelogram  AC  :  AC  is  equal  to  the  red- 


angle  FH,  GK ;  and  the  fquare  of  BC  together  with  the  fquare 
of  BD,  which,,  by  the  conftruCtion,  has  to  the  fquare  of  BA  the 
given  ratio  which  the  fquare  of  MG  has  to  the  fquare  of  GF, 
is  equal,  by  the  conftrucfion,  to  the  given  rectangle  KG,  GL, 
Praw  AE  perpendicular  to  BC. 

Becaufe,  as  DB  to  BA,  fo  is  MG  to  GF  *,  and  as  BA  to  AE, 
fo  GF  to  FH  ;  ex  sequali,  as  DB  to  AE,  fo  is  MG  to  FH  ; 
therefore,  as  the  reCtangle  DB,  BC  to  AE,  BC,  fo  is  the  re£t- 
angle  MG,  GK  to  FH,  GK  and  the  rectangle  DB,  BC  is 
equal  to  the  rectangle  MG,  GK  therefore  the  reCtangle  AE, 
BC,  that  is,  the  parallelogram  AC,  is  equal  to  the  rectangle 

FH,  GK. 


P  R  O  P.  XCL 


S3. 


IF  a  ftraight  line  drawn  within  a  circle  given  in 
magnitude  cuts  off  a  fegment  which  contains  a  gi¬ 
ven  angle ;  the  ftraight  line  is  given  in  magnitude. 


In  the  circle  ABC  given  in  magnitude,  let  the  ftraight  line 
AC  be  drawn,  cutting  off  the  fegment  AEC  which  contains  the 
given  angle  AEC ;  the  ftraight  line  AC  is  given  in  magnitude. 

Take  D  the  centre  of  the  circle3,  join  AD  and  produce  ha  i, 
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to  E,  and  join  EC  :  The  angle  ACE  being 
b  31.  3.  a  right b  angle  is  given  *,  and  the  angle 
c  43.  dat.  AEC  is  given ;  therefore c  the  triangle 
ACE  is  given  in  fpecies,  and  the  ratio  of 
EA  to  AC  is  therefore  given  ;  and  EA  is 
given  in  magnitude,  becaufe  the  circle  is 
d  3.  def  givend  in  magnitude  j  AC  is  therefore  gi- 
c  2.  dat,  ven  c  in  magnitude. 

89.  PROP.  XCII. 

IF  a  ftraight  line  given  in  magnitude  be  drawn  with¬ 
in  a  circle  given  in  magnitude,  it  fhall  cut  off  a 
fegment  containing  a  given  angle. 

Let  the  ftraight  line  AC  given  in  magnitude  be  drawn  with¬ 
in  the  circle  ABC  given  in  magnitude ;  it  fhall  cut  off  a  fegment 
containing  a  given  angle. 

Take  D  the  centre  of  the  circle,  join 
AD  and  produce  it  to  E,  and  join  EC : 

And  becaufe  each  of  the  ftraight  lines  EA, 
a  1.  dat.  and  AC  is  given,  their  ratio  is  given* ;  and 
the  angle  ACE  is  a  right  angle,  therefore 
b  45.  dat.  the  triangle  ACE  is  given b  in  fpecies, 
and  confequently,  the  angle  AEC  is  given. 

PROP.  XCIII. 

IF  from  any  point  in  the  circumference  of  a  circle 
given  in  pofition  two  ftraight  lines  be  drawn, 
meeting  the  circumference  and  containing  a  given 
angle  ;  if  the  point  in  which  one  of  them  meets  the 
circumference  again  be  given,  the  point  in  which  the 
other  meets  it  is  alfo  given. 

From  any  point  A  in  the  circumference  of  a  circle  ABC  gi¬ 
ven  in  pofition,  let  AB,  AC  be  drawn  to  the  circumference  ma¬ 
king  the  given  angle  BAG  ;  if  the  point  B 
be  given,  the  point  C  is  alio  given. 

Take  D  the  centre  of  the  circle,  and 
join  BD,  DC ;  and  becaufe  each  of  the 
points  B,  D  is  given,  BD  is  given a  in  po¬ 
fition  ;  and  becaufe  the  angle  BAC  is  gi- 
b  ap.  3-  ven,  the  angle  BDC  is  given  b,  therefore 
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becaufe  the  ftraight  line  DC  is  drawn  to  the  given  point  D  in 
the  ftraight  line  BD  given  in  pofition  in  the  given  angle  BDC, 
DC  is  given c  in  pofition  :  And  the  circumference  ABC  is  gi¬ 
ven  in  pofition,  therefore  d  the  point  C  is  given. 

PROP.  XCIV. 

IF  from  a  given  point  a  ftraight  line  be  drawn  touch¬ 
ing  a  circle  given  in  pofition ;  the  ftraight  line  is 
given  in  pofition  and  magnitude. 

Let  the  ftraight  line  AB  be  drawn  from  the  given  point  A 
touching  the  circle  BC  given  in  pofttion ;  AB  is  given  in  poii¬ 
tion  and  magnitude. 

Take  D  the  centre  of  the  circle,  and  join  DA,  DB  :  Becaufe 
each  of  the  points  D,  A  is  given,  the 
ftraight  line  AD  is  given a  in  pofttion 
and  magnitude  :  And  DBA  is  a  right b 
angle,  wherefore  DA  is  a  diameter c  of 
the  circle  DBA,  defcribed  about  the  tri¬ 
angle  DBA  ;  and  that  circle  is  therefore 
given d  in  pofition:  And  the  circle  BC  is 
given  in  pofition,  therefore  the  point  B 
is  given e.  The  point  A  is  alfo  given :  therefore  the  ftraight 
line  AB  is  given a  in  pofition  and  magnitude. 

PROP.  XCV. 

*»  * 

*  .jp 

IF  a  ftraight  line  be  drawn  from  a  given  point  with* 
out  a  circle  given  in  pofition  ;  the  rectangle  con¬ 
tained  by  the  fegments  betwixt  the  point  and  the  cir¬ 
cumference  of  the  circle  is  given. 

Let  the  ftraight  line  ABC  be  drawn  from  the  given  point  A 
without  the  circle  BCD  given  in  pofi¬ 
tion,  cutting  it  in  B,  C ;  the  rectangle 
BA,  AC  is  given. 

From  the  point  A,  draw a  AD  touch-  Q 
ing  the  circle ;  therefore  AD  is  given 
b  in  pofition  and  magnitude :  And  be¬ 
caufe  AD  is  given,  the  fquare  of  AD  is 
given c  which  is  equal d  to  the  rectangle  BA,  AC  :  Therefore 
the  re£tang*le  BA,  AC  is  given. 


455 

32#  dat. 
28.  dit. 

91. 


5  29,  d at. 

>  18.  3. 

'  cor,  5. 4. 

i  6.  dcf, 

:  iS.  dat\ 

92. 


17.  3" 

94.  dat. 

56  dat. 


PROP. 


r 


E  U  C  L  I  D’s 


93,  PROP.  XCVI. 

IF  a  ftraight  line  be  drawn  through  a  given  point 
within  a  circle  given  in  portion,  the  redangle  con¬ 
tained  by  the  fegments  betwixt  the  point  and  the  cir¬ 
cumference  of  the  circle  is  given. 


Let  the  ftraight  line  BAG  be  drawn  through  the  given 
point  A  within  the  circle  BCE  given  in  polition ;  the  red¬ 
angle  BA,  AC  is  given. 

Take  D  the  centre  of  the  circle,  join 
AD  and  produce  it  to  the  points  E,  F : 

Becaufe  the  points  A,  D  are  given,  the 
a  zp.  dat„  ftraight  line  AD  is  given3  in  polition; 

and  the  circle  BEC  is  given  in  polition ; 
b  28.  dat5  therefore  the  points  E,  F  are  given  b  ;  and 
the  point  A  is  given,  therefore  EA,  AF 
are  each  of  them  given a ;  and  the  red- 
c  35.  3.  angle  E  A,  AF  is  therefore  given  ;  and  it  is  equal c  to  the  red¬ 
angle  BA,  AC,  which  confequently  is  given. 


PROP.  XCVII, 

IF  a  ftraight  line  be  drawn  within  a  circle  given  in 
magnitude  cutting  off  a  fegment  containing  a  given 
angle;  if  the  angle  in  the  fegment  be  bilected  by  a 
ftraight  line  produced  till  it  meets  the  circumference, 
the  ftraight  lines  which  contain  the  given  angle  fhall 
both  of  them  together  have  a  given  ratio  to  the  ftraight 
line  which  bifefts  the  angle :  And  the  redangle  con¬ 
tained  by  both  thefe  lines  together  which  contain  the 
given  angle,  and  the  part  of  the  bifeding  line  cut  off 
below  the  bafe  of  the  fegment,  (hall  be  given. 

Let  the  ftraight  line  BC  be  drawn  within  the  circle  ABC  gi¬ 
ven  in  magnitude  cutting  off  a  fegment  containing  the  given 
angle  BAC,  and  let  the  angle  BAC  be  bifeded  by  the  ftraight 
line  AD  ;  BA  together  with  AC  has  a  given  ratio  to  AD ;  and 
the  redangle  contained  by  BA  and  AC  together,  and  the 
ftraight  line  ED  cut  off  from  AD  below  BC  the  bafe  of  the 
fegment,  is  given. 

Join  BD ;  and  becaufe  BC  is  drawn  within  the  circle  ABC 

given 
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given  in  magnitude  cutting  off  the  fegment  BAC,  containing 
the  given  angle  BAC;  BC  is  given51  in  magnitude :  Bythea9r.dat, 
fame  reafon  BD  is  given ;  therefore  b  the  ratio  of  BC  to  BD  b  i.  dat9 
is  given  :  And  becaufe  the  angle  BAC  is  bife£ted  by  AD,  as 
BA  to  AC,  fo  is €  BE  to  EC  ;  and,  by  permutation,  as  AB  c  3.  6.  , 
to  BE,  fo  is  AC  to  CE  ;  wherefore  d  as  BA  and  AC  together  d  ia.  5, 
to  BC,  fo  is  AC  to  CE  :  And  becaufe  the  angle  BAE  is  equal 
to  EAC,  and  the  angle  ACE  toc 
ADB,  the  triangle  ACE  is  equiangu¬ 
lar  to  the  triangle  ADB  ;  therefore 
as  AC  to  CE,  fo  is  AD  to  DB  :  But 
as  AC  to  CE,  fo  is  BA  together  with 
AC  to  BC  ;  as  therefore  BA  and  AC 
to  BC,  fo  is  AD  to  DB ;  and,  by 
permutation,  as  BA  and  AC  to  AD, 

fo  is  BC  to  BD  :  And  the  ratio  of  BC  to  BD  is  given,  there** 
fore  the  ratio  of  BA  together  with  AC  to  AD  is  given. 

Alfo  the  rectangle  contained  by  BA  and  AC  together,  and 
DE  is  given. 

Becaufe  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
as  BD  to  DE,  lo  is  AC  to  CE  ;  and  as  AC  to  CE,  l'o  is  BA 
and  AC  to  BC  ;  therefore  as  BA  and  AC  to  BC,  fo  is  BD  to 
DE  ;  wherefore  the  rectangle  contained  by  BA  and  AC  toge¬ 
ther,  and  DE,  is  equal  to  the  rectangle  CB,  BD  :  But  CB,  BD 
is  given  ;  therefore  the  rectangle  contained  by  BA  and  AC  to¬ 
gether,  and  IDE,  is  given. 


Other'iuife, 

Produce  CA,  and  make  AF  equal  to  AB,  and  join  BF; 
and  becaufe  the  angle  BAC  is  double3  of  each  of  the  angles  a  Ss  & 
BFA,  BAD,  the  angle  BFA  is  equal  to  BAD;  and  the  angle  r* 

BCA  is  equal  to  BDA,  therefore  the  triangle  FCB  is  equiangu-  :  » 
lar  to  ABD  :  As  therefore  FC  to  CB,  fo  is  AD  to  DB  ;  and, 
by  permutation,  as  FC,  that  is,  BA  and  AC  together,  to  AD, 
fo  is  CB  to  BD  :  And  the  ratio  of  CB  to  BD  is  given,  there¬ 
fore  the  ratio  of  BA  and  AC  to  AD  is  given. 

And  becaufe  the  angle  BpC  is  equal  to  the  angle .  D AC, 
that  is,  to  the  angle  DBC,  and  the  angle  ACB  equal  to  the 
angle  ADB ;  the  triangle  FCB  is  equiangular  to  BDE,  as 
therefore  FC  to  CB,  fo  is  BD  to  DE ;  therefore  the  rectangle 
qonutined  by  FC,  that  is,  BA  and  AC  together,  and  DE  is,  e- 

qual 
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qual  to  the  re&angle  CB,  BD,  which  is  given,  and  therefore 
the  rectangle  contained  by  BA,  AC  together,  and  DE  is  given. 


PRO  P.  XCVIII. 

IF  a  ftraight  line  be  drawn  within  a  circle  given  in 
magnitude,  cutting  off  a  fegment  containing  a  gi¬ 
ven  angle :  If  the  angle  adjacent  to  the  angle  in  the 
fegment  be  bife&ed  by  a  ftraight  line  produced  till  it 
meet  the  circumference  again  and  the  bafe  of  the  feg¬ 
ment  ;  the  excefs  of  the  ftraight  lines  which  contain  the 
given  angle  (hall  have  a  given  ratio  to  the  fegment  of 
the  bifeding  line  which  is  within  the  circle ,  and  the 
redangle  contained  by  tne  lame  excefs  and  the  feg¬ 
ment  of  the  bifeding  line  betwixt  the  bale  produced 
and  the  point  where  it  again  meets  the  circumference, 
fhall  be  given. 


Let  the  ftraight  line  BC  be  drawn  within  the  circle  ABC 
given  in  magnitude  cutting  off  a  fegment  containing  the  given 
angle  BAC,  and  let  the  angle  CAF  adjacent  to  BAG  be  bifed- 
ed  by  the  ftraight  line  DAE  meeting  the  circumference  again 
in  D,  and  BC  the  bafe  of  the  fegment  produced  in  E ;  the  ex¬ 
cefs  of  BA,  AC  has  a  given  ratio  to  AD  ;  and  the  redangle 
which  is  contained  by  the  fame  excefs  and  the  ftraight  line  ED, 
is  given. 

Join  BD,  and  through  B,  draw  BG  parallel  to  DE  meeting 
AC  produced  in  G  :  And  becaufe  BC  cuts  off  from  the  circle 
ABC  given  in  magnitude  the  feg-  D 

ment  BAC  containing  a  given  an- 
a  91.dat.  gle,  BC  is  therefore  given  3  in  mag¬ 
nitude  :  By  the  fame  reafon  BD  is 
given,  becaufe  the  angle  BAD  is  e- 
qual  to  the  given  angle  EAF:  there- 
fore  the  ratio  of  BC  to  BD  is  given : 

And  becaufe  the  angle  CAE  is  equal 
to  EAF,  of  which  CAE  is  equal  to  f 
the  alternate  angle  AGB,  and  EAF  to  the  interior  and  oppofite 
angle  ABG ;  therefore  the  angle  AGB  is  equal  to.  ABG,  and 
Ike  ftraight  line  AB  equal  to  AG  5  fo  that  GC  is  the  excefs 
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of  BA,  AC :  And  becaufe  the  angle  BGC  is  equal  to  GAE, 
that  is,  to  EAF,  or  the  angle  BAD  :  And  that  the  angle  BCG 
is  equal  to  the  oppolite  interior  angle  BDA  of  the  quadrilateral 
BCAD  in  the  circle  j  therefore  the  triangle  BGC  is  equiangu¬ 
lar  to  BDA  :  Therefore  as  GC  to  CB,  fo  is  AD  to  DB  ;  and, 
by  permutation,  as  GC  which  is  the  excefs  of  BA,  AC  to  AD, 
fo  is  BC  to  BD  :  And  the  ratio  of  CB  to  BD  is  given ;  there¬ 
fore  the  ratio  of  the  excefs  of  BA,  AC  to  AD  is  given. 

And  becaufe  the  angle  GBC  is  equal  to  the  alternate  angle 
DEB,  and  the  angle  BCG  equal  to  BDE ;  the  triangle  BCG  is 
equiangular  to  BDE :  Therefore  as  GC  to  CB,  fo  is  BD  to  DE; 
and  confequently  the  redangle  GC,  DE  is  equal  to  the  rect¬ 
angle  CB,  BD  which  is  given,  becaufe  its  tides  CB,  BD  are  gi¬ 
ven  :  Therefore  the  redangle  contained  by  the  excefs  of  BA, 
AC  and  the  flraight  line  DE  is  given. 


PROP.  XCIX.  '  is- 

IF  from  a  given  point  in  the  diameter  of  a  circle  gi¬ 
ven  in  pofition,  or  in  the  diameter  produced,  a 
ftraight  line  be  drawn  to  any  point  in  the  circumfe¬ 
rence,  and  from  that  point  a  ftraight  line  be  drawn  at 
right  angles  to  the  firft,  and  from  the  point  in  which 
this  meets  the  circumference  again,  a  ftraight  line  be 
drawn  parallel  to  the  firft  ;  the  point  in  which  this  pa¬ 
rallel  meets  the  diameter  is  given ;  and  the  redangle 
contained  by  the  two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  given  in  pofttion,  or 
in  BC  produced,  let  the  given  point  D  be  taken,  and  from  D 
let  a  ftraight  line  DA  be  drawn  to  any  point  A  in  the  circum¬ 
ference,  and  let  AE  be  drawn  at  right  angles  to  DA,  and  from 
the  point  E  where  it  meets  the  circumference  again  let  EF  be 
drawn  parallel  to  DA  meeting  BC  in  F  5  the  point  F  is  given, 
as  alfo  the  rectangle  AD,  EF. 

Produce  EF  to  the  circumference  in  G,  and  join  AG :  Be¬ 
caufe  GEA  is  a  right  angle,  the  ftraight  line  AG  isa  the  dia-a  Cor 4, 
meter  of  the  circle  ABC  ;  and  BC  is  alfo  a  diameter  of  it ; 
therefore  the  point  H  where  they  meet  is  the  centre  of  the 
circle,  and  confequently  H  is  given :  And  the  point  D  is  given, 
wbsrefqre  DH  is  given  in  magnitude :  And  becaufe  AD  is  pa- 

rallei 

V 


40o 
4. 6» 


c  30.  dat. 

^95.  or  96 
dat. 

<b. 


E  U  C  L  I  D’s 

rallel  to  FG,  and  GH  equal  to  HA  *,  DH  is  equal b  to  HF,  and 
AD  equal  to  GF  :  And  DH  is  given,  therefore  HF  is  given  in 


magnitude  5  and  it  is  alfo  given  in  portion,  and  the  point  FI  is 
given,  therefore c  the  point  F  is  given. 

And  becaufe  the  ftraight  line  EFG  is  drawn  from  a  given 
point  F  without  or  within  the  circle  ABC  given  in  pofition, 
therefore  d  the  redfangle  EF,  FG  is  given:  And  GF  is  equal  to 
AD,  wherefore  the  re&angle  AD,  EF  is  given. 

PROP.  C. 

IF  from  a  given  point  in  a  ftraight  line  given  in  po¬ 
ll  fition,  a  ftraight  line  be  drawn  to  any  point  in  the 
circumference  of  a  circle  given  in  pofition ;  and  from 
this  point  a  ftraight  line  be  drawn  making  with  the 
firft  an  angle  equal  to  the  difference  of  a  right  angle, 
and  the  angle  contained  by  the  ftraight  line  given  in 
pofition,  and  the  ftraight  line  which  joins  the  given 
point  and  the  centre  of  the  circle ;  and  from  the  point 
in  which  the  fecond  line  meets  the  circumference 
again,  a  third  ftraight  line  be  drawn  making  with 
the  fecond  an  angle  equal  to  that  which  the  firft  makes 
with  the  fecond :  The  point  in  which  this  third  line 
meets  the  ftraight  line  given  in  pofition  is  given ;  as 
alfo  the  re&angle  contained  by  the  firft  ftraight  line 
and  the  fegment  of  the  third  betwixt  the  circumfe¬ 
rence  and  the  ftraight  line  given  in  pofition,  is  given. 

Let  the  ftraight  line  CD  be  drawn  from  the  given  point  C 
in  the  ftraight  line  A.B  given  in  pofition,  to  the  circumference 
of  the  circle  DEF  given  in  pofition,  of  which  G  is  the  centre ; 
join  CG,  and  from  the  point  D  let  DF  be  drawn  making  the 
angle  CDF  equal  to  the  difference  of  a  right  angle  and  the 
angle  BCG,  and  from  the  point  F  let  FE  be  drawn  making 
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the  angle  DFE  equal  to  CDF,  meeting  AB  in  H  :  The  point  H  is 
piven ;  as  alfo  the  rectangle  CD,  FH. 

v  7  O' 

Let  CD,  FII  meet  one  another  in 
the  point  K,  from  which  draw  KL 
perpendicular  to  DF ;  and  let  DC 
meet  the  circumference  again  in  M, 
and  let  FH  meet  the  fame  in  E,  and  M 
join  MG;  GF,  GH. 

Becaufe  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumfe¬ 
rences  MF,  DE  are  equal a ;  and  add¬ 
ing  or  taking  away  the  common  part 
ME,  the  circumference  DM  is  equal 
to  EF  ;  therefore  the  ftraight  line  DM 
is  equal  to  the  ftraight  line  EF,  and 
the  angle  GMD  to  tne  angle  h  GFE  ; 
and  the  angles  GMC,  GFH  are  equal 
to  one  another,  becaufe  they  are  ei¬ 
ther  the  fame  with  the  angles  GMD, 

GFE,  or  adjacent  to  them  :  Arm  be¬ 
caufe  the  angles  KDL,  LKD  are  toge¬ 
ther  equal 0  to  a  right  angle,  that  is, 
by  the  hypothecs,  to  the  angles  KDL, 

GCB  ;  the  angle  GCB  or  GCH  is  e-A  C  US 

qual  to  the  angie  (LKD,  that  is,  to 

the  angle)  LKF  or  GKH  :  Therefore  the  points  C,  K,  H,  G 
are  in  the  circumference  or  a  circle ;  and  the  angle  GCK  is 
therefore  equal  to  the  angle  GHF  ;  and  the  angle  GMC  is  e- 
qual  to  GFH,  and  the  ftraight  line  GM  to  GF ;  therefore  d  CGd  26, 1, 
is  equal  to  GH,  and  CM  to  FIF  :  And  becaufe  CG  is  equal  to 
GH,  the  angle  GCH  is  equal  to  GHC ;  but  the  angle  GCH  is 
given  :  Therefore  GHC  is  given,  and  confequently  the  angle 
CGH  is  given ;  and  CG  is  given  in  pontion,  and  the  point  G  ; 
therefore c  GH  is  given  in  pofition ;  and  CB  is  alfo  given  inc3z*daf>, 
polition,  whereof  the  point  H  iS  given. 

And  becaufe  HF  is  equal  to  CM,  the  rectangle  DC,  FH  is  e- 
qual  to  Dt^,  CM  :  But  DC,  CM  is  given  f,  becaufe  the  point  Cf  95. 01-96, 
is  given,  therefore  the  rectangle  DC,  FH  is  given. 
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DEFINITION  II. 

This  is  made  more  explicit  than  in  the  Greek  text,  to 
prevent  a  miftake  which  the  author  of  the  fecond  demon- 
ftration  of  the  24th  proportion  in  the  Greek  edition  has  fallen 
into,  of  thinking  that  a  ratio  is  given  to  which  another  ratio  is 
fhown  to  be  equal,  though  this  other  be  not  exhibited  in  given 
magnitudes.  See  the  notes  on  that  proportion,  which  is  the 
13th  in  this  edition.  Beftdes,  by  this  deftnition,  as  it  is  now  gi¬ 
ven,  lome  proportions  are  demonftrated,  which  in  the  Greek 
are  not  fo  well  done  by  help  of  prop.  2. 

D  E  F.  IV. 

In  the  Greek  text,  def.  4.  is  thus :  <c  Point*,  lines,  fpaces* 
iC  and  angles  are  faid  to  be  given  in  podtion  which  have  always 
“  the  fame  fttuation  but  this  is  imperfect  and  ufelefs,  becaufe 
there  are  innumerable  cafes  in  which  things  may  be  given  accor¬ 
ding  to  this  deftnition,  and  yet  their  pof tion  cannot  be  found  ; 
for  inftance,  let  the  triangle  ABC  be  given  in  portion,  and  let 
it  be  propofed  to  draw  a  ftraight  line  BD  from  the  angle  at  B 
to  the  oppoftte  hde  AC  which  ihall  cut 
off  the  angle  DBC  which  ihall  be  the 
feventh  part  of  the  angle  ABC  ;  fuppofe 
this  is  done,  therefore  the  ftraight  line 
BD  is  invariable  in  its  portion,  that  is  B  C 

has  always  the  fame  fttuation ;  for  any 

other  ftraight  line  drawn  from  the  point  B  on  either  hde  of 
BD  cuts  off  an  angle  greater  or  lefter  than  the  feventh  part  of 
the  angle  ABC;  therefore,  according  to  this  deftnition,  the 
ftraight  line  BD  is  given  in  pofition  as  alfo a  the  point  D  in  a  x8.  data 
which  it  meets  the  ftraight  line  AC  which  is  given  in  portion. 

But  from  the  things  here  given,  neither  the  ftraight  line  BD 
nor  the  point  D  can  be  found  by  the  help  of  Euclid’s  Ele¬ 
ments  only,  by  which  every  thing  in  his  data  is  fuppofed  may 

be 
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be  found.  Tills  definition  is  therefore  of  no  ufe.  We  have 
amended  it  by  adding,  “  and  which  are  either  actually  exhibited 
<c  or  can  be  found  for  nothing  is  to  be  reckoned  given,  which 
cannot  be  found,  or  is  not  actually  exhibited. 

The  definition  of  an  angle  given  by  portion  is  taken  out  of 
the  4th,  and  given  more  diftinctly  by  itfelf  in  the  definition 
marked  A. 

t  * 

DEF.  XI.  XII.  XIII.  XIV.  XV. 

The  nth  and  12th  are  omitted,  becaufe  they  cannot  be  gi¬ 
ven  in  Englifh  fo  as  to  have  any  tolerable  fenfe ;  and,  therefore, 
wherever  the  terms  defined  occur,  the  words  which  exprefs 
their  meaning  are  made  ufe  of  in  their  place. 

The  13th,  14th,  15th  are  omitted,  as  being  of  no  ufe. 

It  is  to  be  obferved  in  general  of  the  data  in  this  book,  that 
they  are  to  be  underftood  to  be  given  geometrically,  not  always 
arithmetically,  that  is,  they  cannot  always  be  exhibited  in  num¬ 
bers  ;  for  kiftance,  if  the  fide  of  a  fquare  be  given,  the  ratio  of 
it  to  its  diameter  is  given  b  geometrically,  but  not  in  numbers  ; 
and  the  diameter  i$.  given c  ;  but  though  the  number  of  any  e- 
qual  parts  in  the  fide  be  given,  for  example  10,  the  number  of 
them  in  the  diameter  cannot  be  given :  And  the  like  holds  in 
many  other  cafes. 

PROPOSITION  I. 

In  this  it  is  fhown  that  A  is  to  B,  as  C  to  D,  from  this,  that 
A  is  to  C,  as  B  to  D,  and  then  by  permutation  ;  but  it  follows 
dire£lly,  without  thefe  two  heps,  from  7.  5. 

PROP.  II. 

The  limitation  added  at  the  end  of  this  proportion  between 
the  inverted  commas  is  quite  neceffary,  becaufe  without  it  the 
propofition  cannot  always  be  demonflrated :  For  the  author' 
having  faid  *,  “  becaufe  A  is  given,  a  magnitude  equal  to  it 

can  be  found a  *,  let  this  be  C  j  and  becaufe  the  ratio  of  A  to 
tc  B  is  given,  a  ratio  which  is  the  fame  to  it  can  be  found  b,v 
adds,  u  let  it  be  found,  and  let  it  be  the  ratio  of  C  to  A.?> 
Now,  from  the  fecond  dehnition  nothing  more  follows 
than  that  fome  ratio,  fuppofe  the  ratio  of  E  to  Z,  can  be 
found,  which  is  the  fame  with  the  ratio  of  A  to  B ;  and 
when  the  author  fuppofes  that  the  ratio  of  C  t°  which  is 

alfo 
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alfo  the  fame  with  the  ratio  of  A  to  B,  can  be  found,  he  ne- 
ceffarily  fuppofes  that  to  the  three  magnitudes  E,  Z,  C,  a 
•fourth  proportional  A  may  be  found ;  but  this  cannot  always 
be  done  by  the  Elements  of  Euclid  *,  from  which  it  is  plain 
Euclid  muft  have  underflood  the  Proportion  under  the  limita¬ 
tion  which  is  now  added  to  his  text.  An  example  will  make 
this  clear;  let  A  be  a  given  angle, 
and  B  another  angle  to  which  A  has 
a  given  ratio,  for  inftance,  the  ratio 
of  the  given  flraight  line  E  to  the  gi¬ 
ven  one  Z  ;  then,  having  found  an 
angle  C  equal  to  A,  how  can  the  an¬ 
gle  A  be  found  to  which  C  has  the 
lame  ratio  that  E  has  to  Z  ?  Certain¬ 
ly  no  way,  until  it  be  fhown  how  to 
find  an  angle  to  which  a  given  angle 
has  a  given  ratio,  which  cannot  be  done 
by  Euclid’s  Elements,  nor  probably  by  any  Geometry  known 
in  his  time.  Therefore,  in  all  the  propofitions  of  this  book 
which  depend  upon  this  fecond,  the  above  mentioned  limita¬ 
tions  muft  be  underflood,  though  it  be  not  explicitly  mentioned. 

\ 

PROP.  V. 

The  order  of  the  Propofitions  in  the  Greek  text  between 
yrop.  4.  and  prop.  25.  is  now  changed  into  another  which  is 
more  natural,  by  placing  thofe  which  are  more  fimple  before 
thofe  which  are  more  complex ;  and  by  placing  together  thole 
which  are  of  the  fame  kind,  fome  of  which  were  mixed  among 
ethers  of  a  different  kind.  Thus,  prop.  12.  in  the  Greek  is  now 
made  the  5th,  and  thofe  which  were  the  2  2d  and  23d  are  made 
the  nth  and  12th,  as  they  are  more  fimple  than  the  propofi¬ 
tions  concerning  magnitudes,  the  excefs  of  one  of  which  above 
a  given  magnitude  has  a  given  ratio  to  the  other,  after  which 
thefe  two  were  placed  ;  and  the  24th  in  the  Greek  text  is,  for 
the  fame  reafon,  made  the  13  th. 

PROP.  VI.  VII. 

Thefe  are  milverfally  true,  though,  in  the  Greek  text,  they 
are  demonflrated  by  prop.  2.  which  has  a  limitation  ;  they  are 

therefore  now  fhown  without  it. 
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PROP.  XIL 

In  the  23d  prop,  in  the  Greek  text,  which  here  is  the  i2thy 
the  words,  *  mg  avrxg  h”  are  wrong  translated  by  Claud. 
Hardy,  in  his  edition  of  Euclid’s  Data,  printed  at  Paris,  ann. 
1625,  which  was  the  firft  edition  of  the  Greek  text;  and  Dr 
Gregory  follows  him  in  tranflating  them  by  the  words,  u  etii, 
u  non  eafdem,”  as  if  the  Greek  had  been  u  xou  ^  xvTxg* 
as  in  prop.  9.  of  the  Greek  text.  Euclid's  meaning  is,  that 
the  ratios  mentioned  in  the  proportion  mull  not  be  the  fame  * 
for,  if  they  were,  the  proportion  would  not  be  true.  What¬ 
ever  ratio  the  whole  has  to  the  whole,  if  the  ratios  of  the  parts 
of  the  firft  to  the  parts  of  the  other  be  the  fame  with  this  ra¬ 
tio,  one  part  of  the  frft  may  be  double,  triple,  &c.  of  the 
other  part  of  it,  or  have  any  other  ratio  to  it,  and  confequently 
cannot  have  a  given  ratio  to  it ;  wherefore,  thefe  words  muft  be 
rendered  by  “  non  autem,  eafdem,”  but  not  the  fame  ratios, 
<is  Zambertus  has  tranflated  them  in  his  edition. 

PROP.  XIII. 

Some  very  ignorant  editor  has  given  a  fecond  demonftration 
of  this  propofition  in  the  Greek  text,  which  has  been  as  igno¬ 
rantly  kept  in  by  Claud.  Hardy  and  Dr  Gregory,  and  has  been 
retained  in  the  tranflations  of  Zambertus  and  others ;  Carolus 
Renaldinus  gives  it  only  :  The  author  of  it  has  thought  that  a 
ratio  wras  given,  if  another  ratio  could  be  fhown  to  be  the  fame  to 
it,  though  this  laft  ratio  be  not  found  :  But  this  is  altogether  ab- 
furd,  becaufe  from  it  would  be  deduced  that  the  ratio  of  the 
ftdes  of  any  two  fquares  is  given,  and  the  ratio  of  the  diameters 
of  any  two  circles,  And  it  is  to  be  obferved,  that  the  mo¬ 

derns  frequently  take  given  ratios,  and  ratios  that  are  always  the 
fame,  for  one  and  the  fame  thing ;  and  Sir  Ifaac  Newton  has 
fallen  into  this  miftake  in  the  1 7th  Lemma  of  his  Principia,  edit. 
1713,  and  in  other  places ;  but  this  fhould  be  carefully  avoided, 
us  it  may  lead  into  other  errors. 

PRO  P.  XIV.  XV. 

Euclid  in  this  book  has  feveral  propofltions  concerning  mag¬ 
nitudes,  the  excefs  of  one  of  which  above  a  given  magni¬ 
tude 
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tilde  lias  a  given  ratio  to  the  other ;  but  he  has  given  none 
concerning  magnitudes  whereof  one  together  with  a  given  mag¬ 
nitude  has  a  given  ratio  to  the  other ;  though  tilde  laft  occur 
as  frequently  in  the  folution  of  problems  as  the  fir  ft ;  the  reafon 
of  which  is,  that  the  laft  may  be  all  demonftrated  by  help  of 
the  firft ;  for,  if  a  magnitude,  together  with  a  given  magnitude, 
has  a  given  ratio  to  another  magnitude,  the  excefs  of  this  other 
above  a  given  magnitude  (hall  have  a  given  ratio  to  the  firft, 
and  on  the  contrary  ;  as  we  have  demonftrated  in  prop.  14. 
And  for  a  like  reaiori  prop.  15,  has  been  added  to  the  data. 
One  example  will  make  the  thing  clear  \  fuppofe  it  were  to  be 
ciemonftrated,  that  if  a  magnitude  A  together  with  a  given 
magnitude  has  a  given  ratio  to  another  magnitude  B,  that  the 
two  magnitudes  A  and  B,  together  with  a  given  magnitude, 
have  a  given  ratio  to  that  other  magnitude  B  ;  which  is  the 
fame  propofttion  with  refpecft  to  the  laft  kind  of  magnitudes 
above  mentioned,  that  the  firft  part  of  prop.  16.  in  this  edition 
is  in  refpect  of  the  firft  kind  :  This  is  lhewn  thus,  from  the  hy- 
pothefis,  and  by  the  firft  part  of  prop.  14.  the  excefs  of  B  above 
a  given  magnitude  has  unto  A  a  given  ratio ;  and,  therefore,  by 
the  firft  part  of  prop.  17.  the  excels  of  B  above  a  given  magni¬ 
tude  has  unto  B  and  A  together  a  given  ratio  \  and  by  the  fe~ 
cond  part  of  prop.  14.  A  and  B  together  with  a  given  magni¬ 
tude  has  unto  B  a  given  ratio  ;  which  is  the  thing  that  was  to 
be  demonftrated.  In  like  manner,  the  other  propo  fit  ions  con¬ 
cerning  the  laft  kind  of  magnitudes  may  be  lhewn. 


PROP.  XVI.  XVII. 

In  the  third  part  of  prop.  10.  in  the  Greek  text,  which  is  the 
1 6th  in  this  edition,  after  the  ratio  of  EC  to  CB  has  been 
fhown  to  be  given  ;  from  this,  by  inverfton  and  converfion  the 
ratio  of  BC  .to  BE  is  demonftrated  to  be  given ;  but  without 
thefe  two  fteps,  the  conclufion  llioukl  have  been  made  only  by 
citing  the  6th  propofttion.  And  in  like  manner,  in  the  firlt 
part  of  prop.  1 1.  in  the  Greek,  which  in  this  edition  is  the  17th 
from  the  ratio  of  DB  to  BC  being  given,  the  ratio  of  DC  Xo 
DB  is  fhewn  to  be  given,  by  invdriion  and  compolition  inftead 
of  citing  prop.  7.  and  the  fame  fault  occursftn  the  fecond-  part 
$f  the  li^ne  prop,  j  1. 
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PROP.  XXL  XXII. 

Thefe  now  are  added,  as  being  wanting  to  complete  the 
je6l  treated  of  in  the  four  preceding  proportions. 

PROP.  XXIII. 


This,  which  is  prop.  20.  in  the  Greek  text,  was  feparated 
from  prop.  14.  15.  16.  in  that  text,  after  which  it  fhould  have 
been  immediately  placed,  as  being  of  the  fame  kind ;  it  is  now- 
put  into  its  proper  place  ;  but  prop.  21.  in  the  Greek  is  left  out, 
as  being  the  lame  with  prop.  34.  in  that  text,  which  is  here 
prop.  )  8. 

PROP.  XXIV. 

This,  which  is  prop.  1.3.  in  the  Greek,  is  now  put  into  its 
proper  place,  having  been  disjoined  from  the  three  following  it 
in  this  edition,  which  are  of  the  fame  kind. 

PRO  P.  XXVIII. 

This,  which  in  the  Greek  text  is  prop.  25“.  and  feveral  of  the 
following  proportions  are  there  deduced  from  def.  4.  which  is 
not  fufficient,  as  has  been  mentioned  in  the  note  on  that  defini¬ 
tion  :  They  are  therefore  now  lhewn  more  explicitly. 

PROP.  XXXIV.  XXXVI. 

Each  of  thefe  has  a  determination,  which  is  now  added,  which, 
occafions  a  change  in  their  demonftr ations. 

PRO  P.  XXXVII.  XXXIX.  XL.  XLI. 

The  35th  and  36th  propafitions  in  the  Greek  text  are  joined 
into  one,  which  makes  the  39th  in  this  edition,  becaufe  the  fame, 
enunciation  and  demoFiftration  ferves  both  :  And  for  the  fame 
reafon  prop.  37.  38.  in  the  Greek  are  joined  into  one,  which 
here  is  the  40. 

Prop.  37.  is  added  to  the  data,  as  it  frequently  occurs  in  the 
folution  of  problems;  and  prop.  41.  is  added  to  complete  the 
reft. 


P  R  O  P.  XLIL 


This  is  prop.  39,  in  the  Greek  text,  where  the  whole  con- 
ilruclion  of  prop.  22.  of  book  I.  of  the  Elements  is  put,  without: 
need,  into  the  dem onftrat ion ,  but  is  now  only  cited- 

P  R  G  l\  XLV. 

This  is  prop.  42.  in  the  Greek,  where  the  three  ftrnight  lines, 
made  ufe  of  in  the  conftrudfion  are.  faid,  but  not  ftiewB,  to  be 
fuch  that  any  two  of  them  is  greater  than,  the  third,  which  is 
how  do  i  re  *. 

PROP. 
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PROP.  XLVII. 

This  is  prop.  44.  in  the  Greek  text ;  but  the  demonftration 
of  it  is  changed  into  another,  wherein  the  Several  cafes  of  it  are 
lliewn,  which,  though  necefTary,  is  not  done  in  the  Greek. 

PROP.  XLVII  h 

There  are  two  cafes  in  this  propofition,  arifing  from  the  two 
cafes  of  the  third  part  of  prop.  47.  on  which  the  48th  depends j 
and  in  the  compofition  thefe  two  cafes  are  explicitly  given. 

PROP.  LII. 

The  conftruction  and  demonftration  of  this,  which  is  prop. 

48.  in  the  Greek,  are  made  fomething  fhorter  than  in  that  text. 

PRO  P.  LIII. 

Prop.  6 3.  in  the  Greek  text  is  omitted,  being  only  a  cafe  of 
prop.  49.  in  that  text,  which  is  prop.  53.  in  this  edition. 

PROP.  LVIII. 

This  is  not  in  the  Greek  text,  but  its  demonftration  is  con¬ 
tained  in  that  of  the  hrft  part  of  prop.  54.  in  that  text ;  which 
propofition  is  concerning  ligures  that  are  given  in  fpecies :  This 
58th  is  true  of  fimilar  figures,  though  they  be  not  given  in 
fpecies,  and,  as  it  frequently  occurs,  it  was  neceffary  to  add  it. 

*v 

PROP.  LIX.  LXI. 

This  is  the  54th  in  the  Greeks  and  the  77th  in  the  Greek, 
being  the  very  fame  with  it,  is  left  out,  and  a  fhorter  demon- 
ilration  is  given  of  prop.  61. 

PROP.  LXII. 

This,  which  is  mod:  frequently  ufeful,  is  not  in  the  Greek, 
and  is  necefTary  to  prop.  87.  88.  in  this  edition,  as  alfo,  though 
not  mentioned,  to  prop.  86.  87.  in  the  former  editions.  Prop. 

66.  in  the  Greek  text  is  made  a  corollary  to  it. 

PROP.  LXIV. 

This  contains  both  prop.  74.  and  73.  in  the  Greek  text ;  the 
firft  cafe  of  the  74th  is  a  repetition  of  prop.  56.  from  which  it 
is  feparated  in  that  text  by  many  propoiitions  ;  and  as  there 
is  no  order  in  thefe  propoiitions,  as  they  hand  in  the  Greek, 
they  are  now  put  into  the  order  which  feemed  moil  convenient 
and  natural* 
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The  demonstration  of  the  firft  part  of  prop.  73.  in  the  Greek 
is  grofsly  vitiated.  Dr  Gregory  fays,  that  the  Sentences  he  has 
inclofed  betwixt  two  bars  are  Superfluous,  and  ought  to  be  can¬ 
celled  ;  but  he  has  not  obferved,  that  what  follows  them  is  ab- 
Surd,  being  to  prove  that  the  ratio  [See  his  figure]  of  A  r  to 
r  K  is  given,  which,  by  the  hypothecs  at  the  beginning  of  the 
propofition,  is  exprefsly  given ;  So  that  the  whole  of  this  part 
was  to  be  altered,  which  is  done  in  this  prop.  64. 

PRO  P.  LXVII.  LXVIII. 

Prop.  70.  in  the  Greek  text  is  divided  into  thefe  two,  for 
the  fake  of  diftinclnefs  *,  and  the  demonstration  of  the  67th  is 
rendered  Shorter  than  that  of  the  firh  part  01  prop.  70.  in  the 
Greek,  by  means  of  prop.  23.  of  book  6.  of  the  Elements.. 

P  R  O  P.  LXX. 


This  is  prop.  62.  in  the  Greek  text;  prop.  78.  in  that  text 
Is  only  a  particular  cafe  of  it,  and  is  therefore  omitted. 

Dr  Gregory,  in  the  demonstration  of  prop.  62.  cites  the  49th 
prop.  dat.  to  prove  that  the  ratio  of  the  figure  AEB,  to  the  pa¬ 
rallelogram  Aid  is  given  ;  whereas  this  was  fhewn  a  few  lines 

thefe 
the 

l,  proven  to  De  given  in 

Species. 


P  R  O  P.  LXXIII. 


Prop.  £3.  in  the  Greek  text  is  neither  wqll  enunciated  nor 
demonstrated.  The  73d,  which  in  this  edition  is  put  in  place  of 
it,  is  really  the  fame,  as  will  appear  by  confidering  [See  Dr 
Gregory’s  edition]  that  A,  13,  r,  E  in  the  Greek  text  are 
four  proportionals ;  and  that  the  propofit’on  is  to  Shew  that 
which  has  a  given  ratio  to  E,  is  to  r,  as  13  is  to  a  ftraight 
line  to  which  A  has  a  given-  ratio ;  or,  by  inverfion,  that  r  is  to- 
A,  as  a  ifraiglit  line  to  which  A  has  a  given  ratio,  is  to  13 ;  that 
is,  if  the  proportionals  be  placed  in  this  order,  viz.  r,  E,  A,  B, 
that  the  firit  r  is  to  A  to  which  the  fecond  E  has  a  given  ratio, 
as  a  itraight  line  to  which  the  third  A  has  a  given  ratio  is  to 
the  fourth  B  *,  which  is  the  enunciation  of  this  73d,  and  was 
thus  changed  that  it  might  be  made  like  to  that- of  poop.  72.  in 
thus  edition,  which  is  the  83d  in  the  Greek  text :  And  the  de- 

moiiftratiax* 


i 


EUCLID’S  DATA.  47* 

C  r  •  i 

monftration  of  prop.  73.  is  the  fame  with  that  of  prop.  72.  on¬ 
ly  making  ufe  of  prop.  23.  inftead  of  prop.  22;  of  book  5.  of 
the  Elements. 

't  '  1 

PROP.  LXXVII. 

This  is  put  in  place  of  prop.  79.  in  the  Greek  text,  which 
is  not  a  datum,  but  a  theorem  premifed  as  a  lemma  to  prop.  80* 
in  that  text :  And  prop.  79.  is  made  cor.  1.  to  prop.  77.  in 
this  edition.  Cl.  Hardy,  in  his  edition  of  the  data,  takes  no¬ 
tice,  that  in  prop.  80.  of  the  Greek  text,  the  parallel  KL  in  the 
figure  of  prop.  77.  in  this  edition,  muft  meet  the  circumference, 
but  does  not  demonftrate  it,  which  is  done  here  at  the  end  of 
cor.  3.  prop.  77.  in  the  conftrudtion  for  finding  a  triangle  fimi- 
lar  to  ABC. 

PROP.  LXXVIII, 

The  demonftration  of  this,  which  is  prop.  80;  in  the  Greek, 
is  rendered  a  good  deal  lhorter  by  help  of  prop.  77. 

PROP.  LXXIX.  LXXX.  LXXXI. 

Thefe  are  added  to  Euclid’s  data,  as  propofltions  which  are 
often  ufeful  in  the  folution  of  problems. 

PROP.  LXXXII. 

This,  which  is  prop.  60.  in  the  Greek  text*  is  placed  before 
the  83d  and  84th,  which  in  the  Greek  are  the  58th  and  59th, 
becaule  the  demonftration  of  thefe ‘two  in  this  edition  are  dedu¬ 
ced  from  that  of  prop.  82.  from  which  they  naturally  follow. 

PROP.  LXXXVIII.  XC. 

Dr  Gregory,  in  his  preface  to  Euclid’s  works,  which  he 
publifhed  at  Oxford  in  1703,  after  having  told  that  he  had 
fupplied  the  defecfs  of  the  Greek  text  of  the  data  in  innume¬ 
rable  places  from  feveral  manufcripts,  and  corrected  Cl.  Hardy’s 
tranflation  by  Mr  Bernard’s,  adds,  that  the  86th  theorem,  “  or 
“  propofition,”  feemed  to  be  remarkably  vitiated,  but  which 
could  not  be  reftored  by  help  of  the  manufcripts ;  then  he 
gives  three  different  tranflations  of  it  in  Latin,  according  to 
which  he  thinks  it  may  be  read ;  the  two  firft  have  no  diftiniSt 
yeaning,  and  the  third,  which  he  fays  is  tjxe  beft,  though  it 
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contains  a  true  propo  tion,  which  is  the  90th  in  this  editiony 
has  no  connexion  in  the  leaft  with  the  Greek  text.  And  it  is 
ftrange  that  Dr  Gregory  did  not  obferve,  that,  if  prop.  8 6=. 
was  changed  into  this,  the  demonftration  of  the  86th  muft  be 
cancelled,  and  another  put  into  its  place:  But  the  truth  is,  both  the 
enunciation  and  the  demonftration  of  prop.  86.  are  quite  entire 
and  right',  only  prop.  87.  which  is  more  iimple,  ought  to  have 
been  placed  before  it  ;  and  the  deficiency  which  the  Doctor 
joftly  obferves  to  be  in  this  part  of  Euclid’s  data,  and  which 
no  doubt,  is  owing  to  the  carelefthefs'  and  ignorance  of  the 
Greek  editors,  ihould  have  been  fupplied,  not  by  changing 
prop.  86.  which  is  both  entire  and  neceftary,  but  by  adding 
the  two  propofitions,  which  are  the  88th  and  90th  in  this 
edition..  v  ‘  1  , 

PROP.  XCVIII.  C. 

Thefc  were  communicated  to  me  by  two  excellent  geome¬ 
ters,  the  firft  of  them  by  the  Right  Honourable  the  Earl  of 
Stanhope,  and  the  other  by  Dr  Matthew  Stewart ;  to  which  I 
have  added  the  demonftrations. 

Though  the  order  of  the  propofitions  has  been  in  many  places 
changed  from  that  in  former  editions,  yet  this  will  be  of  little 
diladvantage,  as  the  ancient  geometers  never  cite  the  data,  and 
the  moderns  very  rarely. 

AS  that  part  of  the  compofltion  of;  a  problem  which  is  its 
conftrudnon  may  not  be  fo  readily  deduced  from  the  ana- 
Tyfis  by  beginners  :  For  their  fake  the  following  example  is  gi~- 
ven,  in-  which  the  derivation  of  the  feveral  parts  of  the  con- 
ftruHion  from  the  analyiis  is  particularly  fhown,  that  they  may 
be  afiifted  to  do  the  like  in  other  problems.- 

P  R  Q  B  L  E  M. 

Having  given  the  magnitude  of  a  parallelogram;  the  angle  of 
which  ABC  is  given,  and  alfo  the  excefis  of  the  fquare  of  its 
fide  BC  above  the  fquare  of  the  fide  AJJ  ;  to  find  its  fides  and 
defcribe  its. 

The  analyfis  of  this  is  the  fame  with  the  demonftration  of 
the  87th  prop,  of  the  data,  and  the  conftruction  that  is  given 
of  the  problem  at  the  end  of  that  propofition  is  thus  derived 
from  the  analyfis*' 

Let- 


■(*(*•*, 


EUCLID^s  data; 


Let  EFG  be  equal  to  the  given  angle  ABC,  and  becaufe 
in  the  analyfis  it  is  faid  that  the  ratio  of  the  re&angle  AB* 
BC  to  the  parallelogram  AC  is  given  by  the  62d  prop.  dat„ 
therefore,  from  a  point  in  FE,  the  perpendicular  EG  is  drawn 
to  FG,  as  the  ratio  of  FE  to  EG  is  the  ratio  of  the  rectangle 
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AB,  BC  to  the  parallelogram  AC  by  what  is  fhown  at  the  end 
of  prop.  62.  Next,  the  magnitude  of  AC  is  exhibited  by  ma« 
king  the  re&angle  EG,  GH  equal  to  it  *,  and  the  given  excefs 
of  the  fquare  of  BC  above  the  fquare  of  BA,  to  which  excefs  the 
rectangle  CB,  BD  is  equal,  is  exhibited  by  the  re&angle  HG, 
GL  :  Then,  in  the  analyfis,  the  rectangle  AB,  BC  is  faid  to  be 
given,  and  this  is  equal  to  the  rectangle  FE,  GH,  becaufe  the 
rectangle  AB,  BC  is  to  the  parallelogram  AC,  as  (FE  to  EG* 
that  is,  as  the  rectangle)  FE,  GH  to  EG,  GH ;  and  the  paral¬ 
lelogram  AC  is  equal  to  the  rectangle  EG,  GH,  therefore  the 
rectangle  AB,  BC,  is  equal  to  FE,  GH :  And  confequently  the 
ratio  of  the  rectangle  CB,  BD,  that  is,  of  the  rectangle  HG* 
GL,  to  AB,  BC,  that  is,  of  the  ftraight  line  DB  to  BA,  is 
the  fame  with  the  ratio  (of  the  rectangle  GL,  GH  to  FE,  GH* 
that  is)  of  the  ftraight  line  GL  to  FE,  which  ratio  of  DB  to 
BA  is  the  next  thing  faid  to  be  given  in  the  analyfis :  From 
this  it  is  plain  that  the  fquare  of  FE  is  to  the  fquare  of  GL,  as 
the  fquare  of  BA,  which  is  equal  to  the  rectangle  BC,  CD,  is 
to  the  fquare  of  BD :  The  ratio  of  which  fpaces  is  the  next 
thing  fard  to  be  given  :  And  from  this  it  follows  that  four  times 
the  fquare  of  FE  is  to  the  fquare  of  GL,  as  four  times  the  rec¬ 
tangle  BC,  CD  is  to  the  fquare  of  BD  ;  and,  by  compofition* 
four  times  the  fquare  of  FE  together  with  the  fquare  of  GL* 
is  to  the  fquare  of  GL,  as  four  times  the  rectangle  BC,  CD 
together  with  the  fquare  of  BD,  is  to  the  fquare  of  BD,  that 
is  (8'.  6.)  as  the  fquare  of  the  ftraight  lines  BC,  CD  taken  to¬ 
gether  is  to  the  fquare  of  BD,  which  ratio  is  the  next  thing 
faid  to  be  given  in  the  analyfis  :  And  becaufe  four  times  the 
fquare  of  FE  and  the  fquare  of  GL  are  to  be  added  together^ 
therefore  in  the  perpendicular  EG  there  is  taken  KG  equal  to 

FE* 
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FE,  and  MG  equal  to  the  double  of  it,  becaufe  thereby  the 
fquares  of  MG,  GL,  that  is,  joining  ML,  the  fquare  of  ML, 
is  equal  to  four  times  the  fquare  of  FE  and  to  the  fquare  of 
GL  :  And  becaufe  the  fquare  of  ML  is  to  the  fquare  of  GL, 
as  the  fquare  of  the  ftraight  line  made  up  of  BC  and  CD  is  to 
the  fquare  of  BD,  therefore  (22.  6.)  ML  is  to  LG,  as  BC  to¬ 
gether  with  CD  is  to  BD  ;  and,  by  compolition,  ML  and  LG 
together,  that  is,  producing  GL  to  N,  fo  that  ML  be  equal  to 
LN,  the  ftraight  line  NG  is  to  GL,  as  twice  BC  is  to  BD  ; 
and  by  taking  GO  equal  to  the  half  of  NG,  GO  is  to  GL,  as 
BC  to  BD,  the  ratio  of  which  is  faid  to  be  given  in  the  analy- 
fis  :  And  from  this  it  follows,  that  the  rectangle  HG,  GO  is  to 
HG,  GL,  as  the  fquare  of  BC  is  to  the  rectangle  CB,  BD, 
which  is  equal  to  the  rectangle  HG,  GL  ;  and  therefore  the 
fquare  of  BC  is  equal  to  the  rectangle  HG,  GO  \  and  BC  is 
confequently  found  by  taking  a  mean  proportional  betwixt  HG 
and  GO,  as  is  faid  in  the  conftruHion  :  And  becaufe  it  was 
fhown  that  GO  is  to  GL,  as  BC  to  BD,  and  that  now  the 
three  firft  are  found,  the  fourth  BD  is  found  by  12.  6.  It 
was  likewife  fhown  that  LG  is  to  FE,  or  GK,  as  DB  to  BA, 
and  the  three  firft  are  now  found,  and  thereby  the  fourth  BA, 
Make  the  angle  ABC  equal  to  EFG,  and  complete  the  paral¬ 
lelogram  of  which  the  fides  are  AB,  BC,  and  the  conftrucftion. 
is  finiihed  \  the  reft  of  the  compolition  contains  the  demonftra- 
tion. 


AS  the  propofttions  from  the  13th  to  the  28th  may  be 
thought  by  beginners  to  be  lefs  uleful  than  the  reft,  be¬ 
caufe  they  cannot  fo  readily  fee  how  they  are  to  be  made  ufe  of  in 
the  folution  of  problems  ;  on  this  account  the  two  following  pro¬ 
blems  are  added,  to  lho\-  that  they  are  equally  ufeful  with  the 
other  propolitions,  and  from  which  it  may  be  ealily  judged  that 
many  other  problems  depend  upon  thefe  propolitions. 


PROBLEM 


ripO  find  three  ftraight  lines  fucn,  that  the  ratio  of 
the  firft  to  the  fecond  is  given  ;  and  if  a  given 
ftraight  line  be  taken  from  the  fecond,  the  ratio  of  the 
remainder  to  the  third  is  given ;  alfo  the  redangle  con¬ 
tained  by  the  firft  and  third  is  given. 

Let 
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Let  AB  be  the  firft  ftraight  line,  CD  the  fecond,  and  EF  the 
third :  And  becaufe  the  ratio  of  AB  to  CD  is  given,  and  that 
if  a  given  ftraight  line  be  taken  from  CD,  the  ratio  of  the  re¬ 
mainder  to  EF  is  given  ;  therefore a  the  excefs  of  the  firft  AB  a  2\,  dau 
above  a  given  ftraight  line  has  a  given  ratio  to  the  third  EF : 

Let  BEI  be  that  given  ftraight  line ;  therefore  AH,  the  excefs 
of  AB  above  it,  has  a  given  ratio  to  EF ;  an  dA  H  B 

confequently  b  the  rectangle  BA,  AH,  has  a - 1- — 

given  ratio  to  the  rectangle  AB,  EF,  which 
laft  rectangle  is  given  by  the  hypothefis ;  C  G  D 
therefore  c  the  reCtangle  BA,  AH  is  given,  ^  ^ 

and  BH  the  excefs  of  its  ftdes  is  given  ;  where- _ _ 2. 

fore  the  tides  AB,  AH  are  given  d  :  And  be-  XTX/f  T  A 

caufe  the  ratios  of  AB  to  CD,  and  of  AH  to  *  <  /Ayr' _ 

EF  are  given,  CD  and  EF  are  c  given. 


b  1. 


c  2%  data 


d  85.  dat; 


The  Composition, 

Let  the  given  ratio  of  KL  to  KM  be  that  which  AB  is  requi¬ 
red  to  have  to  CD  *,  and  let  DG  be  the  given  ftraight  line  which 
is  to  be  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KN 
be  that  which  the  remainder  muft  have  to  EF ;  alfo  let  the  gi¬ 
ven  rectangle  NK,  KO  be  that  to  which  the  reCtangle  AB,  EF 
is  required  to  be  equal :  Find  the  given  ftraight  line  BH  which, 
is  to  be  taken  from  AB,  which  is  done,  as  plainly  appears  from 
prop.  24.  dat.  by  making  as  KM  to  KL,  fo  GD  to  HB.  To 
the  given  ftraight  line  BH  apply  e  a  rectangle  equal  to  LK,  KO  e  29,  6. 
exceeding  by  a  fquare,  and  let  15  A,  AH  be  its  lides  :  Then  is 
AB  the  lirft  of  the  ftraight  lines  required  to  be  found,  and  by 
making  as  LK  to  KM,  fo  AB  to  DC,  DC  will  be  the  fecond : 

And  laftly,  make  as  KM  to  KN,  fo  CG  to  EF,  and  EF  is  the 
third. 

For  as-  AB  to  CD,  fo  is  HB  to  GD,  each  of  thefe  ratios  be¬ 
ing  the  lame  with  the  ratio  of  LK  to  KM  ;  therefore  f  AH  is  f  19.  5* 
to  CG,  as  (AB  to  CD,  that  is,  as)  LK  to  KM ;  and  as  CG 
to  EF,  fo  is  KM  to  KN ;  wherefore,  ex  asquali,  as  AH  to  EF, 
fo  is  LK,  to  KN :  And  as  the  rectangle  BA,  AH  to  the  rectan¬ 
gle  BA,  EF,  fo  is  8  the  reCtangle  LK,  KO  to  the  reCtangle  KN,  g  id* 
KO :  And  by  the  conftruCtion,  the  reCtangle  BA,  AH  is  equal 
to  LK,  KO  :  Therefore  h  the  rectangle  AB,  EF  is  equal  to  the  h  14,  s * 
given  reCtangle  NK,  KO  :  And  AB  has  to  CD  the  given  ratio  of 
KL  to  KM  ;  and  from  CD  the  given  ftraight  line  GD  being 
taken,  the  remainder  CG  has  to  EF  the  given  ratio  of  KM  to 
KN.  Q^E.  D. 


PROD. 


HjPO  find  three  ftraight  lines  fuch,  that  the  ratio  of 
|  the  firft  to  the  fecond  is  given  ;  and  if  a  given 
ftraight  line  be  taken  from  the  fecond,  the  ratio  of  the 
remainder  to  the  third  is  given ;  alfo  the  fum  of  the 
fquares  of  the  firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  BC  the  fecond,  and  BD  the 
third :  And  becaufe  the  ratio  of  AB  to  BC  is  given,  and  that  if 
a  given  ftraight  line  be  taken  from  BC,  the  ratio  of  the  remain- 
«  24.  dat,  der  to  BD  is  given;  therefore*  the  excefs  of  the  firft  AB  above 
a  given  ftraight  line,  has  a  given  ratio  to  the  third  BD  :  Let 
AE  be  that  given  ftraight  line, "  therefore  the  remainder  EB  has 
a  given  ratio  to  BD :  Let  BD  be  placed  at  right  angles  to  EB, 
b  44.  dat,  and  join  DE ;  then  the  triangle  EBD  is b  given  in  fpecies ; 

wherefore  the  angle  BED  is  given :  Let  AE  which  is  given  in 
magnitude,  be  given  alfo  in  polition,  as  alfo  the  point  E,  and 
c  32.  dat,  the  ftraight  line  ED  will  be  given c  ir.  polition  :  Join  AD,  and 

4  47. 1,  becaufe  the  fum  of  the  fquares  of  AB,  BD,  that  is  d,  the  fquare 

of  AD  isvgiven,  therefore  the  ftraight  line  AD  is  given  in  mag- 
e  34.  dat.’  nitude  ;  and  it  is  alfo  given  e  in  polition,  becaufe  from  the  gi¬ 
ven  point  A  it  is  drav/n  to  the  ftraight  line  ED  given  in  polition: 
Therefore  the  point  D,  in  which  the  two  ftraight  lines  AD,  ED 
f  aS.  dat,  given  in  polition,  cut  one  another,  is  given  f :  And  the  ftraight 

5  33,  dat.  line  DB,  which  is  at  right  angles  to  AB,  is  given3  in  polition, 

and  AB  is  given  in  polition,  therefore  f  the  point  B  is  given  : 
h  29.  dat.  And  the  points  A,  D  are  given,  wherefore  h  the  ftraight  lines 
AB,  BD  are  given :  And  the  ratio  of  AB  to  BC  is  given,  and 
i  2,  dat,  therefore 1  BC  is  given. 

The  Gompofition . 

Let  the  given  ratio  of  FG  to  GH  be  that  which  AB  is  requi¬ 
red  to  have  to  BC,  and  let  HK  be  the  given  ftraight  line 
which  is  to  be  taken  from  BC,  and  let  the  ratio  which  the  re** 


mainder  is  required  to  have  to  BD  be  the  given  ratio  of  HG 
t®  LG,  and  place  GL  at  right  angles  to  FN,  and  join  LF,  LH: 

7  Next, 
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JSfestf  j  as  HG  is  to  GF,  fo  make  HK  to  AE  ;  produce  AE  to 
N,  fo  that  AN  be  the  ftraight  line  to  the  fquare  of  which  the 
fmn  of  the  fquares  of  AB,  BD  is  required  to  be  equal ;  and 
make  the  angle  NED  equal  to  the  angle  GFL  5  and  from  the 
centre  A  at  the  diftance  AN  defcribe  a  circle,  and  let  its  cir¬ 
cumference  meet  ED  in  D,  and  draw  DB  perpendicular  to  i\N, 
and  DM  making  the  angle  BDM  equal  to  the  angle  GLH. 
Laftly,  produce  BM  to  C,  fo  that  MC  be  equal  to  KH  ;  then  is 
AB  the  firft,  BC  the  fecond,  and  BD  the  third  of  the  ftraight 
lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  alfo  DBM,  LGH  being 
equiangular,  as  EB  to  BD,  fo  is  FG  to  GL  ;  and  as  DB  to 
BM,  fo  is  LG  to  GH  ;  therefore,  ex  tequali,  as  EB  to  BM, 
fo  is  (FG  to  GH,  and  fo  is)  AE  to  HK  or  IV1C  ;  wherefore  k,  k 
AB  is  to  BC,  as  AE  to  HK,  that  is,  as  FG  to  GH,  that  is, 
in  the  given  ratio  and  from  the  ftraight  line  BC  taking  MC, 
which  is  equal  to  the  given  ftraight  line  HK,  the  remainder 
BM  has  to  BD  the  given  ratio  of  HG  to  GL  ;  and  the  fum  of 
the  fquares  of  AB,  BD  is  equal  d  to  the  fquare  of  AD  or  AN,  <3 
•which  is  the  given  fpace.  CL_E.  P. 

i  believe  it  would  be  in  vain  to  try  to  deduce  the  preceding 
conftruffton  from  an  algebraical  folution  of  the  problem. 
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LEMMA-  I.  Fig.  i. 

N 


LET  ABC  be  a  rectilineal  angle,  if  about  the  point  B  as  a 
centre,  and  with  any  diftance  B  A,  a  circle  be  deferibed, 
meeting  BA,  BC,  the  ftra;ght  lines  including  the  angle  ABC 
in  A,  C;  the  angle  ABC  will  be  to  four  right  .angles,  as  the 
arch  AC  to  the  whole  circumference. 

Produce  AB  till  it  meet  the  -circle  again  in  F,  and  through  B 
draw  DE  perpendicular  to  AB,  meeting  the  circle  in  D,  E. 

By  33.6.  Elem.  the  angle  ABC  is  to  a  right  angle  ABD,  as 
the  arch  AC  to  the  arch  AD ;  and  quadrupling  the  confe- 
quents,  the  angle  ABC  will  be  to  lour  right  angles,  as  the 
arch  AC  to  four  times  the  arch  AD,  or  to  the  whole  circum¬ 
ference. 


LEMMA  II.  Fig.  2. 

LET  ABC  be  a  plane  rectilineal  angle  as  before :  About  B 
as  a  centre  with  any  two  diftances  BD,  BA,  let  two  cir¬ 
cles  be  deferibed  meeting  BA,  BC,  in  D,  E,  A,  C ;  the  arch 
AC  will  be  to  the  whole  circumference  of  which  it  is  an  arch, 
as  the  arch  DE  is  to  the  whole  circumference  of  which  it  is  an 
arch. 

By  Lemma  1.  the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles  ; 
and  by  the  fame  Lemma  1.  the  arch  DE  is  to  the  whole  cir¬ 
cumference  of  which  it  is  an  arch,  as  the  angle  ABC  is  to  four 
right  angles;  therefore  the  arch  AC  is  to  the  whole  circumfe¬ 
rence  of  which  it  is  an  arch,  as  the  arch  DE  to  the  whole  cir¬ 
cumference  of  which  it  is  an  arch. 

DEFINITIONS..  Fig.  3. 

IT 

1ET  ABC  be  a  plane  rectilineal  angle ;  if  about  B  as  a 
j  centre,  with  BA  any  diftance,  a  circle  ACF  be  deferibed 
meeting  BA,  BC,  in  A,  C ;  the  arch  AC  is  called  the  meafure 
of  the  angle  ABC. 

II. 

The  circumference  of  a  circle  is  fuppofed  to  be  divided  into 

H  h  360 
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360  equal  parts  called  degrees,  and  each  degree  into  60  equal 
parts  called  minutes,  and  each  minute  into  60  equal  parts 
called  feconds,  & c.  And  as  many  degrees,  minutes,  feconds, 
&c.  as  are  contained  in  any  arch,  of  fo  many  degrees,  minutes, 
feconds,  &c.  is  the  angle,  of  which  that  arch  is  the  meafure, 
faid  to  be. 

Cor.  Whatever  be  the  radius  of  the  circle  of  which  the  mea¬ 
fure  of  a  given  angle  is  an  arch,  that  arch  will  contain  the 
fame  number  of  degrees,  minutes,  feconds,  &.c.  as  is  manifeft 
from  Lemma  2. 

III. 

Let  AB  be  produced  till  it  meet  the  circle  again  in  F,  the  angle 
CBF,  which,  together  with  ABC,  is  equal  to  two  right  an¬ 
gles,  is  called  the  Supplement  o!  the  angle  ABC. 

IV. 

A  ftraight  line  CD  drawn  through  C,  one  of  the  extremities  of 
the  arch  AC  perpendicular  upon  the  diameter  palling  through 
the  other  extremity  A,  is  called  the  Sine  of  the  arch  AC,  or 
of  the  angle  ABC,  of  which  it  is  the  meafure. 

Cor.  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is  equal  to 
the  radius. 

V. 

The  fegment  DA  of  the  diameter  palling  through  A,  one  ex¬ 
tremity  of  the  arch  AC  between  the  line  CD,  and  that  ex¬ 
tremity,  is  called  the  Verfed  Sine  of  the  arch  AC,  or  angle 
ABC. 


VI. 

A  ftraight  line  AE  touching  the  circle  at  A,  one  extremity  of 
the  arch  AC,  and  meeting  the  diameter  BC  palling  through 
the  other  extremity  C  in  E,  is  called  the  Tangent  of  the  arch 
AC,  or  of  the  angle  ABC. 


VII. 

The  ftraight  line  BE  between  the  centre  and  the  extremity  of 
the  tangent  AE,  is  called  the  Secant  of  the  arch  AC,  or  an¬ 
gle  ABC. 

Cor.  to  def.  4.  6.  7.  the  line,  tangent,  and  fecant  of  any  angle 
ABC,  are  like  wife  the  line,  tangent,  and  fecant  of  its  fupple- 
ment  CBF. 

It  is  manifeft  from  def.  4.  that  CD  is  the  line  of  the  angle  CBF. 
Let  CB  be  produced  till  it  meet  the  circle  again  in  G ;  and 
it  is  manifeft  that  AE  is  the  tangent,  and  BE  the  fecant,  of 
the  angle  ABG  or  EBF,  from  def.  8.  7. 

Coe, 
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Cor.  to  def.  4.  5.  6.  7.  The  fine*  verfed  fine,  tangent,  and  fe- 
cant,  of  any  arch  which  is  the  meafiire  of  any  given  angle 
ABC,  is  to  the  fine,  verfed  fine,  tangent,  and  fecant,  of  any 
other  arch  which  is  the  meafiire  of  the  fame  angle,  as  the 
radius  of  the  firft  is  to  the  radius  of  the  fecond. 

Let  AC,  MN  be  meafures  of  the  angle  ABC,  according  to  def. 

1.  CD  the  fine,  DA  the  verfed  fine,  AE  the  tangent,  and 
BE  the  fecant  of  the  arch  AC,  according  to  def.  4,  5.  6.  7. 
and  NO  the  fine,  OM  the  verfed  fine,  MP  the  tangent,  and 
BP  the  fecant  of  the  arch  MN,  according  to  the  fame  defini¬ 
tions.  Since  CD,  NO,  AE,  MP  are  parallel,  CD  is  to  NO 
as  the  radius  CB  to  the  radius  NB,  and  AE  to  MP  as  AB  to 
BM,  and  BC  or  BA  to  BD  as  BN  or  BM  to  BO ;  and,  by 
-converfion,  DA  to  MO  as  AB  to  MB.  Hence  the  corollary 
is  manifeft ;  therefore,  if  the  radius  be  fuppofed  to  be  divid¬ 
ed  into  any  given  number  of  equal  parts,  the  fine,  verfed 
line,  tangent,  and  fecant  of  any  given  angle,  will  each  con¬ 
tain  a  given  number  of  thefe  parts ;  and,  by  trigonometri¬ 
cal  tables,  the  length  of  the  fine,  verfed  fine,  tangent,  and 
fecant  of  any  angle  may  be  found  in  parts  of  which  the  ra¬ 
dius  contains  a  given  number ;  and,  vice  verfa,  a  number  ex- 
prefiing  the  length  of  the  fine,  verfed  fine,  tangent,  and  fe^» 
cant  being  given,  the  angle  of  which  it  is  the  fine,  veried 
fine,  tangent,  and  fecant  may  be  found. 

VIII.  Fi 

The  difference  of  an  angle  from  a  right  angle  is  called  the 
complement  of  that  angle.  Thus,  if  BH  be  drawn  perpendi¬ 
cular  to  AB,  the  angle  CBH  will  be  the  complement  of  the 
angle  ABC,  or  of  CBF. 


IX. 

Let  HK  be  the  tangent,  CL  or  DB,  which  is  equal  to  it,  the 
fine,  and  BK  the  fecant  of  CBH,  the  complement  of  ABC, 
according  to  def.  4.  6.  7.  HK  is  called  the  co-tangent  3  BD 
the  coftne3  and  BK  the  cofecant  of  the  angle  ABC. 

Cor.  1.  The  radius  is  a  mean  proportional  between  the  tan¬ 
gent  and  co-tangent. 

For,  fince  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will 
be  equal,  and  the  angles  KHB,  BAE  are  right ;  therefore 
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the  triangles  BAE,  KHB  are  fimilar,  and  therefore  AE  is  to 
AB,  as  BH  or  BA  to  HK. 

Cor.  2.  The  radius  is  a  mean  proportional  between  the  co-fine 
and  fecant  of  any  angle  ABC. 

Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  as  BA  to 
BE. 

PROP.  I.  Fig.  5. 

IN  a  right  angled  plain  triangle,  if  the  hypothenufe 
be  made  radius,  the  Tides  become  the  fines  of  the 
angles  oppofite  to  them  ;  and  if  either  fide  be  made 
radius,  the  remaining  fide  is. the  tangent  of  the  angle 
oppofite  to  it,  and  the  hypothenufe  the  fecant  of  the 
fame  angle. 

Let  ABC  be  a  right  angled  triangle ;  if  the  hypothenufe  BC 
be  made  radius,  either  of  the  fides  AC  will  be  the  fine  of  the 
angle  ABC  oppofite  to  it ;  and  if  either  fide  BA  be  made  ra¬ 
dius,  the  other  fide  AC  will  be  the  tangent  of  the  angle  ABC 
oppofite  to  it,  and  the  hypothenufe  BC  the  fecant  of  the  fame 
angle. 

About  B  as  a  centre,  with  BC,  BA  for  diftances,  let  two 
circles  CD,  EA  be  defcribed,  meeting  BA,  BC  in  D,  E :  Since 
CAB  is 'a  right  angle,  BC  being  radius,  AC  is  the  fine  of  the 
angle  ABC,  by  def.  4.  and  BA  being  radius,  AC  is  the  tangent, 
and  BC  the  fecant  of  the  angle  ABC5  by  def.  6.  7. 

Cor.  i.  Of  the  hypothenufe  a  fide  and  an  angle  of  aright 
angled  triangle,  any  two  being  given,  the  third  is  aifo  given. 

Cor.  2.  Of  the  two  fides  and  an  angle  of  a  right  angled  trw 
angle,  any  two  being  given,  the  third  is  alfo  given. 

PROP.  II.  Fig.  6.  7. 

r¥~HE  fides  of  a  plain  triangle  are  to  one  another, 
I  as  the  fines  of  the  angles  oppofite  to  them. 

In  right  angled  triangles,  this  prop,  is  manifefl  from  prop.  1. 
for  if  the  hypothenufe  be  made  radius,  the  fides  are  the  fines  of 
the  angles  oppofite  to  them,  and  the  radius  is  the  fine  of  a  right 
angle  (cor.  to  def.  4.)  which  is  oppofite  to  the-hypothenufe. 

In 
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V 

In  any  oblique  angled  triangle  ABC,  any  two  fides  AB,  AC 
will  be  to  one  another  as  the  lines  of  the  angles  ACB,  ABC 
which  are  oppofite  to  them. 

From  C,  B  draw  CE,  BD  perpendicular  upon  the  oppohte 
hdes  AB,  AC  produced,  if  need  be.  Since  CEB,  CDB  are 
right  angles,  BC  being  radius,  CE  is  the  line  of  the  angle  CBA, 
and  BD  the  line  of  the  angle  ACB ;  but  the  two  triangles  CAE, 
DAB  have  each  a  right  angle  at  D  and  E ;  and  likewife  the 
common  angle  CAB *,  therefore  they  are  limilar,  and  confe- 
quently,  CA  is  to  AB,  as  CE  to  DB  5  that  is,  the  hdes  are  as 
the  lines  of  the  angles  oppohte  to  them. 

Cor.  Hence  of  two  hdes,  and  two  angles  oppohte  to  them, 
in  a  plain  triangle,  any  three  being  given,  the  fourth  is  alfo 
given. 

•  '  •  \  • 

PROP.  III.  Fig.  8. 

IN  a  plain  triangle,  the  fum  of  any  two  fides  is  to  their 
difference,  as  the  tangent  of  half  the  fum  of  the  an¬ 
gles  at  the  bafe,  to  the  tangent  of  half  their  difference. 

Let  ABC  be  a  plain  triangle,  the  fum  of  any  two  hdes  AB, 
AC  will  be  to  their  difference  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafe  ABC,  ACB  to  the  tangent  of  half  their 
difference. 

About  A  as  a  centre,  with  AB  the  greater  hde  for  a  diftance, 
let  a  circle  be  defcribed,  meeting  AC  produced  in  E,  F,  and 
BC  in  D ;  join  DA,  EB,  FB  :  and  draw  FG  parallel  to  BC* 
meeting  EB  in  G. 

The  angle  EAB  (32.  1.)  is  equal  to  the  fum  of  the  angles 
at  the  bafe,  and  the  angle  EFB  at  the  circumference  is  equal 
to  the  half  of  EAB  at  the  centre  (20.3.);  therefore  EFB  is 
half  the  fum  of  the  angles  at  th,e  bale  *,  but  the  angle  ACB 
(32.  1.)  is  equal  to  the  angles  CAD  and  ADC,  or  ABC  to¬ 
gether  ;  therefore  FAD  is  the  difference  of  the  angles  at  the 
bafe,  and  FBD  at  the  circumference,  or  BFG,  on  account  of 
the  parallels  FG,  BD,  is  the  half  of  that  difference ;  but  fmc^ 
the  angle  EBF  in  a  femicircle  is  a  right  angle  ( 1 .  of  this)  FB 
being  radius,  BE,  BG,  are  the  tangents  of  the  angles  EFB, 
BFGj  but  it  is  manifeft  that  EC  is  the  fum  of  the  fides  BA, 
AC,  and  CF  their  difference ;  and  fince  BC,  FG  are  parallel 
(2*  6.)  EC  is  to  CF,  as  EB  to  BG*,  that  is,  the  fum  of  the 
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fides  is  to  their  difference,  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafe  to  the  tangent  of  half  their  difference. 

PROP.  IV.  Fig.  18. 

T|  N  any  plain  triangle  RAC,  whofe  two  Tides  are  BA, 
t  AC  and  bafe  RC,  the  lets  of  the  two  fides  which  let 
be  BA,  is  to  the  greater  AC  as  the  radius  is  to  the  tan¬ 
gent  of  an  angle,  and  the  radius  is  to  the  tangent  of 
the  excefs  of  this  angle  above  half  a  right  angle  as  the 
tangent  of  half  the  fum  of  the  angles  B  and  C  at  the 
bafe,  is  to  the  tangent  of  half  their  difference. 

At  the  point  A,  draw  the  ftraight  line  EAD  perpendicular 
to  BA ;  make  AE,  AF,  each  equal  to  AB,  and  AD  to  AC ; 
join  BE,  BF,  BD,  and  from  D,  draw  DG  perpendicular  upon 
BF.  And  becaufe  BA  is  at  right  angles  to  EF,  and  EA,  AB, 
AF  are  equal,  each  of  the  angles  EBA,  ABF  is  half  a  right 
angle,  and  the  whole  EBF  is  a  right  angle;  (alfo  4.  1.  El.)  EB 
is  equal  to  BF.  And  fince  EBF,  FGD  are  right  angles,  EB  is 
parallel  to  GD,  and  the  triangles  EBF,  FGD  are  limilar ; 
therefore  EB  is  to  BF  as  DG  to  GF,  and  EB  being  equal  to 
BF,  FG  mud:  be  equal  to  GD.  And  becaufe  BAD  is  a  right 
angle,  BA  the  lefs  fide  is  to  AD  or  AC  the  greater  as  the  ra¬ 
dius  is  to  the  tangent  of  the  angLe  ABD  ;  and  becaufe  BGD  is 
a  right  angle,  BG  is  to  GD  or  GF  as  the  radius  is  to  the  tan¬ 
gent  of  GBD,  which  is  the  excefs  of  the  angle  ABD  above. 
ABF  half  a  right  angle.  But  becaufe  EB  is  parallel  to  GD,  BG 
is  to  GF  as  ED  is  £0  DF,  that  is,  fince  ED  is  the  fum  of  the 
fides  BA,  AC  and  FD  their  difference,  (3.  of  this),  as  the  tan¬ 
gent  of  half  the  fum  of  the  angles  B,  C,  at  the  bale  to  the  tan¬ 
gent  of  half  their  difference.  Therefore,  in  any  plain  triangle,, 
See .  E.  D. 

PROP.  V.  Fig.  9.  and  10. 

IN  any  triangle,  twice  the  rectangle  contained  by 
any  two  Tides  is  to  the  difference  of  the  fuin  of  the 
iquares  of  thefe  two  Tides,  and  the  Tquare  of  the  bafe, 
as  the  radius  is  to  the  co-line  of  the  angle  included  by 
the  two  Tides. 

Let  ABC  be  a  plain  triangle,  twice  the  rectangle  ABC  con¬ 
tained  by  any  two  Tides  BA,  BC  is  to  the  difference  of  the  fum 
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of  the  fquares  of  BA,  BC,  arid  the  fquare  of  the  bafe  AC,  as 
the  radius  to  the  co-fine  of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  oppofite  fide  BC, 
then  (by  12.  and  13.  2.  El.)  the  difference  of  the  fum  of  the 
fquares  of  AB,  BC,  and  the  fquare  of  the  bafe  AC,  is  equal  to 
twice  the  rectangle  CBD ;  but  twice  the  rectangle  CBA  is  to 
twice  the  rectangle  CBD  ;  that  is,  to  the  difference  of  the  fum 
of  the  fquares  of  AB,  BC,  and  the  fquare  of  AC,  (1.  6.)  as  AB 
to  BD  ;  that  is,  by  prop.  1.  as  radius  to  the  fine  of  BAD,  which 
is  the  complement  of  the  angle  ABC,  that  is,  as  radius  to  the 
co-fine  of  ABC.  t 

PROP.  VI.  Fig.*  11. 

IN  any  triangle  ABC,  whofe  two  fides  are  AB,  AC, 
and  bafe  BC,  the  redangle  contained  by  half  the 
perimeter,  and  the  excefs  of  it  above  the  bafe  BC,  is  to 
the  redangle  contained  by  the  ftraight  lines  by  which 
the  half  of  the  perimeter  exceeds  the  other  two  Tides 
AB,  AC,  as  the  fquare  of  the  radius  is  to  the  fquare  of 
the  tangent  of  halt  the  angle  BAG  oppofite  to  the  bafe. 

Let  the  angles  BAC,  ABC  be  bifeded  by  the  ftraight  lines 
AG,  BG ;  and  producing  the  fide  AB,  let  the  exterior  angle 
CBH  be  bifeded  by  the  ftraight  line  BK,  meeting  AG  in  K ; 
and  from  the  points  G,  K,  let  their  be  drawn  perpendicular 
upon  the  fides  the  ftraight  lines  GD,  GE,  GF,  KH,  KL, 
KM.  Since  therefore  (4.  4.)  G  is  the  centre  of  the  circle  in- 
fcribed  in  the  triangle  ABC,  GD,  GF,  GE  will  be  equal,  and 
AD  will  be  equal  to  AE,  BD  to  BF,  and  CE  to  CF  In  like 
manner  KH,  KL,  KM  will  be  equal,  and  Bid  will  be  equal 
to  BM,  and  AH  to  AL,  becaufe  the  angles  HBM,  HAL  are  bi¬ 
feded  by  the  ftraight  lines  BK,  KA :  And  becaufe  in  the  tri¬ 
angles  KCL,  KCM,  the  fides  LK,  KM  are  equal,  KC  is  com¬ 
mon  and  KLC,  KMC  are  right  angles,  CL  will  be  equal  to 
CM  :  Since  therefore  BM  is  equal  to  BH,  and  CM  to  CL ; 
BC  will  be  equal  to  BH  and  CL  together  *,  and,  adding  AB 
and  AC  together,  AB,  AC,  and  BC  will  together  be  equal 
to  AH  and  AL  together :  But  AH,  AL  are  equal :  Wherefore 
each  of  them  is  equal  to  half  the  perimeter  of  the  triangle 
ABC :  But  fince  AD,  AE  are  equal,  and  BD,  BF,  and  aTfo 
CE,  CF,  AB  together  with  FC,  will  be  equal  to  half  the  pe¬ 
rimeter  of  the  triangle  to  which  AH  or  AL  was  fhewn  to  be 
equal ;  taking  away  therefore  the  common  AB,  the  remain- 
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tier  FC  will  be  equal  to  the  remainder  BH  :  In  the  fame  man>  - 
ner  it  is  demonfirated,  that  BF  is  equal  to  CL  :  And  lince  the 
points  B,  D,  G,  F,  are  in  a  circle,  the  angle  DGF  will  be  e- 
qual  to' the  exterior  and  oppofite  angle  FBH,  (22.  3.)  *,  where¬ 
to  re  their  halves  BGD,.  HBK  will  be  equal  to  one  another: 
The  right  angled  triangles  BGD,  HBK  will  therefore  be  e- 
qui angular,  and  GD  will  bo  to  BD,  as  BH  to  HK,  and  the 
it  Tangle  contained  by  GD,  HK  will  be  equal  to  the  reftangle 
DBH  or  BFC  :  But  fince  AH  is  to  HIC,  as  AD  to  DG,  the 
rectangle  HAD  (22.  6.)  will  be  to  the  redtangle  contained  by 
HK,  DG,  or  the  rectangle  BFC,  (as  the  fquare  of  AD  is  to 
the  fquare  of  DG,  that  is)  as  the  fquare  of  the  radius  to  the 
fquare  of  the  tangent  of  the  angle  DAG,  that  is,  the  half  of 
B  AC  :  But  HA  is  half  the  perimeter  of  the  triangle  ABC,  and 
AD  is  the  excefs  of  the  fame  above  HD,  that  is,  above  the 
bafe  BC  ;  but  BF  or  CL  is  the  excefs  of  HA  or  AL  above  the 
fjde  AC,  and  FC,  or  HR  is  the  excefs  of  the  fame  HA  above 
t  he  fide  AB  *,  therefore  the  rectangle  contained  by  half  the  pe^ 
rime  ter,  and  the  excefs  of  the  fame  above  the  bafe,  viz.  the 
rectangle  H  AD,  is  to  the  rectangle  contained:  by  the  ftraight 
lines  b}'  which  the  half  of  the  perimeter  exceeds  the  other  two. 

,  fides,  that  is,  the  rectangle  BFC,  as  the  fquare  of  the  radius  is 
to  the  fquare  of  the  tangent  of  half  the  angle  BAC  oppofite  to 
the  bafe.  (X_  E.  D. 

P  R  OP.  VII.  Fig.  12.  iq. 

IN  a  plain  triangle,  the  bafe  is  to  the  fum  of  the  Tides* 
as  the  difference  of  the  Tides  is  to  the  Turn  or  dif¬ 
ference  of  the  fegments  of  the  bafe  made  by  the  per¬ 
pendicular  upon  it  from  the  vertex,  according  as  the 
.  fquare  of  the  greater  fide  is  greater  or  lefs  than  the 
Turn  of  the  fquares  of  the  leffer  fide  and  the  bafe. 

■  Let  ABC  be  a  plain  triangle  *,  if  from  A  the  vertex  be  drawn 
a  ftraight  line  AD  perpendicular  upon  the  bafe  BC,  the  bafe! 
BC  will  be  to  the  fum  of  the  fides  BA,  AC,  as  the  difference 
of  the  fame  fides  is  to  the  fum  or  difference  of  the  fegments  CD, 
BD,  according  as  the  fquare  of  AC  the  greater  fide  is  greater 
or  lefs  than  the  fum  of  the  fquares  of  the  leffer  fide  AB,  and 
the  bafe  BC. 

About  A  as  a  centre,  with  AC  the  greater  fide  for  a  di- 
fiance,  let  a  circle  be  deferibed  meeting  AB  produced  in  E, 
F,  and  CB  in  G  t  It  is  mamfeR  that  FB  is  the  fum  and  BEr 
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the  difference  of  the  Tides  ;  and  fince  AD  is  perpendicular  to 
GO,  GD,  CD  will  be  equal  j  confequently  GB  will  be  equal 
to  the  fum  or  dif^rence  of  the  fegments  CD,  BD,  according 
as  the  perpendicular  AD  meets  the  bafe,  or  the  bafe  produced  3 
that  is,  (by  Conv.  12.  13.  2.)  according  as  the  fquare  of  AC  is 
greater  or  lefs  than  the  fum  of  the  fquares  of  AB,  BC  :  But  (by 
35*  3*)  the  rectangle  CBG  is  equal  to  the  rectangle  EBF ;  that 
is,  (16.  6.)  BC  is  to  BF,  as  BE  is  to  BG ;  that  is,  the  bafe  is  to 
the  fum  of  the  tides,  as  the  difference  of  the  tides  is  to  the  fum 
or  difference  of  the  fegments  of  the  bafe  made  by  the  perpen¬ 
dicular  from  the  vertex,  according  as  the  fquare  of  the  greater 
tide  is  greater  or  lefs  than  the  fum  of  the  fquares  of  the  letfer 
tide  and  the  bafe.  E.  D. 

PROP.  VIII.  P  R  O  B.  Fig.  14. 

r  |  ''HE  fum  and  difference  of  two  magnitudes  being 
M  given,  to  find  them. 

Half  the  given  fum  added  to  half  the  given  difference,  will 
be  the  greater,  and  half  the  difference  fubtracled  from  half  the 
fum,  will  be  the  lefs. 

For,  let  AB  be  the  given  fum,  AC  the  greater,  and  BC  the 
lefs.  Let  AD  be  half  the  given  turn ;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  tidded,  then  AC  will  be  equal  to  BD, 
and  DC  together  ;  that  is,  to  BC,  and  twice  DC ;  confequent¬ 
ly  twice  DC  is  the  difference,  and  DC  half  that  difference ; 
but  AC  the  greater  is  equal  to  AD,  DC ;  that  is,  to  half  the 
fum  added  to  half  the  difference,  and  BC  the  lefs  is  equal  to 
the  excefs  of  BD,  half  the  fum  above  DC  half  the  difference. 
Q^E.  F. 

SCHOLIUM. 

Of  the  fix  parts  of  a  plain  triangle  (the  three  fides  and  three 
angles)  any  three  being  given,  to  find  the  other  three  is  the  bu- 
finefs  of  plane  trigonometry ;  and  the  feveral  cafes  of  that  pro¬ 
blem  may  be  refolved  by  means  of  the  preceding  propofition, 
as  in  the  two  following,  with  the  tables  annexed.  In  thefe, 
the  folution  is  expreffed  by  a  fourth  proportional  to  three  given 
lines  *,  but  if  the  given  parts  be  expreffed  by  numbers  from  tri¬ 
gonometrical  tables,  it  may  be  obtained  arithmetically  by  the. 
common  Rule  of  Three. 

SOLUTION. 

Note.  In  the  tables  the  following'abbreviations  are  ufed  :  R,  is  put  for  the 
Radius;  T,  for  Tangent;  and  3,  for  Sine,  Degrees,  minutes,  ieconds,  &c. 
are  written  in  this  manner  :  30°  25'  13”,  See,  which  fignifres  30  degrees,  aj  mi¬ 
nutes,  13  feconds,  &c. 
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SOLUTION  of  the  Cases  of  right  angled 

Triangles. 

GENERAL  PROPOSITION. 

IN  a  right  angled  triangle,  of  the  three  Tides  and 
three  angles,  any  two  being  given  befides  the  right 
angle,  the  other  three  may  be  found,  except  when  the 
two  acute  angles  are  given,  in  which  cafe  the  ratios  of 
the  Tides  are  only  given,  being  the  fame  with  the  ra¬ 
tios  of  the  Tines  of  the  angles  oppofite  to  them. 

It  is  manifeft  from  47.  1.  that  of  the  two  tides  and  hypothe- 
nufe  any  two  be  given,  the  third  may  alfo  be  found.  It  is  alfo 
manifeft  from  32.  1.  that  if  one  of  the  acute  angles  of  a  right 
angled  triangle  be  given,  the  other  is  alfo  given,  for  it  is  the 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is  alfo  gi¬ 
ven,  being  the  fupplement  of  the  two  given  angles  to  two 
right  angles. 

The  other  cafes  may  be  refolved  by  help  of  the  preceding 

propofitions,  as  in  the  following  table : 

•  ‘ .  •  '  •  \ 

Given.  Sought. 

1 


2 


3 


4 


5 


Thefe  five  cafes  are  refolved  by  prop.  i» 


Two  fides,  AB, 
AC. 

The  angles 

B,  C. 

AB  :  AC  : :  R  :  T,  B,  of 
which  C  is  thecomplement. 

AB,BC,afide  and 
the  hypothenufe. 

The  angles 

B,  C. 

BC  :  BA  ^  R  :  S,  C,  of 
whichB  isthecomplement. 

AB,  B,  a  fide  and 
an  angle. 

The  other 
fide  AC. 

R  :  T,  B  : :  BA  :  AC. 

AB  and  B,  a  fide 
and  an  angle. 

The  hypo¬ 
thenufe  BC. 

S,  C  :  R  : :  BA  :  BC. 

BC  and  B,  the 
hypothenufe  and  an 
angle. 

The  fide 
AC. 

R  :  S,  B  :  :  BC  :  CA. 
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SOLUTION  of  the  Cases  of  Oblique-angled 

Triangles. 

GENERAL  PROPOSITION. 

I*N  an  oblique* angled  triangle,  of  the  three  Tides  and 
.  three  angles,  any  three  being  given,  the  other 
three  may  be  found,  except  when  the  three  angles  are 
given  ;  in  which  cafe  the  ratios  of  the  Tides  are  only 
given,  being  the  fame  with  the  ratios  of  the  Tines  of 
the  angles  oppofite  to  them. 


Given.  Sought. 


I  A,  13,  and  there¬ 
fore  C,  and  the  hde 
AB. 

BC,  AC. 

\ 

S,C:S,  A::  AB  :  BC, 
and  alfo,  S,  C  :  S,  B  : :  AB 
:  AC.  (2.) 

AB,  AC,  and  B, 
two  lides  and  an 
angle  oppofite  to  one 
of  them. 

The  angles 

A  and  C. 

AC:  AB:.:S,  B,  S,  C. 
(2.)  This  cafe  admits  of 
two  Tolutions  ;  for  C  may 
be  greater  or  lefs  than  a 
quadrant..  (Cor.  to  def.  4.) 

AB,  AC,  and  A, 
two  fides,  and  the 
included  angle. 

\ 

.  s  ■ 

The  angles 
B  and  C. 

AB+AC  :  AB — AC  : :  T, 
C+B.  :  T,  C—B  :  (3.) 

Z  1 

the  fum  and  difference  of 
the  angles  C,  B,  being 
given,  each  of  them  is  gi¬ 
ven.  (7.)  Otherwife .  Fig. 
18. 

BA  :  AC  : :  R  :  T,  ABC, 
and  alfoR  :  T,  ABC — 45 0 
:T,B+C:T,  B — C  :  (4.) 

2  2 

therefore  B  and  C  are  gi¬ 
ven  as  before.  (7.) 
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Given. 


\ 


4  AB,  BC,  CA, 
the  three  fides. 


Sought. 


a  ACxCB  :  ACq+CKq 
— ABy  :  :  R  :  Co  S,  C.  If 
AB^+CBy  be  greater  than 
AB^.  Fig.  16. 

2  ACxCB  :  AB q — AOq 
— CB?+::R:CoS,  C.  If 
A,  B,  C,  the  AB^  be  greater  than  AC q  X 
iree  angles.  CB^.  Fig.  (17.  4.) 

Other  wife. 

Let  AB-f-BC-f-AC  =  2P. 
P+P— AB  :  P — AC  + 

P — BC  :  :  Ry  :  T q>  4  C, 
and  hence  C  is  known.  (5.) 

Otherwife . 

Let  AD  be  perpendicular 
to  BC.  1.  If  AB<7  be  lefs 
than  AC^-f  CB^r.  Fig.  16. 
BC  :  BA  -f  AC  :  :  BA— 
AC  :  BD— DC,  and  BC 
the  fum  of  BD,  DC  is  given ; 
therefore  each  of  them  is 
given  (7.) 

2.  If  AB^  be  greater  than 
AC^-fCBy.  Fig.  17.  BC  : 
BA -f  AC  : :  BA — AC  :  BD 
-pDC  •,  and  BC  the  differ¬ 
ence  of  BD,  DC  is  given, 
therefore  each  of  them  is 
given.  (7.) 

And  CA  :  CD  :  :  R  :  Co 
S,  C.  (1.)  and  C  being 
found,  A  and  B  are  fount 
by  cafe  2.  or  3. 


SPHERICAL 


I 


/ 
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DEFINITIONS. 

I. 

THE  pole  of  a  circle  of  the  fphere  is  a  point  in  the  fuper- 
ficies  of  the  fphere,  from  which  all  ftraight  lines  dra  ::i 
to  the  circumference  of  the  circle  are  equal. 

II. 

A  great  circle  of  the  fphere  is  any  whofe  plane  palles  throj^: 
the  centre  of  the  fphere,  and  whofe  centre  tiaerexore  is 
fame  with  that  of  the  fphere. 

III. 

A  fpherical  triangle  is  a  figure  upon  the  fuperficies  of  a  fphere 
comprehended  by  three  arches  of  three  great  circles,  each  of 
which  is  lefs  than  a  femicircle. 

IV. 

A  fpherical  angle  is  that  which  on  the  fuperficies  of  a  fpheee  is 
contained  by  two  arches  of  great  circles,  and  is  the  lame  with 
the  inclination  of  the  planes  of  thefe  great  circles. 

PROP.  I. 

G  REAT  circles  bifeft  one  another. 

As  they  have  a  common  centre  their  common  fedfion  will  be 
a  diameter  of  each  which  will  bifedt  them. 

PROP.  II.  Fig.  x. 

THE  arch  of  a  great  circle  betwixt  the  pole  and 
the  circumference  of  another  is  a  quadrant. 

% 

Let  ABC  be  a  great  circle,  and  D  its  pole ;  if  a  great  circle 
DC  pafs  through  D,  and  meet  ABC  in  C,  the  arch  DC  will  be 
a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and  let 
AC  be  the  common  fedtipn  of  the  great  circles,  which  will 

pafs 
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pafs  through  E  the  centre  of  the  fphere :  Join  DE,  DA,  DC : 
By  def.  i.  DA,  DC  are  equal,  and  AE,  EC  are  alfo  equal,  and 
DE  is  common ;  therefore  (8.  i.)  the  angles  DE  A,  DEC  are 
equal ;  wherefore  the  arches  DA,  DC  are  equal,  and  conl'e- 
quently  each  of  them  is  a  quadrant.  E.  D. 


PROP.  III.  Fig.  2. 

IF  a  great  circle  be  defcribed  meeting  two  great  cir¬ 
cles  AB,  AC  palling  through  its  pole  A  in  B,  C,  the 
angles  at  the  centre  of  the  fphere  upon  the  circumfe¬ 
rence  BC,  is  the  fame  with  the  fpherical  angle  BAG, 
and  the  arch  BC  is  called  the  meafure  of  the  fpherical 
angle  BAC. 

Let  the  planes  of  the  great  circles  AB,  AC  interfe&.one  an¬ 
other  in  the  ftraiglit  line  AD  palling  through  D  their  common 
centre  *,  join  DB,  DC. 

*  Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles-,  therefore  (6.  def.  11.)  the 
angle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB, 
AC  \  that  is,  (def.  4.)  the  fpherical  angle  BAC.  Q^E.  D. 

Cor.  If  through  the  point  A,  two  quadrants  AB,  AC,  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  BC, 
palling  through  their  extremities  B,  C. 

Join  AC,  and  draw  AE  a  ftraight  line  to  any  other  point  E 
in  BC  *,  join  DE :  Since  AC,  AB  are  quadrants,  the  angles 
ADB,  ADC  are  right  angles,  and  AD  will  be  perpendicular  to 
the  plane  of  BC  :  Therefore  the  angle  ADE  is  a  right  angle, 
and  AD,  DC  are  equal  to  AD,  DE,  each  to  each ;  therefore 
AE,  AC,  are  equal,  and  A  is  the  pole  of  BC,  by  def.  i< 
Q^E.  D. 

PROP.  IV.  Fig.  3. 

IN  ifofceles  fpherical  triangles,  the  angles  at  the  bafe 
are  equal. 

Let  ABC  be  an  ifofceles  triangle,  and  AC,  CB  the  equal 
tides ;  the  angles  BAC,  ABC,  at  the  bafe  AC,  are  equal. 

\  Let 


SPHERICAL  TRIGONOMETRY. 


4  9$ 


Let  D  be  the  centre  of  the  fphere,  and  join  DA,  DB,  DC ; 
in  DA  >ake  any  point  E,  from  which  draw,  in  the  plane  ADC, 
the  ftraight  line  EF  at  right  angles  to  ED  meeting  CD  in  F, 
and  draw,  in  the  plane  ADB,  EG  at  right  angles  to  the  fame 
ED;  therefore  the  rectilineal  angle  FEG  is  (6.  def.  ii.)thc 
inclination  of  the  planes  ADC,  ADB,  and  therefore  is  the  fame 
with  the  fpherical  angle  BAC :  From  F  draw  FH  perpendicular 
to  DB,  and  from  H  draw,  in  the  plane  ADB,  the  ftraight  line 
HG  at  right  angles  to  FID  meeting  EG  in  G,  and  join  GF. 
Becaufe  DE  is  at  right  angles  to  EF  and  EG,  it  is  perpendicu¬ 
lar  to  the  plane  EFG,  (4.  1 1.)  and  therefore  the  plane  FEG  is 
perpendicular  to  the  plane  ADB,  in  which  DE  is :  (18.  11.)  In 
the  fame  manner  the  plane  FFIG  is  perpendicular  to  the  plane 
ADB  ;  and  therefore  GF  the  common  feCtion  of  the  planes 
FEG,  FFIG  is  perpendicular  to  the  plane  ADB;  (19.  11.) 
and  becaufe  the  angle  FFIG  is  the  inclination  of  the  planes 
BDC,  BD  A,  it  is  the  fame  with  the  fpherical  angle  ABC ;  and 
the  tides  AC,  CB  of  the  fpherical  triangle  being  equal,  the 
angles  EDF,  HDF,  which  hand  upon  them  at  the  centre  of 
the  fphere,  are  equal ;  and  in  the  triangles  EDF,  HDF,  the 
fide  DF  is  common,  and  the  angles  DEF,  DHF  are  right 
angles ;  therefore  EF,  FH  are  equal ;  and  in  the  triangles  FEG, 
FHG  the  fide  GF  is  common,  and  the  fides  EG,  GFI  will  be 
equal  by  the  47.  1.  and  therefore  the  angle  FEG  is  equal  to 
FHG  ;  (8.  1.)  that  is,  the  fpherical  angle  BAC  is  equal  to  the 
fpherical  angle  ABC. 


PROP.  V.  Fig.  3. 


IF,  in  a  fpherical  triangle  ABC,  two  of  the  angles 
BAC,  ABC,  be  equal,  the  fides  BC,  AC  oppqfite 
to  them  are  equal. 


Read  the  conftru&ipn  and  demonftration  of  the  preceding 
proportion,  unto  the  words,  “  and  the  fides  of  AC,  CB/’  &c^ 
and  the  reft  of  the  demonftration  will  be  as  follows,  viz. 

And  the  fpherical  angles  BAC,  ABC,  being  equal,  the 
rectilineal  angles  FEG,  FHG,  which  are  the  fame  with  them, 
are  equal;  and  in  the  triangles  FGE,  FGH  the  angles  at  G 
^re  right  angles,  and  the  fide  FG  oppofite  to  two  of  the  equal 
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angles  is  common ;  therefore  (2 6.  1.)  EF  is  equal  to  FH  :  And 
in  the  right  angled  triangles  DEF,  DHF  the  fide  DF  is  comr 
mon ;  wherefore  (47.  1.)  ED  is  equal  to  DH,  and  the  angles 
EDF,  HDF,  are  therefore  equal,  (4.  1.)  and  consequently  the 
fides  AC,  BC  of  the  fpherical  triangle  are  equal. 

PROP.  VI.  Fig.  4. 

ANY  two  Tides  of  a  fpherical  triangle  are  greater 
than  the  third. 

j 

Let  ABC  be  a  fpherical  triangle,  any  two  fides  AB,  BC  will 
be  greater  than  the  other  fide  AC. 

Let  D  be  the  centre  of  the  fphere :  Join  DA,  DB,  DC. 

The  folid  angle  at  D,  is  contained  by  three  plane  angles, 
ADB,  ADC,  BDC;  and  by  20.  11.  any  two  of  them  ADB, 
BDC  are  greater  than  the  third  ADC ;  that-  is,  any  two  fides 
AB,  BC  of  the  fpherical  triangle  ABC,  are  greater  than  the 
third  AC. 

PROP.  VII.  Fig.  4. 

r|PHE  three  fides  of  a  fpherical  triangle  are  lefs  than 
.JL,  a  circle. 

Let  ABC  be  a  fpherical  triangle  as  before,  the  three  fides 
AB,  BC,  AC  are  lefs  than  a  circle. 

Let  D  be  the  centre  of  the  fphere :  The  folid  angle  at  D  is 
contained  by  three  plane  angles  BDA,  BDC,  ADC,  which  to¬ 
gether  are  lefs  than  four  right  angles,  (2r.  11.)  therefore  the 
fides  AB,  BC,  AC  together,  will  be  lefs  than  four  quadrants  ; 
that  is,  lefs  than  a  circle. 

PROP.  VIII.  Fig.  5. 

IN  a  fpherical  triangle  the  greater  angle  is  oppofite 
to  the  greater  fide  ;  and  converfely. 

Let  ABC  be  a  fpherical  triangle,  the  greater  angle  A  is  op- 
pofed  to  the  greater  fide  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and 
then  BD,  DA  will  be  equal,  (5.  of  this)  and  therefore  AD, 

DC 
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t)C  are  equal  to  BC ;  but  AD,  DC  are  greater  than  AC,  ( 6 . 
of  this),  therefore  BC  is  greater  than  AC,  that  is,  the  greater 
angle  A  is  oppofite  to  the  greater  lide  BC.  The  converfe  is 
demonftrated  as  prop.  ip.  i.  El.  E.  D, 


PROP.  IX.  Fig.  6. 

IN  any  fpherical  triangle  ABC,  if  the  fum  of  the  fidea 
AB,  BC,  be  greater,  equal,  or  lefs  than  a  femicircle, 
the  internal  angle  at  the  bale  AC  will  be  greater,  e- 
qual„  or  lefs  than  the  external  and  oppofite  BC:)  ;  and 
therefore  the  film  of  the  angles  A  and  ACB  will  be 
greater,  equal,  or  lefs  than  two  right  angles. 

Let  AC,  AB  produced  meet  in  D. 

i.  If  AB,  BC  be  equal  to  a  femicircle,  that  is,  to  AD,  BC, 
BD  will  be  equal, That  is,  (4.  of  this)  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  femicircle,  that  is 
greater  than  ABD,  BC  will  be  greater  than  BD  ;  and  there¬ 
fore  (8i  of  this)  the  angle  D,  that  is,  the  angle  A,  is  greater 
than  the  angle  BCD, 

3.  In  the  fame  manner  is  it  fhown,  that  if  AB,  BC  together 
be  lefs  than  a  femicircle,  the  angle  A  is  lefs  than  the  angle 
BCD.  And  fince  the  angles  BCD,  BCA  are  equal  to  two 
right  angles,  if  the  angle  A  be  greater  than  BCD,  A  arid  ACB 
together  will  be  greater  than  two  right  angles.  If  A  be  equal 
to  BCD,  A  and  ACB  together  will  be  equal  to  two  right  an¬ 
gles  ;  and  if  A  be  lefs  than  BCD,  A  and  ACB  will  be  lefs  than 
two  right  angles.  E.  D. 


PROP.  X.  Fig.  7. 

IF  the  angular  points  A,  B,  C  of  the  fpherical  trian¬ 
gle  ABC  be  the  poles  of  three  great  circles,  thefe 
great  circles  by  their  interfe&ions  will  form  another 
triangle  FDE,  which  is  called  fupplemental  to  the  for- 
inerj  that  is,  the  Tides  FD,  J3E,  EF  are  the  iup- 
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plements  of  the  meafures  of  the  oppofite  angles  C,  B,  A, 
of  the  triangle  ABC,  and  the  meafures  of  the  angles 
F,  D,  E  of  the  triangle  FDE,  will  be  the  fupplements 
of  the  Tides  AC,  BC,  BA,  in  the  triangle  ABC. 

Let  AB  produced  meet  DE,  EE,  in  G,  M,  and  AC  meet 
FD,  FE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  pafies  through 
A,  EF  will  pafs  through  the  pole  of  AC,  (13.  15.  1.  Th.)  and 
fince  AC  pafTes  through  C,  the  pole  of  FD,  FD  will  pafs 
through  the  pole  of  AC  v  therefore  the  pole  of  AC  is  in  the 
point  F,  in  which  the  arches  DF,  EF  interfeft  each  other.  In 
the  fame  manner,  D  is  the  pole  of  BC,  and  E  the  pole  of  AB. 

And  lince  F,  E  are  the  poles  of  AL,  AM,  FL  and  EM  are 
quadrants,  and  FL,  EM  together,  that  is,  FE  and  ML  toge¬ 
ther,  are  eaual  to  a  ferni circle.  But  fince  A  is  the  oole  of  ML, 
ML  is  the  meafure  of  the  angle  BAC,  confequently  FE  is  the 
fupplement  of  the  meafure  of  the  angle  BAC.  In  the  fame 
manner,  ED,  DF  are  the  fupplements  of  the  meafbres  of  the 
angles  ABC,  BCA. 

Since  likewife  CN,  BII  are  quadrants,  CN,  BH  together, 
that  is,  NH,  BC  together  are  equal  to  a  femicircle ;  and  fince 
D  is  the  pole  of  NH,  NH  is  the  meafure  of  the  angle  FDE, 
therefore  the  meafure  of  the  angle  FDE  is  the  fupplement  of 
the  lide  BC.  In  the  fame  manner,  it  is  fhown  that  the  mea¬ 
fures  of  the  angles  DEF,  EFD  are  the  fupplements.  of  the  fades 
AB,  AC,  in  the  triangle  ABC.  Q.  E.  D* 


PROF.  XL  Fig.  7. 


HE  three  angles  of  a  fpherical  triangle  are  greater 
than  two  right  angles,  and  lets  than  fix  right 
angles. 


The  meafures  of  the  angles  A,  B,  C,  in  the  triangle  ABC, 
together  with  the  three  tides  of  the  fupplemental  triangle  DEF, 
are  (10.  of  this)  equal  to  three  femicircles  *,  but  the  three  tides 
of  the  triangle  FDE,  are  (7.  of  'this)' Ids  than  two  femicircles ; 

therefore 
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therefore  the  meafures  of  the  angles  A,  B,  C  are  greater  than, 
a  femicircle ;  and  henCe  the  angles  A,  B,  C  are  greater  than 
two  right  angles. 

All  the  external  and  internal  angles  of  any  triangle  are  equal 
to  fix  right  angles  j  therefore  all  the  internal  angles  are  lefs 
than  fix  right  angles. 


PROP.  XII.  Fig.  8. 

IF  from  any  point  C,  which  is  not  the  po}e  of  the 
great  circle  ABD,  there  be  drawn  arches  of  great 
circles  GA,  CD,  CE,  CF,  &c.  the  greateft  of  thefe  is 
CA,  which  paffes  through  H  the  pole  of  ABD,  and 
CB  the  remainder  of  ACB  is  the  lead,  and  of  any  o- 
thers  CD,  CE,  CF,  &c.  CD,  which  is  nearer  to  CA,  is 
greater  than  CE,  which  is  more  remote. 

Let  the  common  fe£tion  of  the  planes  of  the  great  circles 
ACB,  ADB  be  AB  $  and  from  C,  draw  CG  perpendicular  to 
AB,  which  will  alfo  be  perpendicular  to  the  plane  ADB ;  (4. 
def.  11.)  join  GD,  GE,  GF,  CD,  CE,  CF,  CA,  CB. 

Of  all  the  ftraight  lines  drawn  from  G  to  the  circumference 
ADB,  GA  is  the  greateft,  and  GB  the  leaft;  (7.  3.)  and  GD, 
which  is  nearer  to  GA,  is  greater  than  GE,  which  is  more 
remote.  The  triangles  CGA,  CGD  are  right-angled  at  G, 
and  they  have  the  common  fide  CG  ;  therefore  the  fquares  of 
CG,  GA  together,  that  is,  the  fquare  of  CA,  is  greater  than 
the  fquares  of  CG,  GD  together,  that  is,  the  fquare  of  CD  : 
And  CA  is  greater  than  CD,  and  therefore  the  arch  CA  is 
greater  than  CD.  In  the  fame  manner,  fince  GD  is  greater 
than  GE,  and  GE  than  GF,  & c.  it  is  fhown  that  CD  is 
greater  than  CE,  and  CE  than  CF,  See.  and  confequently,  the 
arch  CD  greater  than  the  arch  CE,  and  the  arch  CE  greater 
than  the  arch  CF,  See.  And  fince  GA  is  the  greateft,  and  GB 
the  leaft  of  all  the  ftraight  lines  drawn  from  G  to. the  circum¬ 
ference  ADB,  it  is  manifeft  that  CA  is  the  greateft,  and  CB 
the  leaft  of  all  the  ftraight  lines  drawn  from  C  to  the  circum¬ 
ference  :  And  therefore  the  arch  CA  is  the  greateft,  and  CB 
the  leaft  of  all  the  circles  drawn  through  C,  meeting  ADB. 
Q^E.  D. 
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PROP.  XIII.  Fig.  9. 


Fig.  10. 


IN  a  right-angled  fpherical  triangle  the  Tides  are  of 
the  fame  affettion  with  the  oppofite  angles ;  that 
is,  if  the  Tides  be  greater  or  lefs  than  quadrants,  the’ 
oppofite  angles  will  be  greater  or  lefs  than  right  angles. 

Let  ABC  be  a  fpherical'  triangle  right-angled  at  A,  any  fide 
AB,  will  be  of  the  fame  affection  with  the  oppofite  angle  ACB. 

Cafe  1.  Let  AB  be  lefs  than  a.  quadrant,  let  AE  be  a  qua¬ 
drant,  and  let  EC-  be  a  great  circle  palling  through  E,  C. 
Since  A  is  a  right  angle,  and  AE  a  quadrant,  E  is  the  pole 
of  the  great  circle  AC,  and  ECA  a-  right  angle  *,  but  ECA  is 
greater  than  BCA,  therefore  BCA  is  lefs  than  a  right  angle. 
Q.  E.  D. 

Cafe  2.  Let  AB  be  greater  than  >  quadrant,  make  AE  a  qua¬ 
drant,  and  let  a  great  circle  pals  through  C,  E,  ECA  is  a  right 
angle  as  before,  and  BCA  is  greater  than  ECA,  that  is,  greater 
than  a  right  angle.  Q^E.  D, 


PROP.  XIV. 


$> 


IF  the  two  Tdes  of  a  right-angled  fpherical  triangle  be 
of  the  fame  affe&ion,  the  hypothenufe  will  be  lefs 
than  a  quadrant ;  and  if  they  be  of  different  affe&ion* 
the  hypothenufe  will  be  greater  than  a:  quadrant. 

Let  ABC  be  a  right-angled  fpherical  triangle,  if  the  two  fides- 
AB,  AC  be  of  the  fame  or  of  different  affection,  the  hypothe- 
nufe  BC  will  be  lefs  or  greater  than  a  quadrant. 

Cafe  r.  Let  AB,  AC  be  each  lefs  than  a  quadrant*  Let 
AE,  AG  be  quadrants ;  G  will  be  the  pole  of  AB,  and  E  the 
pole  of  AC,  and  EC  a  quadrant ;  but,  by  prop.  L2.  C£  is 
greater  than  CB,  fince  CB  is  farther  off*  from  CGD  than  CE. 
In  the  fame  manner,  it  is  fhown  that  CB,  in  the  triangle  CBD, 
where  the  two  fides  CD,  BD  are  each  greater  than  a  quadrant, 
is  lefs  than  CL,  that  is,  lefs  than  a  quadrant.  E,  D. 

"  - 1  :  '  ‘  ‘  Cafe. 
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Cafe  2.  Let  AC  be  lefs,  and  AB  greater  than  a  quadrant ;  Fi 
then  the  hypothenufe  BC  will  be  greater  than  a  quadrant ;  for 
let  AE  be  a  quadrant,  then  E  is  the  pole  of  AC,  and  EC  will 
be  a  quadrant.  But  CB  is  greater  thin  CE  by  prop.  12.  ftnce 
AC  paftes  through  the  pole  of  ABD.  E.  D. 


PRO  P.  XV. 

IF  the  hypothec  uTe  of  a  right*  ang'Ied  triangle  be 
greater  or  lefs  than  a  quadrant,  the  fides  will  be  of 

different  or  the  fame  affection. 

% 

This  is  the  converfe  of  the  preceding,  and  demonftrated  in 
the  fame  manner. 


PROP.  XVL 

IN  any  fphericai  triangle  ABC,  if  the  perpendicular 
AD  from  A  upon  the  bafe  BC,  fail  within  the  tri¬ 
angle,  the  angles  B  and  C  at  the  bale  wiil  be  of  the 
fame  affe&ion  ;  and  if  the  perpendicular  fall  without 
the  triangle,  the  angles  B  and  C  will  be  of  different 
affecftion.  * 

1.  Let  AD  fall  within  the  triangle;  then  (13.  of  this)  ftnce  Fig 
ADB,  ADC  are  right-angled  fphericai  triangles,  the  angles  B, 

C  mu  ft  each  be  of  the  fame  afteftion  as  AD. 

2.  Let  AD  fall  without  the  triangle,  then  (13.  of  this)  the  pig 
angle  B  is  of  the  fame  affection  as  AD  ;  and  by  the  fame  the 
angle  ACD  is  of  the  fame  affection  as  AD  ;  therefore  the  angle 
ACB  and  AD  are  of  different  affection,  and  the  angles  B  and 
ACB  of  different  affection. 

Co'R.  TIence  if  the  angles  B  and  C  be  of  the  fame  affection, 
the  perpendicular  will  fall  within  the  bale ;  for,  if  it  did  not, 
(16.  of  this)  B  and  C  would  be  of  different  affection.  And  if* 
the  angles  B  and  C  be  of  oppofite  affection,  the  perpendicular 
will  fall  without  the  triangle ;  for,  if  it  did  not,  (16.  of  this), 
the  angles  B  and  C  would  be  of  the  fame  affection,  contrary  to 
the  fuppolition. 

I  i  3 
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PROP.  XVII.  Pig.  13. 

v  #  V  * 

IN  right-angled  fpherical  triangles,  the  fine  of  either 
of  the  Tides  about  the  right  angle,  is  to  the  radius 
of*  the  fphere,  as  the  tangent  of  the  remaining  fide  is 
to  the  tangent  of  the  angle  oppofite  to  that  fide. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A ;  and 
let  AB  be  either  of  the  fides,  the  fine  of  the  tide  AB  will  be 
to  the  radius,  as  the  tangent  of  the  other  fide  AC  to  the  tan¬ 
gent  of  the  angle  ABC,  oppofite  to  AC.  Let  D  be  the  cen¬ 
tre  of  the  fphere ;  join  AD,  BD,  CD,  and  let  AE  be  drawn 
perpendicular  to  BD,  which  therefore  will  be  the  fine  of  the 
arch  AB,  and  from  the  point  E,  let  there  be  drawn  in  the 
plane  BDC  the  ftraight  line  EF  at  right  angles  to  BD,  meeting 
DC  in  F,  and  let  AF  be  joined.  Since  therefore  the  ftraight 
line  DE  is  at  right  angles  to  both  EA  and  EF,  it  will  alfo  be 
at  right  angles  to  the  plane  AEF,  (4.  11.)  wherefore  the  plane 
ABD,  which  paftes  through  DE  is  perpendicular  to  the  plane 
AEF,  (18.  11.)  and  the  plane  AEF  perpendicular  to  ABD:  The 
plane  A  CD  or  AFD  is  alfo  perpendicular  to  the  -fame  ABD  : 
Therefore  the  common  feCtion,  viz.  the  ftraight  line  AF,  is  at 
right  angles  to  the  plane  ABD  :  (19.  1 1.)  And  FAE,  FAD  are 
-right  angles ;  (3.  def.  n<)  therefore  AF  is  the  tangent  of  the 
arch  AC ;  and  in  the  rectilineal  triangle  AEF  having  a  right 
angle  at  A,  AE  will  be  to  the  radius  as  AF  to  the  tangent  of  the 
angle  AEF,  ( 1  PI.  Tr.) ;  but  AE  is  the  fine  of  the  arch  AB, 
and  AF  the  tangent  of  the  arch  AC,  and  the  angle  AEF  is  the 
inclination  of  the  planes  CBD,  ABD,  (6.  def.  1 1.)  or  the  fphe¬ 
rical  angle  ABC  ;  Therefore  the  fine  of  the  arch  AB  is  to  the 
radius  as  the  tangent  of  the  arch  AC,  to  the  tangent  of  the 
oppofite  angle  ABC. 

Cor.  i.  If  therefore  of  the  two  fides,  and  an  angle  oppo-? 
fite  to  one  of  them,  any  two  be  given,  the  third  will  alfo  be 
given. 

Cor.  2.  And  fince  by  this  proportion  the  fine  of  the  fide 
AB  is  to  the  radius,  as  the  tar  gent  of  the  other  fide  AC  to  the 

tangent 
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tangent  of  the  angle  ABC  oppofite  to  that  fide ;  and  as  the 
radius  is  to  the  co -tangent  of  the  angle  ABC,  fo  is  the  tangent 
of  the  fame  angle  ABC  to  the  radius,  (Cor.  2.  def.  PL  Tr.) 
by  equality,  the  fine  or  the  fide  AB  is  to  the  co-tangent  of  the 
angle  ABC  adjacent  to  it,  as  the  tangent  of  the  other  lkle  AC 
to  the  radius. 

PROP.  XVIII.  Fig.  13.  '  ,  ... 

\  I  ^  eg 

!'  1  *  Ih 

'IN  right-angled  fpherical  triangles  the  fine  of  the  hy- 
&  pothenufe  is  to  the  radius,  as  the  fine  of  either  fide 
is  to  the  fine  of  the  angle  oppofite  to  that  fide. 

Let  the  triangle  ABC  be  right-angled  at  A,  and  let  AC  he 
either  of  the  tides  ;  the  line  of  the  hypothenufe  BC  will  be  to 
the  radius  as  the  line  of  the  arch  AC  is  to  the  fine  of  the  angle 
ABC. 

Let  D  be  the  centre  of  the  fphere,  and  let  CG  be  drawn  per¬ 
pendicular  to  DB,  which  will  therefore  be  the  fine  of  the  hy¬ 
pothenufe  BC ;  and  from  the  point  G  let  there  be  drawn  in  the1** 
plane  ABD  the  flraight  line  GH  perpendicular  to  DB,  and  let 
CH  be  joined;  CH  will  be  at  right  angles  to  the  plane  ABD,  as  " 
was  fhown  in  the  preceding  proportion  of  the  ftraight  line  FA: 
"Wherefore  CHD,  CHG  are  right  angles,  and  CH  is  the  fine  of 
the  arch  AC ;  and  in  the  triangle  CHG,  having  the  right  angle 
CHG,  CG  is  to  the  radius  as  CII  to  the  fine  of  the  angle 
CGH  :  (1.  PL  Tr.)  But  lince  CG,  HG  are  at  right  angles  to 
DGB,  which  is  the  common  fe&ion  of  the  planes  CBD,  ABD, 
the  angle  CGH  will  be  equal  to  the  inclination  of  thefe  planes; 
(6.  def.  11.)  that  is,  to  the  fpherical  angle  ABC.  The  fine 
therefore,  of  the  hypothenufe  CB  is  to  the  radius  as  the  fine  of 
the  fide  AC  is  to  the  fine  of  the  oppofite  angle  ABC.  Q^E.  D, 

Cor.  Of  thefe  three,  viz.  the  hypothenufe,  a  fide,  and  the 
angle  oppofite  to  that  fide,  any  two  being  given,  the  third  is 
alfo  given  by  prop.  2. 

li  4 
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PROP.  XIX.  Fig.  14. 

IN  right-angled  fpherical  triangles-,  the  co-fine  of 
the  hypothenufe  is  to  the  radius  as  the  co  tangent 
of  either  of  the  angles  is  to  the  tangent  of  the  remain¬ 
ing  angle. 

Let  ABC  be  a  fpherical  triangle,  having  a  right  angle  at  A, 
the  co-fine  of  the  hypothenufe  BC  will  be  to  the  radius  as  the 
co-tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB, 
Defcribe  the  circle  DE,  of  which  B  is  the  pole,  and  let  it 
meet  AC  in  F  and  the  circle  BC  in  E ;  and  fince  the  circle  BD 
paffes  through  the  pole  B  of  the  circle  DF,  DF  will  alfo  pafs 
through  the  pole  of  BD.  (13.  18.  1.  Theod.  Sph.)  And  fince 
AC  is  perpendicular  to  BD,  AC  will  alfo  pafs  through  the  pole 
of  BD  j  wherefore  the  pole  of  the  circle  BD  will  be  found  in 
the  point  where  the  circles  AC,  DE  meet,  that  is,  in  the  point 
F:  The  arches  FA,  FD -are  therefore  quadrants,  and  likewife 
the  arches  BD,  BE  :  In  the  triangle  CEF,  right-angled  at  the 
point  E,  CE  is  the  complement  of  the  hypothenufe  BC  of  the 
triangle  ABC>  EF  is  the  complement  of  the  arch  ED,  which  is 
the  meafure  of  the  angle  ABC,  and  FC  the  hypothenufe  of  the 
triangle  CEF,  is  the  complement  of  AC,  and  the  arch  AD, 
which  is  the  meafure  of  the  angle  CFE,  is  the  complement  of 
AB. 

But  (17.  of  this)  in  the  triangle  CEF,  the  fine  of  the  fide 
CE  is  to  the  radius,  as  the  tangent  of  the  other  fide  is  to  the 
tangent  of  the  angle  ECF  oppofite  to  it,  that  is,  in  the  triangle 
ABC,  the  co-fme  of  the  hypothenufe  BC  is  to  the  radius,  as 
the  co-tangent  of  the  angle  ABC  is  to  the  tangent  of  the  angle 
ACB.  Q^E.  D. 

Cor.  i.  Of  thefe  three,  viz.  the  hypothenufe  and  the  two 
angles,  any  two-  being  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propoiition  the  co-fine  of  the 
hypothenufe  BC  is  to  the  radius,  as  the  co-tangent  of  the 
angle  ABC  to  the  tangent  of  the  angle  ACB.  But  as  the  ra¬ 
dius  is  to  the  co-tangent  of  the  angle  ACB,  fo  is  the  tangent 
pf  the  fame  to  the  radius  *,  (Ccr.  2.  def.  PI.  Tr.)  and,  ex 
aequo,  the  co-fine  of  the  hypothenufe'  BC  is  to  the  co-tangent 


1 


SPHERICAL  TRIGONOMETRY, 

of  the  angle  ACB,  as  the  co-tangent  of  the  angle  ABC  to  the 
radius. 


PROP.  XX..  Fig.  14. 

IN  right-angled  fpherical  triangles,  the  co-fine  of  an 
angle  is  to  the  radius,  as  the  tangent  of  the  fide  ad¬ 
jacent  to  that  angle  is  to  the  tangent  of  the  hypothe- 
nufe. 

The  fame  conftruclion  remaining ;  in  the  triangle  CEF, 
(17.  of  this)  the  fine  of  the  IiJqEF  is  to  the  radius,  as  the  tan¬ 
gent  of  the  other  lide  CE  is  to  the  tangent  of  the  angle  CFE 
oppoflte  to  it  *,  that  is,  in  the  triangle  ABC,  the  co-line  of  the 
angle  ABC  is  to  the  radius  as  (the  co-tangent  of  the  hypothe- 
nufe  BC  to  the  co- tangent  of  the  lide  AB,  adjacent  to  ABC  or 
as)  the  tangent  of  the  lide  AB  to  the  tangent  of  the  hypothec 
nufe,  lince  the  tangents  of  two  arches  are  reciprocally  propoiv 
tional  to  their  co-tangents.  (Cor.  1.  def.  PI.  Tr.) 

Cor.  And  lince  by  this  proportion  the  co-line  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  lide  AB  is  to  the 
tangent  of  the  hypothenufe  BC ;  and  as  the  radius  is  to  the  co¬ 
tangent  of  BC,  fo  is  the  tangent  oi  BC  to  the  radius  ;  by  equa¬ 
lity,  the  co-line  of  the  angle  ABC  will  be  to  the  co-tangent  of 
the  hypothenufe  BC,  as  the  tangent  of  the  lide  AB,  adjacent  to 
the  angle  ABC,  to  the  radius. 


PROP.  XXI.  Fig.  14. 

IN  right-angled  fpherical  triangles,  the  co-fine  of  eL 
ther  of  the  lides  is  to  the  radius,  as  the  co-fme  of 
the  hypothenufe  is  to  the  co-fine  of  the  other  lide. 

The  fame  conftruflion  remaining;  in  the  triangle  CEF,  the 
line  of  the  hypothenuie  CF  is  to  the  radius,  as  the  line  of  the 
lide  CE  to  the  line  of  the  oppolite  angle  CFE;  (18.  of  this) 
that  is,  in  the  triangle  ABC  the  co-line  of  the  lide  CA  is  to  the 
radius  as  the  co-line  of  the  hypothenufe  BC  to  the  co-line  of 
the  other  lide  BA.  E.  D. 


PROP. 
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PROP.  XXII.  Fig.  14. 

■V '  "  ■  ,  ;j 

IN  right-angled  fpherical  triangles,  the  co-fiue  of  ei-  1 
ther  of  the  Tides  is  to  the  radius,  as  the  co-fine  of 
the  angle  oppofite  to  that  fide  is  to  the  fine  of  the  other 
angle. 

The  fame  conftru£tion  remaining j  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius  as  the  fine  of  the 
fide  EF  is  to  the  fine  of  the  angle  ECF  oppofite  to  it ;  that  is 
in  the  triangle  ABC,  the  co-fine  of  the  fide  CA  is  to  the  ra¬ 
dius,  as  the  co-fine  of  the  angle  ABC  oppdfite  to  it,  is  to  the 
fine  of  the  other  angle.  E.  D. 
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Of  the  CIRCULAR  PARTS. 

IN  any  right-angled  fpherical  triangle  ABC,  the  complement  Fig.  15. 

of  the  hypothenule,  the  complements  of  the  angles  and  the 
two  lides  are  called  The  circular  parts  of  the  triangle ,  as  if  it 
were  following  each  other  in  a  circular  order,  from  whatever 
part  we  begin :  Thus,  if  we  begin  at  the  complement  of  the 
hypothenufe,  and  proceed  towards  the  fide  BA,  the  parts  fol¬ 
lowing  in  order  will  be  the  complement  of  the  hypothenufe,  the 
complement  of  the  angle  B,  the  fide  BA  the  fide  AC,  (for  the 
right  angle  at  A  is  not  reckoned  among  the  parts),  and,  laftly, 
the  complement  of  the  angle  C.  And  thus  at  whatever  part  we 
begin,  if  any  three  of  thele  five  be  taken,  they  either  will  be 
all  contiguous  or  adjacent,  or  one  of  them  will  not  be  conti¬ 
guous  to  either  of  the  other  two :  In  the  firft  cafe,  the  part 
which  is  between  the  other  two  is  called  the  Middle  party  and 
the  other  two  are  called  Adjacent  extremes .  In  the  fecond  cafe, 
the  part  which  is  not  contiguous  to  either  of  the  other  two  is 
called  the  Middle  party  and  the  other  two  Oppofite  extremes . 

For  example,  if  the  three  parts  be  the  complement  of  the  hy- 
pothenufe  BC,  the  complement  of  the  angle  B,  and  the  fide 
BA  \  iince  thefe  three  are  contiguous  to  each  other,  the  com¬ 
plement  of  the  angle  B  will  be  the  middle  part,  and  the  com¬ 
plement  of  the  hypothenufe  BC  and  the  lide  BA  will  be  adjacent 
extremes  :  But  if  the  complement  of  the  hypothenufe  BC,  and 
the  tides  BA,  AC  be  taken  j  iince  the  complement  of  the  hypo¬ 
thenufe  is  not  adjacent  to  either  of  the  fides,  viz.  on  account 
of  the  complements  of  the  two  angles  B  and  C  intervening  be¬ 
tween  it  and  the  fides,  the  complement  of  the  hypothenule  BC 
will  be  the  middle  part,  and  the  fides,  BA,  AC  oppolite  ex¬ 
tremes.  The  moft  acute  and  ingenious  Baron  Napier,  the  in¬ 
ventor  of  Logarithims,  contrived  the  two  following  rules  con¬ 
cerning  thefe  parts,  by  means  of  which  all  the  cafes  of  right- 
angled  fpherical  triangles  are  refolved  with  the  greateft  eafe. 


R  U  L  E  I. 

The  redtangle  contained  by  the  radius  and  the  fine  of  the 
middle  part,  is  equal  to  the  redhipgle  contained  by  the  tangents 
9f  the  adjacent  parts, 
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RULE  II. 

The  rectangle  contained  by  the  radius,  and  the  fine  of  the 
middle  part  is  equal  to  the  rectangle  contained  by  the  co¬ 
fines  of  the  oppolite  parts. 

Thefe  rules  are  demonftrated  in  the  following  manner : 

Mg,  16,  Firft,  Let  either  of  the  fides,  as  BA,  be  the  middle  part,  and 
therefore  the  complement  of  the  angle  B,  and  the  fide  AC  will 
be  adjacent  extremes.  And  by  cor.  2.  prop.  17.  of  this,  S,  BA 
is  to  the  Co-T,  B,  as  T,  AC  is  to  the  radius,  and  therefore 
RxS,  BA  =  Co-T,  BxT,  AC. 

The  fame  fide  BA  being  the  middle  part,  the  complement 
of  the  hypothenufe,  and  the  complement  of  the  angle  C,  are(op- 
pofite  extremes  ;  and  by  prop.  18.  S.  BC  is  to  the  radius,  as  S, 
BA  to  S,  C ;  therefore  RxS,  BA=S,  BCxS,  C. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as  B,  be 
the  middle  part,  and  the  complement  of  the  hypothenufe,  and 
the  fide  BA  will  be  adjacent  extremes :  And  by  cor.  prop.  20. 
Co-S,  B  is  to  Co-T,  BC,  as  T,  BA  is  to  the  radius,  and  there¬ 
fore  RxCo-S,  B=Co-T,  BCxT,  BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle 
part,  and  the  complement  of  the  angle  C,  and  the  fide  AC  will 
be  oppolite  extremes  :  And  by  prop.  22.  Co-S,  AC  is  to  the  ra¬ 
dius,  as  Co-S,  B  is  to  S,  C :  And  therefore  RxCo-S,  BnCo-S, 
ACxS,  C. 

Thirdly,  Let  the  complement  of  the  hypothenufe  be  the 
middle  part,  and  the  complements  of  the  angles  B,  C,  will  be 
adjacent  extremes  :  But  by  cor.  2.  prop.  19.  Co-S,  BC  is  to 
Co-T,  B  as  Co-T,  B  to  the  radius :  Therefore  R  X  Co  ,  BCr= 
Co-T,  CxCo-T,  C. 

Again,  Let  the  complement  of  the  hypothenufe  be  the  middle 
part,  and  the  fides  AB,  AC  will  be  oppolite  extremes :  But  by 
prop.  21.  Co-S,  AC  is  to  the  radius,  Co-S,  BC  to  Co-S,  BA; 
therefore  RxCo-S,  BC=Qo-S,  BAxCo-S,  AC.  Q^E.  D. 
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SOLUTION  of  the  Sixteen  Cases  of  Right¬ 
-Angled  Spherigal  Triangles. 

GENERAL  PROPOSITION. 

IN  a  right  angled  fpherical  triangle,  of  the  three  (ides 
P  and  three  angles,  any  two  being  given,  "befides  the 
right  angle,  the  other  three  may  be  found.  * 

In  the  following  Table  the  folutions  are  derived  from  the  pre¬ 
ceding  proportions.  It  is  obvious  that  the  fame  folutions 
may  be  derived  from  Baron  Napier’s  two  rules  above  de~ 
moo  Orated,  which,  as  they  are  eaiily  remembered,  are  com¬ 
monly  ufed  in  practice. 


Cafe. 

Given. 

Sought. 

i 

AC,  C 

B 

R  :  CoS,  AC  :  :  S,  C  :  CoS,  B  :  And  B  is 
of  the  fame  fpecies  withCA,by  22.and  13. ; 

2 

AC,  B 

C 

CoS,  AC  :  R  : :  CoS,  B  :  S,  C  :  By  22. 

3 

B,  C 

AC 

S,  C  :  CoS,  B  : :  R  CoS,  AC  :  By  22.  and 
AC  is  of  the  fame  fpecies  with  B.  13. 

* 

4 

BA,  AC 

BC 

R : CoS, B  A  : :  CoS,  AC  :  CoS, BC.  2 1 .  and 
if  both  AB,  AC  be  greater  or  lefs  than  a 
quadrant,  BC  will  be  lefs  than  a  quadrant. 
But  if  they  be  of  different  affection,  BC 
will  be  greater  than  a  quadrant.  14. 

5 

BA,  BC 

AC 

CoS,  BA  :  R  : :  CoS,  BC,  CoS,  AC.  21. 
and  if  BC  be  greater  or  lefs  than  a  qua¬ 
drant,  BA,  AC  will  be  of  different  or 
the  fame  affection  :  By  15. 

6 

BA,  AC 

B 

S,  BA  :  R  : :  T,  C A  :  T,  B.  1 7.  and  B  is 
of  the  fame  affection  with  AC.  13. 
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Cafe.jGiven. 

Sought. 

7 

BA,  B 

AC 

* 

R  :  S,  BA  : :  T,  B  :  T,  AC  17.  And  AC 
is  of  the  fame  affection  with  B.  13. 

8 

AC,  B 

BA 

T,  B  :  R  :  :  T,  CA  :  S,  BA.  17. 

9 

BC,  C 

AC 

R  :  CoS,  C  : :  T,  BC  :  T,  CA.  20.  If  BC 
be  lefs  or  greater  than  a  quadrant,  C  and 
B  will  be  of  the  fame  or  different  affec¬ 
tion.  15.  13. 

i® 

AC,  C 

BC 

CoS,  C  :  R  : :  T,  AC  :  T,  BC.  20.  And 
BC  is  lefs  or  greater  than  a  quadrant,  ac¬ 
cording  as  C  and  AC  or  C  and  B  are  of 
the  fame  or  different  affection.  14.  1. 

i  r 

BC,CA 

C 

T,  BC  :  R  : :  T,  CA  :  CoS.  C.  20.  If  BC 
be  lefs  or  greater  than  a  quadrant.  CA 
and  AB,  and  therefore  CA  and  C,  are 
of  the  fame  or  different  affe&ion.  15. 

12 

BC,  B 

AC 

R :  S,  BC  : :  S,  B  :  S,  AC.  18.  And  AC 
is  of  the  fame  affection  with  B. 

*3 

AC,  B 

BC 

S,  B  :  S,  AC  : :  R  :  S,  BC  :  1 8. 

14 

BC,  AC 

B 

S,  BC  :  R  : :  S,  AC  :  S,  B  :  18.  And  B  is 
of  the  fame  affection  with  AC. 

*5 

B,  C 

BC 

T.  C  :  R  : :  CoT,  B  :  CoS,  BC.  19.  And 
according  as  the  angles  B  and  C  are  of 
different  or  the  fame  affection,  BC  will  be 
greater  or  lefs  than  a  quadrant.  14. 

1 6 

BC,  C 

B 

R  :  CoS,  BC  : :  T,  C  :  CoT,  B.  19.  If  BC 
be  lefs  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  fameor  different  affection.  1 5. 
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The  fecond,  eight,  and  thirteenth  cafes,  which  are  common¬ 
ly  called  ambiguous,  admit  of  two  folutions  :  For  in  thefe  it  is 
not  determined  whether  the  fide  or  meafure  of  the  angle  fought 
be  greater  or  lefs  than  a  quadrant. 


PROP.  XXIIL  Fig.  i  6. 

TN  fpherical  triangles  whether  right-angled  or  oblique- 
angled,  the  fines  of  the  fides  are  proportional  to 
the  fines  of  the  angles  oppofite  to  them. 

Firft,  Let  ABC  be  a  right-angled  triangle,  having  a  right 
angle  at  A  *,  therefore  by  prop.  18.  the  fine  of  the  hypothenufe 
BC  is  to  the  radius  (or  the  fine  of  the  right  angle  at  A)  as  the 
fine  of  the  fide  AC  to  the  fine  of  the  angle  B.  And  in  like  man¬ 
ner,  the  fine  of  BC  is  to  the  fine  of  the  angle  A,  as  the  fine  of 
AB  to  the  fine  of  the  angle  C  ;  wherefore  (n.  5.)  the  fine  of 
the  fide  AC  is  to  the  fine  of  the  angle  B,  as  the  fine  of  AB  to 
the  fine  of  the  angle  C. 

Secondly,  Let  BCD  be  an  oblique-angled  triangle,  the  fine  Fig.'  17. 1  %, 
of  either  of  the  fides  BC,  will  be  to  the  fine  of  either  of  the 
other  two  CD,  as  the  fine  of  the  angle  D  oppofite  to  BC  is  to 
the  fine  of  the  angle  B  oppofite  to  the  fide  CD.  Through  the 
point  C,  let  there  be  drawn  an  arch  of  a  great  circle  CA  per¬ 
pendicular  upon  BD  ;  and  in  the  right-angled  triangle  ABC 
(18.  of  this)  the  fine  of  BC  is  to  the  radius,  as  the  fine  of  AC 
to  the  fine  of  the  angle  B ;  and  in  the  triangle  ADC  (by  18.  of 
this) :  And,  by  inverfion,  the  radius  is  to  the  fine  of  DC  as  the 
fine  of  the  angle  D  to  the  fine  of  AQ:  Therefore  ex  scquo  per- 
turbate,  the  fine  of  BC  is  to  the  fine  of  DC,  as  the  fine  of  the 
a^gle  D  to  the  fine  of  the  angle  B.  E.  D.  >  > 


PROF.  XXIV.  Fig.  17.  18. 

IN  oblique-angled  fpherical  triangles  having  drawn  a 
perpendicular  arch  from  any  of  the  angles  upon  the 
oppofite  fide,  the  co-fines  of  the  angles  at  the  bale  are 
proportional  to  the  fines  of  the  verticle  angles. 


Let 
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Let  BCD  be  a  triangle,  and  the  arch  CA  perpendicular  to 
the  bafe  BD ;  the  co-line  of  the  angle  B  will  be  to  the  co  ■fine 
of  the  angle  D,  as  the  line  of  the  angle  BCA  to  the  line  of  iL  ' 
angle  DCA. 

For  by  22.  the  co-line  of  the  angle  B  is  to  the  line  of  die 
angle  BCA  as  (the  co-line  of  the  lide  AC  is  to  the  radius  ;  that 
is,  by  prop.  22.  as)  the  co-line  of  the  angle  D  to  the  line  of  the 
angle  DCA  \  and,  by  permutation,  the  co-line  of  the  angle  B 
is  to  the  co-line  of  the  angle  D,  as  the  line  of  the  angle  BCA 
to  the  line  of  the  angle  DCA.  E.  D. 

\  4  - 

PROP.  XXV.  Fig.  17.  18. 

THE  fame  things  remaining,  the  co-lines  of  the 
fides  BC,  CD,  are  proportional  to  the  co-fines  of 
the  bafes  BA,  AD. 

For  by  2 1 .  the  co-line  of  BC  is  to  the  co-line  of  BA,  as  (the 
co-line  of  AC  to  the  radius  ;  that  is,  by  21.  as)  the  co-line  of 
CD  is  to  the  co-line  of  AD  :  Wherefore,  by  permutation,  the 
co-lines  of  the  lides  BC,  CD  are  proportional  to  the  co-lines  of 
the  bafes  BA,  AD.  E.  D. 

PROP.  XXVI.  Fig.  17.  18. 

THE  fame  conftru&ion  remaining,  the  fines  of  the 
bafes  BA,  AD  are  reciprocally  proportional  to 
the  tangents  of  the  angles  B  and  D  at  the  bafe. 

a  '  '  *■' 

For  by  17.  the  line  of  BA  is  to  the  radius,  as  the  tangent 
of  AC  to  the  tangent  of  the  angle  B  ;  and  by  17.  and  inverlion 
the  radius  is  to  the  line  of  AD,  as  the  tangent  of  D  to  the  tan¬ 
gent  of  AC  :  Therefore  ex  aequo  perturbate,  the  line  of  BA  is 
to  the  line  of  AD,  as  the  tangent  of  D  to  the  tangent  of  B. 


PR  OB. 
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PROP.  XXVII.  Fig.  17.  1 8. 

rjjPTIE  co  fines  of  the  vertical  angles  are  reciprocally 
I  proportional  to  the  tangents  of  the  Tides. 

For  by  prop.  20.  the  coline  of  the  angle  BCA,  is  to  the  ra¬ 
dius  as  the  tangent  CA  is  to  the  tangent  of  BC  ;  and  by  the 
fame  prop.  20.  and  by  inverlion,  the  radius  is  to  the  co-line  of 
the  angle  DCA,  as  the  tangent  of  DC  to  the  tangent  of  CA  : 
Therefore,  ex  aequo  perturbate,  the  co-line  of  the  angle  JiCA 
is  to  the  co-line  of  the  angle  DCA,  as  the  tangent  of  DC  is  to 
the  tangent  of  BC.  E.  D. 


L  E  M  M  A.  Fig.  19.  20. 

IN  right-angled  plain  triangles,  the  hypothenufe  is  to 
the  radius,  as  the  excefs  of  the  hypothenufe  above 
either  of  the  (ides  to  the  verfed  fine  of  the  acute  angle 
adjacent  to  that  fide,  or  as  the  furn  of  the  hypothenufe, 
and  either  of  the  Tides  to  the  verfed  line  of  the  exterior 
angle  of  the  triangle. 

Let  the  triangle  x\BC  have  a  right  angle  at  B  ;  AC  will  be 
to  the  radius  as  the  excefs  of  AC  above  AB,  to  the  verfed  line 
of  the  angle  A  adjacent  to  AB  ;  or  as  the  fum  of  AC,  AB  to 
the  verfed  line  of  the  exterior  angle  CAK. 

With  any  radius  DE,  let  a  circle  be  deferibed,  and  from  D 
the  cefure  let  DF  be  drawn  to  the  circumference,  making  the 
angle  EDF  equal  to  the  angle  BAG,  and  from  the  point  F,  let 
FG  be  drawn  perpendicular  to  DE :  Let  AH,  AK  be  made 
equal  to  AC,  and  DL  to  DE  *,  DG  therefore  is  the  co-line  of 
the  angle  EDF  or  BAC,  and  GE  its  verfed  line  :  And  becaufe 
of  the  equiangular  triangles  ACB,  DFG,  AC  or  AH  is  to  DF„ 
or  DE,  as  AB  to  DG :  Therefore  (19.  5.)  AC  is  to  the  radius 
DE  as  BH  to  GE,  the  verfed  line  of  the  angle  EDF  or  BAC  ; 
And  lince  AH  is  to  DE,  as  AB  to  DG,  (12.  5.)  AH  or  AC 
will  be  to  the  radius  DE  as  KB  to  LG,  the  verfed  line  of  the 
angle  LDF  or  KAC.  E.  D. 

K  k  PROP, 
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PROP.  XXVIII.  Fig.  21.  22. 

"I'N  any  fpherical  triangle,  the  reclangle  contained  by 
the  fines  of  two  Tides,  is  to  the  fquare  of  the  radius, 
as  the  excefs  of  the  verfed  fines  of  the  third  fide  or 
bafe,  and  the  arch,  which  is  the  excels  of  the  Tides,  is 
to  the  verfed  fine  of  the  angle  oppofite  to  the  bafe. 

Xiet  ABC  be  a  fpherical  triangle,  the  reclangle  contained  by 
the  fines  of  AB,  BC  will  be  to  the  fquare  of  the  radius,  as  the 
excefs  of  the  verfed  fines  of  the  bafe  AC,  and  of  the  arch, 
which  is  the  excefs  of  AB,  BC  to  the  verfed  line  of  the  angle 
ABC  oppofite  to  the  bafe. 

Let  D  be  the  centre  of  the  fphere,  and  let  AD,  BD,  CD  be 
joined,  and  let  the  fines  AE,  CF,  CG  of  the  arches  AB,  BC, 
AC  be  drawn ;  let  the  fide  BC  be  greater  than  BA,  and  let  BH 
be  made  equal  to  BC ;  AH  will  therefore  be  the  excefs  of  the 
fides  BC,  BA ;  let  HK  be  drawn  perpendicular  to  AD,  and 
fince  AG  is  the  verfed  fine  of  the  bale  AC,  and  AK  the  verfed 
fine  of  the 'arch  AH,  KG  is  the  excefs  of  the  verfed  lines  of  the 
bafe  AC,  and  of  the  arch  AH,  which  is  the  excefs  of  the  fides 
BC,  BA  :  Let  GL  likewife  be  drawn  parallel  to  KH,  and  let 
jt  meet  FH  in  L,  let  CL,  DH  be  joined,  and  let  AD,  FH  meet 
each  other  in  M. 

Since  therefore  in  the  triangles  CDF,  HDF,  DC,  DH 
are  equal,  DF  is  common,  and  the  angle  FDC  equal  to  the 
angle  FDH,  becaufe  of  the  equal  arches  BC,  BH,  the  bafe 
HF  will  be  equal  to  the  bafe  FC,  and  the  angle  HFD  equal 
to  the  right  angle  CFD  :  The  firaight  line  DF  therefore  (4, 
11.)  is  at  right  angles  to  the  plain  CFH  :  Wherefore  the  plain 
CFH  is  at  right  angles  to  the  plain  BDLI,  which  pafies  through 
DF,  (18.  11.)  In  like  manner,  fince  DG  is  at  right  angles  to 
both  GC  and  GL,  DG  will  be  perpendicular  to  the  plane 
CGL  5  therefore  the  plane  CGL  is  at  right  angles  to  the  plane 
BDH,  which  pafies  through  DG  :  And  it  was  fhown,  that  the 
plane  CFH  or  CFL  was  perpendicular  to  the  fame  plane 
BDH  g  therefore  the  common  fection  of  the  planes  CFL, 
CGL,  viz.  the  firaight  line  CL,  is  perpendicular  to  the  plane 
BDA,  (19.  11.)  and  therefore  CLF  is  a  right  angle:  In  the 
Wangle  CFL  having  the  right  angles  CLF,  by  the  lemma  CF 
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h  to  the  radius  as  LIT,  the  excefs,  viz.  of  CF  or  FH  above 
FL,  is  to  the  verfed  line  of  the  angle  CFL ;  but  the  angle  CFL 
is  the  inclination  of  the  planes  BCD,  BAD,  fince  FC,  FL  are 
drawn  in  them  at  right  angles  to  the  common  fection  BF :  The 
ipherical  angle  ABC  is  therefore  the  fame  with  the  angle  CFL; 
and  therefore  CF  is  to  the  radius  as  LH  to  the  verfed  fine  of 
the  fpherical  angle  ABC ;  and  Iince  the  triangle  AED  is  equi¬ 
angular  (to  the  triangle  MFD,  and  therefore)  td  the  triangle 
MGL,  AE  will  be  to  the  radius  of  the  fphere  AD,  (as  MG  to 
ML ;  that  is,  becaufe  of  the  parallels  as)  GK  to  LH  :  The  ratio 
therefore  which  is  compounded  of  the  ratios  of  AE  to  the  ra- 

jl 

dius,  and  of  CF  to  the  fame  radius  ;  that  is,  (23.  6.)  the  ratio 
of  the  rectangle  contained  by  AE,  CF  to  the  fquare  of  the  ra¬ 
dius,  is  the  fame  with  the  ratio  compounded  of  the  ratio  of  GK 
•to  LH,  and  the  ratio  of  LH  to  the  verfed  fine  of  the  angle 
ABC ;  that  is,  the  fame  with  the  ratio  of  GK  to  the  verfed 
line  of  the  angle  ABC ;  therefore,  the  rectangle  contained  by 
AE,  CF,  the  fines  of  the  fides  AB,  BC,  is  to  the  fquare  of 
the  radius  as  GK,  the  excefs  of  the  verfed  fines  AG,  AK,  of 
the  bafe  AC,  and  the  arch  AH,  which  is  the  excefs  of  the  fide3 
to  the  verfed  fine  of  the  angle  ABC  oppofite  to  the  bafe  AC. 
E.  D. 


PROP.  XXIX.  Fig.  23, 

rTpMIE  redangle  contained  by  half  of  the  radius,  and 

J  the  excefs  of  the  verfed  fines  of  two  arches,  is 
equal  to  the  redangle  contained  by  the  fines  of  half  the 
fum,  and  half  the  difference  of  the  fame  arches. 

Let  AB,  AC,  be  any  two  arches,  and  let  AD  be  made  equal 
to  AC  the  lefs ;  the  arch  DB  therefore  is  the  fum,  and  the  arch 
CB  the  difference  of  AC,  AB  :  Through  E  the  centre  of  the 
circle,  let  there  be  drawn  a  diameter  DEF,  and  AE  joined,  and 
CD  likewife  perpendicular  to  it  in  G  ;  and  let  BH  be  perpendi¬ 
cular  to  AE,  and  AH  will  be  the  verfed  fine  of  the  arch  AB, 
and  AG  the  verfed  fine  of  AC,  and  HG  the  excefs  of  thefe 
verfed  lines  :  Let  BD,  BC,  BF  be  joined,  and  EC  alfo  meeting 
BH  in  K. 

Since  therefore  BH,  CG  are  parallel,  the  alternate  angles 
BKC,  KCG  wijjl  be  equal;  but  KCG  is  in  a  femicir.de,  and 

therefore 
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therefore  a  right  angle  ;  therefore  BKC  is  a  right  angle  ;  and 
in  the  triangles  DFB,  CBK,  the  angles  FDB,  BCK,  in  the  fame 
fegment  are  equal,  and  FBD,  BKC  are  right  angles ;  the  tri¬ 
angles  DFB,  CBK  are  therefore  equiangular ;  wherefore  DF  is 
to  DB,  as  BC  to  CK,  or  FIG ;  and  therefore  the  rectangle  con¬ 
tained  by  the  diameter  DF,  and  IIG  is  equal  to  that  contained 
by  DB,  BC ;  wherefore  the  rectangle  contained  by  a  fourth 
part  of  the  diameter,  and  FIG,  is  equal  to  that  contained  by  the 
halves  of  DB,  BC  :  But  half  the  chord  DB  is  the  line  of  half  the 
arch  DAB,  that  is,  half  the  fum  of  the  arches  AB,  AC ;  and 
half  the  chord  of  BC  is  the  line  of  half  the  arch  BC,  which  is 
the  difference  of  AB,  AC.  Whence  the  proportion  is  manifeff. 


PROP.  XXX.  Fig.  19.  24. 

r Iff  ' FIE  re&angle  contained  by  half  of  the  radius,  and 
§_  the  verfed  fine  of  any  arch,  is  equal  to  the  fquare 
of  the  fine  of  half  the  fame  arch. 

Let  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC,  CB, 
BA  being  joined :  Let  AB  be  bifected  in  D,  and  let  CD  be 
joined,  which  will  be  perpendicular  to  BA,  and  bifeff  it  in  E, 
(4.  1.)  BE  or  AE  therefore  is  the  line  of  the  arch  DB  or  AD, 
tlie  half  of  AB  :  Let  BF  be  perpendicular  to  AC,  and  AF  will 
be  the  verfed  fine  of  the  arch  BA ;  but,  becaufe  of  the  fimilar 
tri ingles  CAE,  BAF,  CA  is  to  AE  as  AB,  that  is,  twice  AE  to 
AF  ;  and  by  halving  the  antecedents,  half  of  the  radius  CA  is 
to  AE  the  line  of  the  arch  AD,  as  the  fame  AE  to  AF  the  ver- 
fei  fine  of  the  arch  AB.  Wherefore  by  16.  6.  the  proportion 
Is  manifeft. 


P  R  O  P.  XXXI.  Fig.  25. 

IN  a  fpherical  triangle,  the  re&angle  contained  by  the 
fines  of  the  two  fides,  is  to  the  fquare  of  the  ra¬ 
dius,  as  the  rectangle  contained  by  the  fine  of  the  arch 
which  is  half  the  fum  of  the  bafe  and  the  excels  of  the 
fides,  and  the  fine  of  the  arch,  which  is  half  the  differ¬ 
ence  of  the  fame  to  the  fquare  of  the  fine  of  half  the 
angle  oppohte  to  the  bafe. 
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Let  ABC  be  a  fpherical  triangle,  of  which  the  two  fides  are 

AB,  BC,  and  bafe  AC,  and  let  the  lefs  fide  BA  be  produced, 
fo  that  BD  fhall  be  equal  to  BC  :  AD  therefore  is  the  excefs  of 
BC,  BA ;  and  it  is  to  be  fhown,  that  the  rectangle  contained  by 
the  fines  of  BC,  BA  is  to  the  fquare  of  the  radius,  as  the  rec¬ 
tangle  contained  by  the  fine  of  half  the  fum  of  AC,  AD,  and. 
the  fine  of  half  the  difference  of  the  fame  AC,  AD  to  the 
fquare  of  the  fine  of  half  the  angle  ABC,  oppofite  to  the  bafe 

AC. 

Since  by  prop.  28.  the  re£tangle  contained  by  the  fines  of 
the  fides  BC,  BA  is  to  the  fquare  of  the  radius,  as  the  excefs 
of  the  verfed  fines  of  the  bafe  AC  and  AD,  to  the  verfed  fine 
of  the  angle  B;  that  is,  (1.  6.)  as  the  rectangle  contained  by 
half  the  radius,  and  that  excefs,  to  the  rectangle  contained  by 
half  the  radius,  and  the  verfed  fine  of  B  ;  therefore  (29.  30.)  of 
this),  the  re£langle  contained  by  the  fines  of  the  fides  BC,  BA 
is  to  the  fquare  of  the  radius,  as  the  rectangle  contained  by  the 
fine  of  the  arch,  which  is  half  the  fum  of  AC,  AD,  and  the 
fine  of  the  arch  which  is  half  the  difference  of  the  fame  AC, 
AD  is  to  the  fquare  of  the  fine  of  half  the  angle  ABC.  Q^E.  D.> 
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SOLUTION  of  the  twelve  Cases  of  Oblique-* 
.  Angled  Spherical  Triangles. 

GENERAL  PROPOSITION. 

IN  an  oblique-angled  fpherical  triangle,  of  the  three 
Tides  and  three  angles,  an);  three  being  given,  the 
other  three  may  be  found. 


Given.  .Sought. 

B,  D, and 
EC,  two  an¬ 
gles  and  a  - 
fide  oppehte 
one  of  them. 

/ 

C. 

CoS,  BC  :  R  :  :  CoT,  B  :  T,  BCA. 
19.  Likewife  by  24.  CoS,  B  :  S,  BCA:: 
CoS,  D  :  S,  DC  A ;  wherefore  BCD 
is  the  fum  or  difference  of  the  angles 
DCA,  BCA  according  as  the  perpen¬ 
dicular  CA  falls  within  or  without  the 
triangle  BCD  ;  that  is,  (16.  of  this,) 
according  as  the  angles  B,  D  are  of  the 
fame  or  different  affeflion. 

B,  C,  and 
BC  two  an¬ 
gles  and  the, 
tide  between 
them. 

.  ,  p 

D. 

CoS,  BC  :  R  :  :  CoT,  B  :  T,  BCA; 
19.  and  alfo  by  24.  S,  BCA  :  S,  DCA 
:  :  CoS,  B  :  CoS,  D ;  and  according  as 
the  angle  BCA  is  lefs  or  greater  than 
BCD,  the  perpendicular  C  A  falls  within 
or  without  the  triangleBCD;  and  there¬ 
fore  (16.  of  this,)  the  angles  B,  D  will 
be  of  the  fame  or  different  affection. 

BC,  CD, 
and  B. 

BD. 

R  :  CoS,  B  : :  T,  BC  :  T,  BA.  20. 
and  CoS,  BC  :  CoS,  BA  :  :  CoS, 
DC  :  CoS,  DA.  25.  and  BD  is  the 
fum  or  difference  of  BA,  DA. 

BC,  DB, 
and  B. 

CD. 

R  :  CoS,  B  :  :  T,  BC  :  T,  BA. 
20.  and  CoS,  BA  :  CoS,  BC  ; :  CoS, 
DA  :  CoS,  DC.  25.  and  according  as 
DA,  AC  are  of  the  fame  or  different 
affection,  DC  will  be  lefs  or  greater 
than  a  quadrant.  14. 
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Given.  Sought. 


B,  D  and 
BC. 

DB. 

R  :  CoS,  B  :  :  T,  BC  :  T,  BA.  20.] 
and  T,  D  :  Tj  B  : :  S,  BA  :  S,  DA.  26. j 
and  BD  is  the  him  or  difference  of  BA! 
DA.  | 

-  I 

BC,  BD 
[and  B. 

D. 

1 

R  :  CoS,  B  :  :  T,  BC  :  T,  BA.  20J 
and  S,  DA  :  S,  BA  : :  T,  B  :  T,  D;  and; 
according  as  BD  is  greater  or  lefs  than] 
BA,  the  angles  B,  D  are  of  the  fame 
or  different  affection,  id. 

BC,  DC 
and  B. 

C. 

CoS,  BC  :  R  :  :  CoT,  B  :  T,  BCA. 
19.  and  T,  DC  :  T,  BC  : :  CoS,  BCA: 
CoS,  DC  A,  27.  the  fum  or  difference 
of  the  angles  BCA,  DCA  is  equal  to 
the  angle  BCD. 

B,  C  and 
BC. 

DC. 

CoS,  BC  :  R  :  :  CoT,  B  :  T,  BCA, 
19.  alfo  by  27.  CoS,  DCA  :  CoS,  BCA 
:  :  T,  BC  :  T,  DC.  27.  if  DCA  and  B 
be  of  the  fame  affection;  that  is,  (13*) 
if  AD  and  CA  be  hmilar,  DC  will  be 
lefs  than  a  quadrant.  14.  and  if  AD, 
CA  be  not  of  the  fame  affection,  DC 
is  greater  than  a  quadrant.  14. 

BC,  DC 
and  B. 

D. 

S,  CD  :  S,  B  :  :  S,  BC  :  S,  D. 

B,  D  and 

B.C.  1 

DC. 

S,D:S,  BC  : :  S,  B  :  S,  DC. 

BC,  BA, 
AC, 

Fig.  25. 

rra — r  — ■■  n 

B. 

S,  ABxS,  BC:R?::S,  AC+AD 

X  S,  AC— AD  ;  S?  ABC.  See  Fig.  24. 

2  2 

AD  being  the  difference  of  the  hdes 

BC,  BA.  w 

— - - - 5 - : - - - » 
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Given.  Sought. 


A,  B,  C. 

The 

- 

See  Fig.  7. 

In  the  triangles  DEF,  DE,  EF,  FD 

Fig.  7. 

fides. 

are  refpe<Stively  the  fupplements  of  the 

\ 

meafures  of  the  given  angles  B,  A,  C  in 
the  triangle  BAC ;  the  fides  of  the  tri¬ 
angle  DEF  are  therefore  given,  and  by 
the  preceding  cafe  the  angles  D,  E,  F 
may  be  found,  and  the  fides  BC,  BA,  AC, 
are  the  fupplements  of  the  meafures  of 
thefe  angles. 

The  3d,  5th,  7th,  9th,  10th,  cafes  which  are  commonly  called 
ambiguous,  admit  of  two  folutions,  either  of  which  will  anfwer 
the  conditions  required ;  for,  in  thefe  cafes,  the  meafure  of  the 
angle  or  fide  fought,  may  be  either  greater  or  lefs  than  a  quad¬ 
rant,  and  the  two  folutions  will  be  fupplements  to  each  other. 
(Cor.  to  def.  4.  6.  PI.  Tr.) 

If  from  any  of  the  angles  of  an  oblique-angled  fpherical  tri 
angle,  a  perpendicular  arch  be  drawn  upon  the  oppofite  fide, 
moft  of  the  cafes  of  oblique-angled  triangles  may  be  refolved 
by  means  of  Napier’s  rules. 
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